THE UNIVERSITY OF KANSAS
WORKING PAPERS SERIES IN
THEORETICAL AND APPLIED ECONOMICS

AN EFFICIENCY CHARACTERIZATION OF PLURALITY
SOCIAL CHOICE ON SIMPLE PREFERENCE DOMAINS

Biung-Ghi Ju

University of Kansas

April 21 2004

THE UNIVERSITY OF KANSAS
WORKING PAPERS SERIES IN THEORETICAL AND APPLIED ECONOMICS
WORKING PAPER NUMBER 200402



An Efficiency Characterization of Plurality Social
Choice on Simple Preference Domains

Biung-Ghi Ju*
April 21, 2004

Abstract

We consider a model of social choice dealing with the problem of choos-
ing a subset from a set of objects (e.g. candidate selection, membership,
and qualification problems). Agents have trichotomous preferences for
which objects are partitioned into three indifference classes, goods, bads,
and nulls, or dichotomous preferences for which each object is either a good
or a bad. We characterize plurality-like social choice rules on the basis of
the three main axioms, known as Pareto efficiency, anonymity, and inde-
pendence.
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1 Introduction

We consider a model of social choice dealing with the following problems. There
is a society consisting of at least two agents. The society needs to choose a subset
from a set of objects. There is no constraint in the choice and any subset is a
feasible alternative. Agents have simple preferences that are described by means
of the three indifference classes of objects: goods, bads, and nulls. A social choice
rule, briefly a rule, associates with each profile of preferences a single alternative.
The main objective of this paper is to study rules that satisfy the three axioms
of social choice, known as Pareto efficiency, anonymity, and independence.

Pareto efficiency requires that an alternative chosen by a rule should attain a
state of maximal well-being of agents; that is, there should be no other alternative
making an agent better off without making anyone else worse off. Anonymity
requires that agents should be treated symmetrically. Independence (Kasher and
Rubinstein 1997; Samet and Schmeidler 2003) requires that the decision on each
object should be made independently of other objects, based only on who is in
favor of this object and who is against it.

Independence enables society to simplify its decision process greatly. In order
to make a decision on an object, the only information that society needs to
collect is the set of agents for whom this object is a good and the set of agents
for whom it is a bad. In the model with “separable preferences”, the cost of this
informational simplicity is enormous. As shown by Barbera, Sonnenschein, and
Zhou (1991) and Ju (2004), independence is incompatible with Pareto efficiency
and the minimal equity condition of “non-dictatorship”.! This impossibility no
longer applies for the following simple preferences in our model and, furthermore,
the non-dictatorship condition can be strengthened to anonymity. A preference
is trichotomous if it has an additive representation and objects are partitioned
into three indifference classes: goods, bads, and nulls. Special examples are
dichotomous preferences for which objects are partitioned into goods and bads
as considered by Barbera, Maschler, and Shalev (2001).2 Although domains

"'When preferences are separable and linear, Barbera, Sonnenschein, and Zhou (1991) intro-
duce a large family of rules satisfying independence, known as “voting by committees”. They
show that among these rules, only dictatorial rules satisfy Pareto efficiency. This is used to
prove their impossibility result saying that only dictatorial rules satisfy Pareto efficiency and
“strategy-proofness”. Ju (2004, Section 6) shows that strategy-proofness in this result can
be replaced with independence (which, in his paper, is referred to as the “issue-wise voting
property”).

2Barbera, Maschler, and Shalev (2001) consider dichotomous preferences for the study of
strategic voting equilibria in a dynamic extension of our choice problem.



consisting of these preferences are substantially restricted compared to the entire
domain of separable preferences, they are rich enough to have some interesting

applications. For example:

1. Qualification Problem (Samet and Schmeidler 2003).> A society needs to
decide which members are qualified for a certain activity. Assume that any two
qualified (or unqualified) members have the same positive (negative) effect on
society and that these individual effects can be aggregated by simple summation.
The preference of each member can, then, be described by means of the informa-
tion on who he/she thinks is qualified and who he/she thinks is unqualified. This
type of preference is dichotomous. Naturally, there may be indifference between
qualifying and disqualifying a member. In this case, each member’s preference is
trichotomous.

2. Identity Problem or Dichotomous Aggregation Problem (Kasher and Ru-
binstein 1997). Suppose that the definition of a collective such as a family, a
nation, a religious group, etc. is obscure. Individuals in society N have different
opinions about who belongs to the collective and who does not. A social choice
specifies the collective as a subset of N, which can be interpreted as the aggregate
opinion viewing each chosen member as belonging to the collective. An opinion
can be described by an |N|-vector consisting of 0 and 1, where 0 in the i*" com-
ponent means that individual ¢ does not belong to the collective and 1 means
that he/she does belong to the collective. Assume that individuals want the ag-
gregate opinion to be as close as possible to their own. Then preferences over
aggregate opinions coincide with dichotomous preferences, when the “closeness”
is measured by some standard distance functions, including the Euclidean norm,

Li-norm, etc.

