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Abstract

We consider an abstract model of division problems where each agent is identi-
fied by a characteristic vector. Agents are situated on a network (a non-directed
graph) and any connected coalition can reallocate members’ characteristics (e.g.
reallocation of claims in bankruptcy problems). A reallocation-proof rule prevents
any coalition from benefiting, in terms of its total award, through a reallocation.
We offer a full characterization of reallocation-proof rules without any assump-
tion on the network structure. This result yields a variety of useful corollaries
for specific networks such as the complete network, trees, networks without a
“bridge” etc. Our model has various special examples such as bankruptcy, sur-
plus sharing, cost sharing, income redistribution, social choice with transferable
utility, etc.

JEL Classification: C71, D30, D63, D71.
Keywords: Division problem; Coalitional manipulation; Network; Graph; Reallocation-
proofness



1 Introduction

Division problems often take the following abstract form. There are a finite
number of agents. Each agent is characterized by a vector in RY, where K
is the set of characteristics. An amount of resource, a real number, has to be
divided among these agents. A systematic method of division is described by
a (division) rule associating with each division problem a vector of individual
shares, or awards.

Suppose that agents are situated on a network (a non-directed graph), and
any two adjacent agents can reallocate their characteristics. If two agents are not
adjacent, they need other agents connecting them for a reallocation. Thus any
“connected” coalition can manipulate members’ characteristic vectors through a
reallocation. For example, consider a company producing a set of products, K,
through its local branches. The company has to divide its profit among branches
based on their outputs. Branches are located on a transportation network (high-
way system). Suppose that two adjacent branches can reallocate their outputs
costlessly and without being detected by other branches. Hence any two adjacent
branches and also members of any connected coalition can freely reallocate their
outputs. Depending on the rule being adopted, a coalition may or may not ben-
efit, in terms of its total award, by reallocating outputs. What rules are robust
to such coalitional manipulation? The main objective of this paper is to answer
this question.

Our main result offers a full characterization of rules that have the robustness
condition, called reallocation-proofness. This condition requires that no coalition
should be able to raise its total award by a reallocation of characteristic vectors
among its members. The main result is established without any assumption on
the network structure.! It yields various characterization results depending on
specific structures of the network. For example, when the graph is complete (any
two nodes are directly linked), this result reduces to the result established by Ju,
Miyagawa, and Sakai (2003, JMS below). We also consider other special cases
such as trees and graphs without a “bridge”.

Reallocation-proofness (also called “no advantageous reallocation”, “strategy-
proofness”) on complete network has been studied by a number of authors in vari-
ous specialized settings: O’Neill (1982), Moulin (1985a, 1985b, 1987), Chun (1988),
Moulin and Shenker (1992), de Frutos (1999), Ching and Kakker (2001), Ju (2003),
Moreno-Ternero (2004) etc. They consider models dealing with bankruptcy (or

'We assume connectedness of the network but our result can be applied easily for any
disconnected network.



taxation), surplus sharing, social choice with transferable utility, and cost allo-
cation. JMS (2003) consider the same abstract model as ours. Although the
assumption of complete network is a fairly strong one, no earlier author, as
far as we know, has investigated consequences of dropping it. Little is known
about reallocation-proofness on incomplete networks and about whether results
obtained for complete network still hold for incomplete networks. Our results are
helpful for clarifying these issues.

We identify a condition for networks, called, multi-node-connectivity, under
which all the earlier results for complete network continue to hold. This condition
says that the graph cannot be disconnected after an elimination of a single node.
It is clearly weaker than completeness. Moreover, we show that it is the maximal
weakening of completeness under which reallocation-proofness is equivalent to
reallocation-proofness under the assumption of complete network. In other words,
reallocation-proofness on a network G is equivalent to reallocation-proofness on
the complete network if and only if the network G has multi-node-connectivity.
We also show that except for the case of linear networks, reallocation-proofness on
an incomplete network together with “no award for null” (also called “dummy”)
imply reallocation-proofness on the complete network. Therefore, we are able
to strengthen all the earlier results imposing the two axioms together on com-
plete network continue to hold on incomplete and non-linear networks. On linear
networks, the family of rules, we characterize, is larger than the family on the
complete network. Without no award for null, reallocation-proof rules on incom-
plete networks may have very different representations from reallocation-proof
rules on the complete network. In particular, on trees, reallocation-proofness no
longer has the additivity implication reported by JMS (2003).