Our main results pertain to both trichotomous and dichotomous domains with
“symmetry” between goods and bads (the utility from each good is identical to
the disutility from each bad). We characterize rules satisfying Pareto efficiency,
anonymity, and independence or rules satisfying the three axioms together with
neutrality (which says that objects should be treated symmetrically). The plu-
rality rule is one of these rules. It accepts each object if and only if the number
of agents in favor of this object is greater than the number of agents against it.
All other rules make the same decision as the plurality rule unless the number of
agents in favor of an object is the same as the number of agents against it. These

3Samet and Schmeidler (2003) do not explicitly consider dichotomous preferences. However,
we think that the dichotomous domain best fits their model and that on this domain, their two
main axioms “monotonicity” and “independence” can be understood most naturally.



rules are called semi-plurality rules. When the number of agents is odd and pref-
erences are dichotomous, the plurality rule is the only semi-plurality rule. Pareto
efficiency plays a key role in pinning down the small family of semi-plurality rules
among the great variety of rules satisfying anonymity and independence. Thus,
our characterization shows the close logical relation between the two seemingly
unrelated principles, plurality and Pareto efficiency.

We also show that a similar characterization holds even if we drop the assump-
tion of symmetry between goods and bads. A characterization of some variants
of semi-plurality rules is obtained on any trichotomous (or dichotomous) domain
without symmetry. On each trichotomous domain, preferences have at most one
indifference class of goods and at most one indifference class of bads. It is natural
to ask whether the existence parts of our characterization results will continue
to hold when we allow for more than one indifference class of goods or bads.
We answer this question negatively under some weak assumptions on preference
domains.

Trichotomous or dichotomous preferences can be considered as opinions in the
identity problem studied by Kasher and Rubinstein (1997) and in the qualifica-
tion problem studied by Samet and Schmeidler (2003). Both papers study social
choice rules satisfying anonymity and independence as well as some other norma-
tive requirements.* However, Pareto efficiency is not one of them. Bogomolnaia,
Moulin, and Stong (2002) study probabilistic social choice rules in the Arrovian
social choice model. They focus on what they call dichotomous preferences and
show existence of probabilistic rules satisfying Pareto efficiency, anonymity, and
“strategy-proofness”. Our dichotomous preferences may seem to be the natural
counterpart to theirs. However, ours are not dichotomous in their sense. Any
dichotomous preference in our model has more than two indifference classes of
alternatives, although it has only two indifference classes of objects. Barbera,
Sonnenschein, and Zhou (1991) consider separable linear preferences, which en-
compass a greater variety of preferences than our trichotomous preferences (but
there is no inclusion between the two domains since none of our trichotomous
preferences is linear). It follows from their main result that independence is a
necessary condition of strategy-proofness.® This implication is also confirmed in
the extended model of multi-dimensional public goods problems by Le Breton
and Sen (1999).

4One of the main axioms in Samet and Schmeidler (2003) is the symmetry axiom that is
weaker than the combination of anonymity and neutrality.

SMore precisely, their results show that strategy-proofness and the full range condition
together imply independence.



The rest of the paper is organized as follows. We introduce the model and
define basic concepts in Section 2. We establish the main results in Section 3.
In Section 4, we consider trichotomous domains without symmetry. In Section 5,
we establish an impossibility result on non-trichotomous domains. We conclude
with a few remarks in Section 6. Some proofs are collected in the appendix.

2 Model and Basic Concepts

There is a society with n members, n > 2. The society has to choose objects
from a finite set A. There is no constraint in the choice. A social alternative is
any subset of A. Then the power set of A, 24, describes the set of alternatives.
Let N = {1,...,n} be the set of the members, or agents. Assume that there
are at least two objects in A, that is, |A| > 2.5 Each agent is characterized by a
preference, a complete and transitive binary relation over alternatives. For each
preference R;, we denote the associated strict and indifference relations by P; and
I;, respectively.

A preference R; is additive if there is a function u;: A — R such that for
each X, X' C A, X R, X"if and only if > _u; () > > oy u; (2'). Given an
additive preference R; represented by u;: A — R, objects are partitioned into
three categories. An object x € A is a good if u; (x) > 0. It is a bad if u; (x) < 0.
It is a null if u; () = 0. For each X C A, let G (R;, X) be the set of goods
in X and B (R;, X) the set of bads in X. We write G (R;) = G (R;,A) and
B(R;) = B(R;,A).

We focus on the following simple additive preferences, which are completely
described by the information on goods, bads, and nulls. An additive preference
R; is trichotomous if objects are partitioned into three indifference classes, goods,
bads, and nulls (any pair of goods are indifferent; any pair of bads are indifferent).
Then, there exist two real numbers u,v > 0 such that for each X, X’ C A,
X R; X'ifand only if u|G (R;, X) |—v |B (R;, X)| > u|G (R;, X') |—v|B (R;, X') |.
We call uw and v the utility of goods and the disutility of bads, respectively.” A
preference is dichotomous if it is trichotomous and objects are either goods or
bads (there is no null). When the utility and the disutility are equal, that is,
u = v, we say that R; is symmetric. Let St be the family of trichotomous
preferences with symmetry and Sp; the family of dichotomous preferences with

5When there is only one object, our results do not apply. But in this case, it is trivial to
characterize rules satisfying our axioms.

"Note that u and v may differ for various representations of a trichotomous preference but
their ratio u/v is unique.



symmetry. For the time being, we will focus on such symmetric preferences.
Other preferences will be considered in Section 4.

Let D € {SX., 85}, A social choice rule on D, or simply, a rule, is a function
@: D — 24 mapping each preference profile into a single alternative. We call
D the domain of the rule. For each i € N, let D; = {R;, : R € D} be the
projection of D onto the i*" component.® With a slight abuse of terminology, we
call both S

ri

and Sy (respectively, both Sf and Sp;) the trichotomous (resp.
dichotomous) domain with symmetry.

Examples of Rules

The best-known rule is the plurality rule ¢t defined as follows: for each
R € D and each v € A, x € ¢ (R) if and only if the number of agents for whom
x is a good is greater than the number of agents for whom x is a bad. The plurality
rule is a member of the following family of rules that are described by “power
structures” between subgroups of N. Let €* = {(C},Cy) € 2V x2N . 01NCy, = 0}
be the set of all pairs of disjoint subgroups of N. For each x € A, a power structure
for z, denoted by €, C €*, is a family of pairs of disjoint subgroups, which will be
used to describe which subgroup is superior to another in deciding on . A profile
of power structures is a list (€,),. 4 of power structures indexed by objects.” To
define a family of rules represented by profiles of power structures, we use the
following notation: for each R € D and each x € A,

NY(R) = {i€ N :zisagood for R;};
NB(R) = {i€ N:xisabad for R;}.
We call N (R) the supporting group and NP(R) the opposing group. A rule

is represented by a profile (€;),c 4 if for each R € D and each x € A, x € p(R) if
and only if (NY(R), N?(R)) € €,.

8We use notation, R, R, R, R', etc. for elements in D. Following standard notational
convention, we write i’s component of R as R; and we write i’s component of R as R].

9Power structures are similar to “binary constitutions” by Ferejohn and Fishburn (1979)
in the Arrovian social choice model. But the two concepts have crucial differences. First,
binary constitutions are used to determine a social preference ordering between two alternatives.
Second, an extra restriction, called “asymmetry”, is required for the definition of a binary
constitution. In the linear separable preference domain, power structures with some additional
properties reduce to the “committee structures” of Barbera, Sonnenschein, and Zhou (1991).
Power structures were introduced in the domain with separable preferences (not necessarily
linear) by Ju (2003a).



Axioms

We are interested in rules satisfying the following requirements, or axioms.
The most crucial one in this paper is Pareto efficiency. It says that there should
be no other alternative making an agent better off without making anyone else
worse off.1 Formally:

Pareto Efficiency. For each R € D, there is no X C A such that for each
i€ N, X R; ¢(R), and for some j € N, X P; ¢ (R).

The next axiom requires that the decision on each object should depend only
on agents’ evaluations of this object. This axiom is considered by Rubinstein
and Fishburn (1986), Kasher and Rubinstein (1997), and Samet and Schmei-
dler (2003).1*

Independence. For each z € A and each R, R’ € D with N¢(R) = N¢ (R')
and NP (R) = NP (R'), z € p(R) if and only if = € p(R).

It should be noted that every rule satisfying independence is represented by
a profile of power structures and the converse also holds.

We next state two standard axioms requiring symmetric treatment for both
agents and objects. For each permutation on N, 7 : N — N, and each R € D, let
R™ be such that for each i € N, R} = R.(;. Let p: A — A be a permutation on
A. For each R; € D;, let pR; € D; be the preference such that for each X, X’ C A,
X pR; X' if and only if p(X) R; p(X’). For each R € D, let pR = (pR;)ien-

The next axiom states that names of agents should not matter.

Anonymity. For each R € D and each permutation 7 on N, o(R) = ¢(R").

Note that the plurality rule is represented by the profile (¢;), ., such that for
each x € A, €, = {(C1,Cy) € € :|Cy]| > |Cs|}. Whether a pair (Cy,Cy) is in the
power structure for the plurality rule depends only on the number of agents in
the first group C4 and the number of agents in the second group C5. Because of
this property, the plurality rule satisfies anonymity. There are various other rules
with the same property. To define them, let Z* = {(t1,t2) € Z2 : ¢; + t2 < n} be
the set of possible pairs of cardinalities of two disjoint groups, where Z, denotes

the set of non-negative integers. A profile (&), ., satisfies power-anonymity,

10Tn stating an axiom, we only state the condition on the generic rule ¢ required by the
axiom.

HOur axiom is stated differently from the independence axiom in these papers, in which each
object is either a good or a bad. We generalize their axiom in order to deal with nulls. On the

dichotomous domain, our axiom coincide with theirs.



briefly P-anonymity, if for each x € A, €, can be described by a set Z, C Z*
as follows: (C1,Cy) € €, < (|C4],|Cy|) € Z,. We call Z, the index set for .
It is easy to show that every rule represented by a profile of index sets (Z,)zea
satisfies anonymity.

The next axiom states that names of objects should not matter.