The rest of the paper is organized as follows. In Section 2, we define our model,
network, coalition structure, axioms, and some important rules. In Section 3, we
state and prove preliminary results. In Section 4, we state our main result. Some
proofs are in Appendices A-B.

2 Definitions

2.1 Model

There is a finite set of agents, N. Each agent ¢ € N is characterized by a vector
¢ = (Cik)rex € Rf , where K denotes the set of issues. We refer to ¢; as i’s
characteristic vector. Let N = {1,2,...,|N|}. Throughout, we assume |N| > 3.
A profile of characteristic vectors of agents is denoted by ¢ = (¢;)ien € Rf <K



and the sum of these vectors is denoted by

€= (Ch)rer = (Z Cik)kek € Rf

1EN

A problem is a pair (¢, E) € RY*® x R,,, where ¢ € RY*¥ is a profile of
characteristic vectors and E € R, is an amount to be divided. For simplicity,
we only consider problems such that ¢, > 0 for each k € K. A domain is a non-
empty set of problems and is denoted by D. A division rule, or briefly, a rule over
a domain D is a function f associating with each problem (¢, E) € D a vector
of awards f(c,E) € RY. A domain D is rich (JMS 2003) if, for each problem
(¢, E) € D and each profile ¢ € RY*X such that & = ¢, we have (¢,E) € D.
That is, D is rich if it is closed under reallocations of characteristic vectors. We
restrict our attention to rich domains. Examples of rich domains are the set
of bankruptcy problems in O’Neill (1982), the set of surplus sharing problems
in Moulin (1987), the set of social choice problems with transferable utilities in
Moulin (1985), the set of cost sharing problems in Moulin and Shenker (1992),
etc.
We also use the following additional notation. For each S C N and each
= RN XK
+
Cs = (Csk)rek = (Z Cik)kek € Rf
i€s

Similarly, for each S C N and each z € RY,

Tg = E T;.

€S

Given z,y € RM x> y means that z,, > v,, for each m; z > y means that z >y
and x # y; and x > y means that z,, > y,, for each m.

2.2 Networks and Coalition Structures

Before defining “coalitional manipulation”, we first need to explain possible coali-
tion formations. We assume that agents form a coalition constrained by a net-
work. The network is fixed throughout the paper. It is described by a (non-
directed) graph consisting of a set of nodes N and a set of edges D = {{i,j} :
i,j € N and ¢ # j}. Let G = (N, D). For simplicity, we sometimes denote an
edge {i,7} € D by ij. Two nodes, i and j, are adjacent if ij € D.

A graph G = (N, D) is complete if for each i,j € N with i # j, ij € D. A
path is a sequence of edges which are successively intersecting. A path is denoted



simply by listing nodes that the path follows. A line is a path that never passes
a node more than once. For each h,7,j € N, we say i is between h and j if every
path including h and j includes also 7. A cycle is a path that passes more than
two nodes and that passes one and only one node twice. With a slight abuse
of terminology, we say that a graph is a cycle when the graph itself is a cycle.
Similarly, we say that a graph is a line. A spanning line is a line containing all
nodes in N. A spanning cycle is a cycle containing all nodes in V.

For each S C N, let Gg = (S,Ds ={ij € D :i,j € S}) be the subgraph on S.
We say a subgraph Gy is connected if for any two nodes ¢, € S, there is a path
in G from i to j. Note that when S = () or a singleton, G is connected trivially.
We say that S is connected when (g is connected. Coalition S is admissible if
S is connected. Let C (G) be the set of admissible coalitions, called, the coalition
structure on G. For example, when G is complete, C (G) equals the set of all
subsets of N, that is, 2"V, which is called the unrestricted coalition structure.