Neutrality. For each R € D and each permutation p on A, ¢ (pR) = p (¢ (R)).

A profile (€,),., satisfies power-neutrality, briefly P-neutrality, if for each
z,y € A, €, =&, It is easy to show that every rule represented by a P-neutral
profile of power structures satisfies neutrality. When a rule is represented by a
P-neutral profile of power structures, we say that it is represented by a single

power structure. Similarly, we say that a rule is represented by a single index set.

3 Main Results

Imposing Pareto efficiency, independence, and anonymity, we characterize a fam-
ily of rules that are very close to the plurality rule. Each of these rules makes the
same decision on each object as does plurality rule, unless the supporting group
has the same number of agents as the opposing group has. Formally:

Definition (Semi-Plurality Rules). A semi-plurality rule is a rule represented
by a profile of index sets (Z,),. , such that for each € A and each (t1,t,) € Z%,
(1) if t1 > 1o, (tl,tz) € I:m (11) if t1 < to, (tl,tg) ¢ Z,.

It is shown in the earlier version of this article, Ju (2003b; Lemma 2), that
every semi-plurality rule maximizes the sum of individual utility functions.!?
Therefore, every semi-plurality rule satisfies Pareto efficiency. We show that
semi-plurality rules are the only rules satisfying Pareto efficiency, independence,
and anonymity.

Theorem 1. A rule on the trichotomous domain with symmetry S . satisfies
Pareto efficiency, independence, and anonymity if and only if it is a semi-plurality
rule.

Independence of the three axioms is easily established. Note that the theorem
pertains to the trichotomous domain S¥.. On the dichotomous domain S, there
exist rules that satisfy the three axioms, but that are not semi-plurality rules, as

12 Adopting the normalization u = v = 1, R; € Sty is represented by U;: 24 — R such that
for each X € 24, U; (X) = |G (R, X) | — | B(R;, X)|.



shown by Example 1 below. We prove the theorem in Appendix A. Here, instead,
we add neutrality and provide a proof of the following result, Theorem 2. On
the trichotomous domain S¥., it can be obtained as a corollary to Theorem 1.
Moreover, it also holds over the dichotomous domain S\

Theorem 2. A rule on the trichotomous (or dichotomous) domain with sym-
metry S§. (or S5.) satisfies Pareto efficiency, independence, anonymity, and
neutrality if and only if it is a semi-plurality rule represented by a single index
set.

Proof. 1t is easy to show that every semi-plurality rule represented by a single
index set satisfies the listed axioms. To prove the converse, let ¢ be a rule
satisfying the four axioms. Then, by independence and anonymity, ¢ can be

represented by a profile of index sets (Z,) By neutrality, all objects have

zeA”
the same index sets. Let Z be the common index set. We need to show that
{(t1,t2) € T* 1 t; > to} T T C{(t1,t2) € Z* : t; > to}. We show below the first
inclusion. The proof of the second inclusion is similar and so is omitted.
Suppose by contradiction that there exists (¢1,t3) € Z* such that t; > to
and (t1,t2) ¢ Z. Pick two objects a,b € A and a set of t; + t, agents, N =
{1,...,t1 + t2}. We now construct a preference profile R*, in which all objects
other than a and b are bads for all agents, a and b are nulls for all agents outside
N, and there are t; agents in N for whom a is a good and t, agents in N for

whom « is a bad, and similarly for b. See Table 1 for an illustration.

Construction of R*. For each i = 1,...,ty, let R} be such that G (R}) = {a}
and B (R;) = A\{a}. For each i =ty + 1,...,t;, let R} be such that G (R}) =
{a,b} and B (R}) = A\{a,b}. Foreach i =t,+1,...,t; +t5, let R} be such that
G (R;) = {b} and B (R}) = A\{b}. For each i ¢ N, let G (R}) = B(R}) = 0.

Note that such a construction is admissible with the trichotomous domain
SN.. However, it is admissible over the dichotomous domain S5, if and only if
t1 + to = n. Since the case t; + to = n is the only case we need to be concerned
with on the dichotomous domain S|, the proof is still valid for S&'.

By construction, N¢ (R*) = {1,...,t1}, NB(R*) = {t; + 1,...,t; + ta},
NE(R*) ={ta+1,...,t; + to}, and NP (R*) = {t1,...,ta}. Since (t1,t5) & Z,
a,b ¢ ¢ (R*). Since all other objects are bads for agents in N and nulls for
agents outside N, then by Pareto efficiency, none of them is chosen. Therefore,
¢ (R*) = 0. Note that for each i € {1,... 6o} U{t1+1,...,t1+t2}, {a,b} I} 0 and
for each i € {ta +1,...,t1}, {a,b} PF (. Since ty < t1, {a,b} Pareto dominates
) = ¢ (R*), contradicting Pareto efficiency. 1



* * * * * *
Rl e Rtg toi1 R Rtl e . Rt1+t2

G(Ry) | fa} |--- | {ap | {ab} |- | {ab} | {0} |--- | {b}

B(R;) | A\{a} | --- | A\{a} | AMa,b} | --- | A\{a, b} | AN{b} | --- | A\{b}

Table 1: Construction of R* in Proof of Theorem 2, when t; > t2. Note that {a,b}
Pareto dominates (.