Throughout the paper, we assume that G is connected. However, our results
are easily extended to the general case.?

A tree is a connected graph in which every two nodes have one and only one
path from one to another. A node 7 in a tree is an end node if 7 is not between
any two other nodes, that is, for all h, j € N\{i}, i is not between h and j. If G is
a tree, by choosing any node i* € N as a root, we can define the directed tree with
root i*, denoted by G (i*). In the directed tree G (i*), for each ¢ € N, let s (i) be
the set of successors of i, including i itself, and s° (i) the set of successors of i, not
including 7. Let p (i) be the set of predecessors, including i itself, and p° (i) the set
of predecessors of i, not including i. Let sm (i) be the set of immediate successors
of i and pm (i) the immediate predecessor of i. Clearly, j € sm (i) if and only if
i = pm(j). It should be noted that all these functions, s (-), s°(-),sm (-), p(-),
p° (+), and pm (), depend on the choice of the root i*.

An edge ij € D is called a bridge (also called an “isthmus” in Wilson 1979)
if deleting ij from D results in a disconnected graph, that is, (N, D\{i,j}) is
not connected. A graph G is multi-edge-connected if it has no bridge.®> Thus a
multi-edge-connected graph remains connected after deleting any one of its edges.
We next define graphs in which no single node plays a critical role in keeping the
graph connected. A node ¢ € N is called a cutnode if deleting ¢ from G results

2Note that any (possibly disconnected) graph is partitioned into the unique family of max-
imal connected subgraphs. Our results can be applied for each of these maximal connected

subgraphs.
3A graph is multi-edge-connected if and only if its degree of “edge-connectivity” (see p.10
of Diestel 2000 and p. 29 of Wilson 1979 for the definition) is greater than 1.



in a disconnected subgraph of G, that is, G'x\y;; is not connected. A graph G is
multi-node-connected if it has no cutnode.* Thus a multi-node-connected graph
stays connected after a deletion of any single node. Clearly, if G has a spanning
cycle, G is multi-node-connected. There are, of course, multi-node-connected
graphs that have no spanning cycle. No tree with at least three nodes is multi-
node-connected.

2.3 Axioms

Our main objective is to study rules that are robust to coalitional manipulations
through reallocations of characteristic vectors. Since coalition formation is con-
strained by a graph, such a robustness can be formalized by the requirement that
the total amount allocated to each admissible coalition S € C (G) should not be
affected by any reallocation of ¢;’s within S. Formally:

Reallocation-Proofness. For each (¢, E) € DV, each S € C(G), and each
¢ € RY*Eif &g = &5 and s = CN\S:

D fildiems, B) =) file, ). (1)
ieS ieS
If the left-hand side of (1) is larger than the right-hand side, then coalition S
with profile (¢;);es can gain by reallocating their characteristic vectors to ¢
(and making appropriate side-payments). If the reverse inequality holds, then
coalition S with profile (¢});es can gain by the reverse reallocation. We also
consider a weaker condition, by focusing on coalitions by pairs.

Pairwise Reallocation-Proofness. For each (¢, E) € DV, each ij € D (so
{i,j} € C(G)) and each ¢}, ¢} € RY, if ¢ 4+ ¢} = ¢; + ¢,

1 g
fi(C;aC;aCN\{i,j}aE) + fj(cgvcg‘ac]\/\{i,jbE) = fi(cv E) + f] (C7 E) .

The next axiom is a useful implication of reallocation-proofness (see Lemma 2).
It says that any admissible coalition cannot change, through a reallocation of char-
acteristic vectors, the shares of others, without affecting its own aggregate share.
This axiom is similar, in spirit, to “non-bossiness” in economic environments
introduced by Satterthwaite and Sonnenschein (1981).

4A graph is multi-node-connected if and only if its degree of “connectivity” (see p.10 of
Diestel 2000; p. 29 of Wilson 1979 for the definition) is greater than 1.



Non-Bossiness. For each (¢, E) € DV, each S € C (G), and each ¢ € RY*¥ if
EZS‘ = Cs, C/N\S = CN\S; and Zz‘eS Ji (C/7E) = Zies Ji (07 E)a
fN\S(clu E) = fN\S(Ca E). (2)

The next axiom is the pairwise version of non-bossiness.

Pairwise Non-Bossiness. For each (¢, E) € DV, each ij € D, and each
¢, s e RE i &+ ¢ = ¢+ ¢; and fi(c), &}, enmgigy, B) + fi(6, ¢, envpigy B) =
file, E) + fi (¢, B),
Iy (6 & emvgigy, B) = fangigy (¢ B) -
In the context of bankruptcy problems, there is a large family of non-bossy

rules, known as “parametric rules”.

In some of our results, we characterize rules satisfying some combinations of
the following axioms as well as reallocation-proofness.
The next axiom says that awards should add up to the amount to divide:

Efficiency. For each (¢, E) € D, >, y filc, E) = E.

For each problem (c, E) € D, let D(¢, E) = {(¢,F) e RYV** xR, , : & =¢}.
Note that on the compact set D(¢, E), each agent’s characteristic vector is both
bounded above and below. Then, it is appealing to require that each agent should
not get unlimited reward or unlimited loss on the set D (¢, £/). The next axiom
states an even weaker condition that at least one agent’s award should be bounded
above or below on D (¢, E).

One-Sided Boundedness. For each (¢, E) € D, there exists i € N such that
fi(+, E) is bounded from either above or below over D(c, E).

This axiom is implied by each of the following two axioms. The first one

requires awards to be non-negative:
Non-Negativity. For each (¢, F) € D and each i € N, f;(¢, E) > 0.

The next axiom considered by Moulin (1985a) says that no agent can increase
its award by transferring part of its characteristic vector to other agents:

No Transfer Paradox.® For each (¢, E) € D, each ¢ € RY** each i,j € N
with {i,7} € D, and each t € [0,¢;] = [0, 1] x -+ x [0, ;). C RE,

filei —t,cj+tc_pij, B) < filei, ¢j, ey, E).

5Since we focus on pairs {i,j} that are edges on the graph G, our axiom is weaker than the

axiom in Moulin (1985a).



The next axiom says that no amount should be awarded to agents with the

zero characteristic vector:

No Award for Null. For each (¢, E) € D and each ¢ € N, if ¢; = 0, then
fi(C, E) =0.

2.4 Examples of Division Rules

For the case when characteristic vectors are single-dimensional (i.e., |[K| = 1),
one of the simplest and best-known rules is proportional rule, which divides the
total amount proportionally to the single characteristic. JMS (2003) extend the
definition of proportional rule to the case of multi-dimensional characteristics. A
weight function is a function mapping each (¢, E) € RE, x Ry, into a weight
vector in AL W RE, x R, — AKI-L

Definition 1 (Proportional Rules, |K| > 1). A rule f is a proportional rule
if there exists a weight function W such that, for each (¢, E) € D and each i € N,

file. B) =Y Cci:Wk(c, E)E.S

keK

We use P" to denote the proportional rule associated with W.

Note that P" first applies the proportional rule to each single-dimensional
sub-problem (c*, E), where ¢* = (cit)icn, and then takes the weighted average
of the solutions to the sub-problems using the vector of weights W (¢, E'). The
weights depend on the problem being considered but depend only on (¢, E). Pro-
portional rules are efficient since ), , Wi(¢, E) = 1. Proportional rules also
satisfy all other axioms defined in Section 2.3. It is evident that, if |K| = 1,
Definition 1 reduces to the standard definition of proportional rule in the case of
|K|=1.

We now define generalized proportional rules, introduced by JMS (2003).
These rules are characterized by two functions A: RE, xR, — RY and W: RE, x
R,. — RX and i’s award is given by the sum of the following two terms. The
first term is A;(¢, ), which is independent of i’s characteristic vector but may
treat ¢ differently from others. The second term is proportional to i’s character-
istic vector and treats agents symmetrically. On the other hand, the second term
may treat issues asymmetrically, and the degree of importance attached to each
issue k € K is given by Wy(¢, E'). Formally,

5The right-hand side is well-defined since we rule out problems for which & = 0 for some
ke K.