Note that in this proof, we make use of a Pareto improvement that does not
make all agents better off. Thus, one may wonder whether more variety of rules
will emerge, relaxing Pareto efficiency to the axiom saying that there should be

no other alternative that makes all agents better off.

Weak Pareto Efficiency. For each R € D, there is no X C A such that for
cachi e N, X P, p(R).

When there are at least as many objects as agents, substituting weak Pareto

efficiency for Pareto efficiency, we obtain the same result as in Theorem 2.

Theorem 3. Assume |A| > |N|. Then, a rule on the trichotomous (or di-
chotomous) domain with symmetry SY. (or SN.) satisfies weak Pareto efficiency,
independence, anonymity, and neutrality if and only if it is a semi-plurality rule
represented by a single index set.

Proof. We only consider the trichotomous domain S¥; below. The same proof
applies on the dichotomous domain S5i. Let ¢ be a rule satisfying the listed
axioms. Then by independence and anonymity, ¢ can be represented by a profile
of index sets (Z,),.,. By neutrality, all objects have the same index sets. Let
7 be the common index set. We need to show that {(t1,t2) € Z* : t; > to} C
T C{(ty,ty) € I* : t1 > ta}. We show below the first inclusion. The proof of the
second inclusion is similar. Suppose by contradiction that there exists (t1,t) ¢ Z
such that ¢; > t5. Pick n objects, which is possible because |A| > |N|(=n). Let
A ={ay,...,a,} be the set of these objects. In what follows, we will construct
a preference profile R* such that for each a € A, there are ¢, agents for whom a
is a good and t, agents for whom a is a bad; for each a € A\ A4, a is a bad for all
agents; for each i € N, |G (R;,A)| = t; and |B (R}, A) | = t. See Table 2 for
an illustration in the special case of (¢1,t3) = (3,1) and n = 5.

Construction of R*. Let [0] = n. For each k£ € {1,...,n}, let [k] = k,
[n+ k] = k, and [—k] = [n — k]. For each k € {1,...,n}, let a; be a good
for each agent i = [k], [k +1], ..., [k +t; — 1] and a bad for each agent i =



Ry Ry Ry I R
G(R;'kaA) {al,a4,a5} {al,ag,a5} {CL1,G27G3} {ag,a3,a4} {a3,a4,a5}
B (R;, A) {as} {ad} {as} {ai} {az}

Table 2: Construction of R* in Proof of Theorem 3, when n =5, (t1,t2) = (3,1) and
A ={a1, - ,a5}. Note that for all 4 € {1,---,5}, A contains more goods than bads
and so A P (.

k+t],....[k+t +ta—1].

Note that the construction is possible because t; + to < |N| < |A|. For
agent 1, there are f; goods, namely ap = a1, apn_1) = apn, ..., AQu_(,-1)] =
an—(1;—2) and there are ¢, bads, namely ap_s;) = @n—(,—1), A—(t1+1)] = Cn—ty5 - - -
A[1—(t14+t2—1)] = An—(t;+t2—2)- 10 general, for each agent k € N, there are ¢; goods,
namely ap, apg—1j, - - ., Qr—,—1)], and there are t, bads, namely ap_,}, Qpp—+1)
<y Qll—(t,+t5—1)]- Since all objects in A\ A are bads for all agents, then by Pareto
efficiency, none of these objects is chosen by R*. Since (¢1,t3) ¢ Z, no object in A
is chosen either. Thus, ¢ (R*) = (). For each i € N, let U; be the representation of
R; such that for each X € 24, U; (X) = |G(R;, X)| — | B (R;, X) |. Then for each
i € N, U; (A) =t; —ty > 0 = U; (¢ (R")), contradicting weak Pareto efficiency
of p. 1

Independence of the four axioms in each of Theorems 2 and 3 is easily es-
tablished. In particular, without neutrality, there do exist rules that are not
semi-plurality rules but satisfy all of the remaining axioms. Here is an example.

Example 1. Fix a € A. Let ¢ be defined as follows: for each R € D, a €
¢ (R) & [NY(R)| > |NB(R)| -2 and for each z # a, z € $ (R) & |[NS (R)| >
|INB (R)|. We show that on the dichotomous domain S, with an odd number of
agents, ¢ is Pareto efficient. We use the fact, shown in the earlier version of this
paper, Ju (2003b), that the plurality rule maximizes the sum of individual utili-
ties. Let R € S5 be such that ¢ (R) # ¢ (R). Then |N¢ (R)| =[NP (R)| -1
or INY (R)| =|NB(R)|. Thus ¢ (R) = ¢ (R)U{a} and a ¢ ¢ (R). Since n is
odd, [Ng (R)| = [Ny (R)| = 1. Then 3, U; (¢ (R)) = 3=, Ui(¢™ (R)) — 1, where
U; (+) is the representation of R; defined in the proof of Theorem 3. Therefore, if
an alternative X improves upon ¢ (R), there can be only one agent, say, agent 1,
whose welfare improves only by 1 unit and all others’ welfares stay constant (oth-
erwise, X will have a higher sum of individual utilities than " (R), contradicting
the maximization of the sum of utilities by p"“(R)). So both X and ¢ (R) have

10



the maximum sum of individual utilities. This implies that X contains ¢ (R)
because every object chosen by the plurality rule will add a positive amount to
the sum of individual utilities (see Lemma 2 in Ju 2003b, for the detail). On
the other hand, if z & ¢ (R) is such that |[NY (R)| < INB(R)|, z will add a
negative number to the sum of individual utilities. Therefore, " (R) C X and
for each x € X\ (R), INY (R)| = N2 (R)|. Since, over the dichotomous do-
main with an odd number of agents, the supporting and opposing groups for any
object cannot have the same size, then X \¢"™ (R) = (. Therefore, X = o' (R).
Since X Pareto dominates ¢ (R) = ¢ (R)U{a}, then NP (R) = (), contradicting
NG (B)| = [N (R)| - 1.

When Pareto efficiency is dropped, there are a variety of rules satisfying the
remaining axioms in Theorem 1. Examples are all the rules represented by profiles
of index sets. Thus, Pareto efficiency plays an important role in pinning down
the very small family of semi-plurality rules.

4 Trichotomous or Dichotomous Domains with-

out Symmetry

We, so far, assumed symmetry between goods and bads. In this section, we
consider “trichotomous and dichotomous domains without symmetry”.

Assume that all goods and all bads have fixed utility v« > 0 and disutility
v > 0 (up to normalization), respectively. Let Ropyi(uw) be the set of trichotomous
preferences associated with the utility of goods, u, and the disutility of bads, v.
When u # v, we call Ryi(u) a trichotomous domain without symmetry (between
goods and bads). Similarly, let Rpj(.) be the set of dichotomous preferences in
Rvi(uw), called a dichotomous domain without symmetry, when u # v. If u = v,
RTri(u,v) = Sty and RDi(u,v) = Spi.

On the trichotomous domain Ryi(,.), the following modification of the plu-
rality rule is important. The modified plurality rule, denoted by ¢™F* is defined
as follows: for each R € Réi,v) and each a € A, a € Y™ (R) if and only if
u|NE (R)| > v|NE(R)|. A modified semi-plurality rule is a P-anonymous rule
represented by a profile (Z,),., of index sets such that for each v+ € A and
each (t1,ty) € Z%, (i) if uty > vty, (t1,t2) € Zy; (i) if uty < vto, (t1,t2) ¢ Z,.
Note that when {(t;,ts) € Z* : ut; = vty} = (), the modified plurality rule
is the only modified semi-plurality rule. When wu/v is sufficiently close to 1,

modified semi-plurality rules coincide with semi-plurality rules. When u/v is
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sufficiently small, modified semi-plurality rules are associated with the index set
T ={(t1,t2) € T* : t = 0}. Thus, they accept each object if and only if no one is
against the object. Applying the same argument as for the trichotomous domain
with symmetry S¥., we extend Theorem 3 to any trichotomous domain with or
without symmetry. The proof of Theorem 4 is similar to the proof of Theorem 3,
and so is omitted.'?

Theorem 4. Assume |A| > |N|. A rule on a trichotomous (or dichotomous)
domain with or without symmetry satisfies weak Pareto efficiency (or Pareto
efficiency ), independence, anonymity, and neutrality if and only if it is a modified

semi-plurality rule represented by a single index set.

5 Non-Trichotomous Domains: An Impossibil-
ity Result

On each trichotomous domain, preferences have at most one indifference class of
goods and at most one indifference class of bads. It is natural to ask whether our
results, or at least the existence parts, will continue to hold when we allow for
more than one indifference classes of goods or bads. To address this question, we
consider domains of additive preferences, in which each preference may have mul-
tiple indifference classes of goods, associated with a finite number of utility levels,
and also multiple indifference classes of bads, associated with a finite number of
disutility levels. Formally:

Definition (Domains with fixed classifications of goods and bads). Let
K and L be two natural numbers. Consider K positive numbers, uq, ..., ug,
and L positive numbers, vy, ...,v. Let u = (uy,...,ux) and v = (vy,...,vp).
Let Ru,v) be the domain of additive preferences in which all goods are associ-
ated with utilities in {uy,...,ux} and all bads are associated with disutilities in
{vi,...,vr}. Thus, for each preference in Ry v), there are at most K indifference
classes of goods and at most L indifference classes of bads (and one indifference

class of nulls).

Trichotomous domains are special cases with K = L = 1. In what follows, we
will consider non-trichotomous domains with X > 2 or L > 2. Under three addi-
tional, yet weak, conditions on domains, we show that no rule on any such non-

trichotomous domain can satisfy Pareto efficiency, independence, and anonymity.

B The proof is available upon request.
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Theorem 5. Consider the non-trichotomous domain Ry, where u € Rf+
and v € RE . Assume |A| > |N|, max{ui,...,ux} > min{vi,...,v.}, and
min{uy,...,ux} < max{vy,...,vp}. Then there is no rule on Ré\{l v) Satisfying
Pareto efficiency, independence, and anonymity.