Definition 2 (Generalized Proportional Rules). There exist two functions
A:RE, xRyy — RY and W: RE, x Ry, — R¥ such that, for each (¢, E) € D
and each 1 € N,

file,E) = e, E) + > ZEWi(e, E)E. (3)
ker k

Note that W is not required to be a weight function, i.e., neither Wy(¢, E) > 0
nor » .., Wi(¢, E) = 1 is required. Proportional rules are special cases where
A; = 0 and W is a weight function. Since, given (¢, F), the second term of
(3) is linear in ¢;, generalized proportional rules satisfy reallocation-proofness
and one-sided boundedness. These rules do not necessarily satisfy other axioms
in Section 2.3. Necessary and sufficient conditions for (A, W) to satisfy each of

those axioms are offered by JMS (2003).

3 Preliminary Results

In this section, we consider three special cases of connected graphs: multi-node-
connected graphs, multi-edge-connected graphs, and trees. In each of the three
cases, we offer a full characterization of reallocation-proof rules and necessary
and sufficient conditions for additional axioms in Section 2.3.

We first establish two useful lemmas. The first lemma shows that any real-
location of characteristic vectors among agents in a connected coalition can be

described by successive reallocations among edges in this coalition.

Lemma 1. If S is connected and c,¢ € RY*™ are such that ¢y = és and
C;V\S = cn\s, then ¢ can be reached from c through successive reallocations of
characteristic vectors among edges in S, that is, there exist a number r and

Si,---,8. € Dg and c',c?,--- ,c" € RfXK such that é}% = Cg,, C}V\SI = CN\S;
" =c, and for eachm =2,--- 1, cd = Eg:l and s, = cﬁ\_slm.

Proof. Let S and ¢, ¢’ € RY*¥ be given as above. The formal proof is tedious and
so skipped. Below we only give the basic idea. Pick an agent, say 1, in S. For any
1 € 5, since S is connected, there is a path from ¢ to 1, denoted by p;, and we can
transfer all 7’s characteristics in ¢; to 1’s through successive pairwise reallocations
along this path. Then we end up with ¢’ € RfXK such that ¢ = ¢ég, c’S’\{l} =0,
and C’z(/\s = cy\s- Now we do the reverse changes, that is, for each i € S, we
use path p; to increase i’s vector from 0 to ¢; and decrease 1’s vector from ¢g to
¢s — ¢, Throughout this procedure, we always have non-negative characteristic
vectors for all agents and the constant sum of characteristic vectors of agents in



S. Since there is no change made in the characteristic vectors of agents in N\ S,

the final outcome is . 1

We now establish logical relation among reallocation-proofness, non-bossiness,

and their pairwise versions.

Lemma 2. Assume that G is a connected graph.
(i) Reallocation-proofness implies non-bossiness.
(i) Reallocation-proofness is equivalent to the combination of pairwise reallocation-

proofness and pairwise non-bossiness.

Proof. To prove part (i), let f be a rule satisfying reallocation-proofness. Let
S C N be a connected coalition on G and S # N. Let (¢, E) € D and ¢/ € RY*K
be such that ¢g = ¢ and cv\s = cjy\g. Let 2 = f(c, E) and 2’ = f(c, E). By
reallocation-proofness, Ts = Z's. Since G is a connected graph, there exists a
node ¢; € N\S that is adjacent to a node in S. Let Sy = SU {i;}. Then S is
also connected and ¢;, = ¢j,. Hence g, (= ¢s + ¢;,) = &g, (= 5 + ¢;,) and so by
reallocation-proofness, Ts + ;, = T'q + xj,. Since Tg = Ty, x;, = ;. Suppose by
induction that & < |[N\S|and iy, --- ,ix € N\S are such that S, = SU{i1, -+ ,ix}
is connected, ¢s, = €, , and zg;, . ;) = wf{“%} If N\Sy = 0, we are done. If
not, then since G is a connected graph, there exists a node ix41 € N\Sk that is
adjacent to a node in Sg. Let Ski1 = Sk U {ixs1}. Then Sk, is connected and
since g, = ¢, and ¢, = ¢;,,, Cs,,, = Cs,,,. Hence by reallocation-proofness,
Tsp, = Tg,,,- Since Tg (= Tg + iy + -+ x,) = Tg, (= Tg + a7, + -+ 27, ),