Proof. Let Ru,v) be a domain satisfying the assumptions. Suppose by contra-
diction that a rule ¢ on R&v) satisfies the three axioms. Assume K > 2 (the
same argument applies when L > 2). Assume without loss of generality that
U < ...<ugand vy <...<wvr. Then ug > v, and uy < vy..

By independence, ¢ is represented by a profile (), ,. Now we show that for
eachz,y € A, €\{(0,0)} = €,\{(0,0)}. Let x,y € Aand (Cy,Cs) € €\{(0,0)}.
Suppose (C1,Cs) ¢ €,. Let Ry € Ruv) be such that both 2 and y are goods with
the utilities u; and wug, respectively and that all other objects are bads. Let
R\ € Ruv) be such that both = and y are nulls and all other objects are bads.
For each i € C1 U Cy, let R; = Ry. For each j ¢ C, U Cy, let R; = Ry. Since all
objects other than = and y are bads, then by Pareto efficiency, ¢ (R) C {z,y}.
Since (NS(R),NP(R)) = (NF(R),NP(R)) = (C1,C3) and (C,Co) € €,\&,,
then ¢(R) = {x}. Since everyone weakly prefers {y} to {z} and all agents
in Cy U Cy prefer {y} to {z}, then {y} Pareto dominates {z}, contradicting
Pareto efficiency. Therefore, €\ {(0,0)} € &€,\ {(0,0)}. The proof of the reverse
inclusion is similar.

By anonymity, (€;),., is described by a profile of index sets (Z,),.4. By
the property of (&;),., shown in the previous paragraph, for each z,y € A,
7.\ {(0,0)} = Z,\ {(0,0)}. Note that (0,0) may be in Z, and not in Z,. Thus,
¢ may not satisfy neutrality. However, ¢ is “almost neutral” in the sense that
all index sets are equal to each other except for the zero index pair (0,0), and
this is enough for the proofs of Theorems 2 and 3. Therefore, ¢ is a modified
UK ,V1) < Ré\lflvV u1,vr) < Ré\lflaV)'

Let tg € {1,...,n}. Since ug > vy, uxty > vitg. Since ¢ is a modified semi-

then (tg,t) € Z, for each z € A. On the other hand,

N
Tri(ui,vg)?

semi-plurality rule on Rgﬁ( , and also on R%(

plurality rule on R]TVH(UK 0))
since uy; < vr, uity < vptg. Since @ is a modified semi-plurality rule on R

then (to,t9) & Z, for each x € A, contradicting the previous conclusion. &

6 Concluding Remarks

We have extended Theorem 3 to any trichotomous or dichotomous domain with-
out symmetry (Theorem 4). However, we leave it for future research whether
Theorems 1 and 2 can also be established without the symmetry assumption.
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In Section 5, we investigated non-trichotomous domains and studied whether
there exist rules over a non-trichotomous domain satisfying our three main ax-
ioms, Pareto efficiency, independence, and anonymity. As shown by Ju (2004),
these three axioms are not compatible on the domain of additive preferences.!4
Therefore, the additive domain can be considered as an upper bound for the
possibility result. On the other hand, our results show that the trichotomous do-
mains in this paper are lower bounds. A natural question is: are there domains
between the upper and lower bounds on which the possibility result prevails?
We have a partial answer to this question. Theorem 5 says that if we are inter-
ested in domains satisfying the three richness conditions stated in the theorem,
then we cannot find any non-trichotomous domain in which Pareto efficiency,
independence, and anonymity are compatible. Theorem 5 does not offer a char-
acterization of maximal domains in which these three axioms are compatible, but
it shows that the gap between maximal domains and our trichotomous domains
is quite thin. Although the three richness conditions, we think, are mild, the

consequences of dropping these conditions are left for future study.

A  Proof of Theorem 1

Throughout this section, we consider the trichotomous domain S§,. We begin
with two useful lemmas.

Lemma 1. Let ¢ be a rule over the trichotomous domain with symmetry S¥..
If © satisfies Pareto efficiency and is represented by a profile of power structures
(€2)pens then (&), 4 has the following properties. For each x,y € A with x # y
and each (Cy,Cs), (C1,Ch) € €*,

(i) if (C1,Cs) € €, C] C Cy, C) D C1, and (C3\C7) U (CH\Cy) # 0, then
(EReATTE

(ii) if (C1,Co) & €, C] D Cy, C) C 4, and (C]\C2) U (C1\CY) # 0, then
(C1,CY) € €,

Proof. Let ¢ be represented by (¢;),.,. To prove part (i), let (C1,C3) € €,
and (C},C%) € €* be such that C] C Cy, C4 D C1, and (C2\C7) U (CH\Ch) # 0.
Suppose by contradiction that (C},Ch) € €,. Let R* be such that N¢ (R*) = C,
NP (R*) = Cy, NP (R*) = Cf, NP (R*) = C4, and for each z # x,y, NP (R*) =
N. See Table 3 for an illustration. Since all objects other than x and y are
bads, then by Pareto efficiency, they are rejected. Since (C1,C3) € €, and

1See Section 6 in Ju (2004).
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R | R | Ry R | R
G (R {x,y}) | {z} | {z} | 0 {y}
B (R} {z,y}) | 1y} | {v} | {v} {z}

==

Table 3: Construction of R* in the proof of Lemma 1, when C7 = {1,2}, Cy = {5},
C] = {5}, and C} = {1,2,3}. Note that ) Pareto dominates {x,y}.