Tpy1 = Ty . Therefore, zg;, . Since N is finite, the iteration

k1) T x{{il,---,ikﬂ}'
will end after a finite number of steps and, at the end, we obtain xy\s = :cg\,\ g
By part (i), reallocation-proofness implies both pairwise reallocation-proofness
and pairwise non-bossiness. To prove the converse, let f be a rule satisfying pair-
wise reallocation-proofness and pairwise non-bossiness. Let S C N be connected.
Let (¢, E), (¢, E) € D be such that ¢g = & and cyg = 5. We only have to

ShOW ZiES fz (C, E) = ZiES fz (C,, E) and fN\S (C, E) = fN\S (Cl, E)

By Lemma 1, there exist a number r, Sy, Sa, -+, S, € Dg, and ¢!, c?,--- ,c" €
RJIXK such that é}% = Cg, C}V\SI = cn\g; € = ¢, and for each m = 2,--- ,r,
Cq = égf;l and g = crj{,‘\_slm. By richness of D, (¢!, E),--- ,(¢",E) € D. For

eachm=1,--- r—1,let 2™ = f (¢, F). Let z = f(c,E) and 2’ = f(c, E).
Since ¢4, = Cg,, then by pairwise reallocation-proofness, Ty = Tg,. By pairwise
non-bossiness, 1']1\/\51 = Zn\g,. Since S; C S, then Ty = ZTg and a:}v\s = Tn\s-

For eachm = 2,--- ,r, since c§ = E?_l, then by pairwise reallocation-proofness,
m m



-m __ =m—1 . . . - _ om—1 .
T¢ =1T¢  and by pairwise non-bossiness, TS = TN\S - Since S, C S, then

~m _ am—1 m  _ ,m—1 : = A& ! _
¢ =7¢  and Tihs = Tans- This shows 'y = g and Thng = Tns- I

Remark 1. (i) Reallocation-proofness implies non-bossiness if and only if the
graph is connected.
(i) Even if the graph is connected, pairwise reallocation-proofness does not imply

pairwise non-bossiness.

By Lemma 2, reallocation-proofness in all our results can be replaced with the
combination of pairwise reallocation-proofness and pairwise non-bossiness. Also,
by virtue of Lemma 2, in order to check reallocation-proofness, we only need to
consider edges, instead of considering all connected coalitions, and check the two

pairwise axioms.

3.1 Multi-Node-Connected Graphs

We start with multi-node-connected graphs. In the next lemma, we show that
when G is multi-node-connected, reallocation-proofness under coalition struc-
ture C (G) is equivalent to reallocation-proofness under the unrestricted coalition

structure.

Lemma 3. Given a connected graph G = (N, D), let f be a rule satisfying
reallocation-proofness. For each T C N, if no node in N\T is a cutnode, then
for each (¢, E), (¢, E) € D with ¢r = & and cnr = 1,

Zfl (C7E) = Zfl (Cl,E)v

i€T i€T
fN\T (C, E) = fN\T (C/7 E) .
Therefore, if G is multi-node-connected, then reallocation-proofness under C (G)
is equivalent to reallocation-proofness under the unrestricted coalition structure.