(C1,Cy) € €, ¢(R*) = {z,y}. Foreachi € C}, i € Cy and so 0 I} {z,y}.
For each i € Cy, i € C} and so 0 I} {z,y}. For each i € (Co\CY) U (CH\Ch),
either x € B(R!) and y ¢ G(R}) or x ¢ G(R}) and y € B(R}). Therefore,
() Pr {x,y}. For each i ¢ Cy U C%, both z and y are nulls and so 0 I} {x,y}.
Hence () Pareto dominates ¢ (R*), contradicting Pareto efficiency. Part (ii) can

be proven similarly.

The following is a direct consequence of Lemma 1 for rules represented by
profiles of index sets.

Lemma 2. Let ¢ be a rule over the trichotomous domain with symmetry S .. If
@ satisfies Pareto efficiency and is represented by a profile of index sets (I),c 4,
then (Z;),c 4 has the following properties. For each x,y € A with x # y and each
(tbt?) ) (tllv tl2> € I*>

(i) if (t1,t2) € I, t) < to, th > t1, and at least one of the two inequalities is
strict, then (t),t5) & Z,;

ii) if (t1,to L., th > to, th, < t1, and at least one of the two inequalities is

1 2
strict, then (t),t}) € Z,,.

Now we are ready to prove Theorem 1.

Proof of Theorem 1. We only prove the non-trivial direction.’® Let ¢ be a
rule satisfying Pareto efficiency, independence, and anonymity. Then, by inde-
pendence and anonymity, ¢ is represented by a profile of index sets (Z,),.,. We
only have to show that for each z € A, {(t1,t2) € Z* : t1 > to} CTZ, C{(t1,t2) €
T*:t; > ta}.

Let x € A. To prove the first inclusion, let (¢1,%2) € Z* be such that ¢; > t,.
Suppose by contradiction that (t1,ts) ¢ Z,. Then let S;,5,, S5 be the partition
of N such that |S;| = t1, |Ss| = to, and |S3| = n —t; — t5. Let R € S¥, be such
that (i) for each ¢ € Sy, G (R;) = {x} and B(R;) = A\{z}; (ii) for each i € Sy,

5The current proof is due to an anonymous referee. It is simpler than the original proof,
which can be found in the earlier version Ju (2003b).
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G (R;) =0 and B (R;) = A4; (iii) for each i € S3, G(R;) = 0 and B (R;) = A\{z}.
Then NS (R)| = t; and [NP (R)| = to. Since (t,t2) ¢ Z,, © ¢ ¢ (R). Let
y € A\{z} and i € S; (note that since t; > 1, S; # 0). Let R' € SN, be
such that (i) for each j € S1\{i}, G (R}) = {z,y} and B(R}) = A\{z,y}; (ii)
G(R)) = {z} and B(R}) = A\{z,y}; (i) for each j € S5, G(R}) = 0 and
B (R}) = A; (iv) for each j € S35, G (R}) = () and B (R]) = A\{z,y}. Note that
ING (R')| = t; and |[NP (R')| = t5. Thus z ¢ ¢ (R'). Then by Pareto efficiency,
¢ (R') = {y} or 0. Since {y} is Pareto dominated by {z}, ¢ (R') = 0. Hence
(ING(R)|,INZ(R)|) = (t1 — 1,t2) ¢ Z,. Since t; >ty and t, < ¢ — 1, then by
(ii) of Lemma 2, (¢1,t2) € Z,. This contradicts the initial assumption.

To prove the second inclusion, let (¢1,%2) € Z* be such that t; < t. Suppose
by contradiction that (¢1,t2) € Z,. Then using the same preference R constructed
above, x € ¢ (R). Let y € A\{z} and i € Sy (note that since t5 > 1, Sy # 0).
Let R" € Sf; be such that (i) for each j € Sy, G (R)) = {z,y} and B (R)) =
A\{z, y}; (ii) for each j € S\ {i}, G (RY) = 0 and B (R}) = A; (iii) G (R/) =0
and B (R]) = A\{y}; (iv) for each j € S3, G (RY) =0 and B (R}) = A\{z,y}.
Note that |[N¢ (R")| = t; and |[NB(R")| = t,. Thus x € @ (R"). Then by
Pareto efficiency, ¢ (R") = {z} or {z,y}. Since {y} Pareto dominates {z},
then ¢ (R") = {x,y}. Hence (NS (R")[,|NF(R")]) = (t1,t2 — 1) € Z,. Since
t1 <ty — 1 and ty > ¢y, then by (i) of Lemma 2, (t1,t2) ¢ Z,. This contradicts

the initial assumption. g
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