Proof. Let G = (N, D) be a connected graph. Let f be a rule satisfying reallocation-
proofness under C (G). Then by Lemma 2, f satisfies non-bossiness. Let T'C N.
Assume that no node in N\T is a cutnode. Let (¢, E), (¢, E) € D be such that
or = ¢p and eyt = g Let 2 = f (¢, E) and 2’ = f (¢, E). We only have to
show Zp = Z7 and xy\ ¢ = xQV\T. Since N is connected, by reallocation-proofness,

In =Ty (4)

For each ¢ € N\T, since i is not a cutnode, N\{i} is connected. Since ¢\ (3 =
E§V\ (i} then by reallocation-proofness and non-bossiness, x; = x}. Hence xy\p =
Ty p- Combining this with (4), we obtain Zr = 7. i

10



This lemma allows us to strengthen all results established for the complete
graph case by JMS (2003). First is their characterization of reallocation-proof
rules.

Proposition 1. Assume that G is a multi-node-connected graph. Then a rule f
on a rich domain D satisfies reallocation-proofness if and only if there exist two
functions A: RE, x R,y — RN and W R, x RE, x Ry — RE such that, for
each (¢, E) € D and each i € N,

fi(c7 E) = Al(éy E) + Z Wk(Cik,é, E)a

keK
and W (-,¢, E) is additive.
Proof. By Lemma 3, the result is obtained directly from Theorem 1 in JMS (2003). n

We will show later that multi-node-connectivity of G is a necessary and suf-
ficient condition for equivalence between reallocation-proofness under C (G) and
reallocation-proofness under the unrestricted coalition structure.

Next are necessary and sufficient conditions for additional axioms, described
in terms of the two functions A (-) and W (-).

Proposition 2. Assume that G is a multi-node-connected graph. Let f be a
reallocation-proof rule represented by A: Rf_(Jr xRy, — RY and W Ry x RE, x
R, — R as in part (i) of Proposition 1. Then f satisfies

(i) Efficiency if and only if for each (¢, E) € D,

iEN keK

(ii) No award for nulls if and only if for each (¢, E) € D and each i € N,

(iii) Non-negativity if and only if f satisfies one-sided boundedness and, for each
(¢, E) € D,
A; (¢, E) >0 for each i € N,
min A; (¢, E) + Z min{0, W (¢, ¢ E)} > 0.

JEN
keK

(iv) No transfer paradox if and only if for each (¢, E) € D and each k € K,

A

Wi (-, ¢, E) is non-decreasing.

11



Proof. The four conditions are established using Proposition 1 and the same
arguments used in the proof of Proposition 1 by JMS (2003). 1

The following results obtained by JMS (2003) for complete graphs are also
extended to multi-node-connected graphs.

Proposition 3. Assume that G is a multi-node-connected graph.

(i) A rule on a rich domain satisfies reallocation-proofness and one-sided bound-
edness if and only if it is a generalized proportional rule.

(i) A rule on a rich domain satisfies pairwise reallocation-proofness, no award for
null, and non-negativity (or no transfer paradox) if and only if it is a proportional
rule.

Proof. The two characterizations are established using Propositions 1 and 2, and
the same arguments used in the proofs of Theorems 2 and 3 by JMS (2003). 1

3.2 Multi-Edge-Connected Graphs

In this section, we consider multi-edge-connected graphs.

Let G be a multi-edge-connected graph. Let S C N. Subgraph Gg is maz-
imally multi-node-connected on G if there is no greater multi-node-connected
subgraph, that is, there is no S’ C N such that S’ 2 S and Gg is multi-node-
connected. In the next lemma, we show that each multi-edge-connected graph is
composed of maximal multi-node-connected subgraphs connected with each other
by cutnodes.

Lemma 4. Assume that G = (N, D) is a multi-edge-connected graph.

(1) The set of nodes N is uniquely divided into a finite number of subsets Ny, - - , Ny
with UM_| N,, = N such that for each m = 1,--- M, |N,,| > 3 and Gy,, is a
maximal multi-node-connected subgraph on G.

(ii) There is no cycle of successively intersecting sets among Ny,--- , Ny, that is,
there is no r > 3 and no Ny, -+, Ny, € {N1, -+, Ny} such that N,y O Ny, #
0, Npm,_, N Np,. # 0, and N,,, = Ny, .

The proof is left for readers [see Omitted Proofs, Section C.1].

By Lemma 4, N has the unique family of subsets Ny, ---, Nj; such that for
eachm € {1,---, M}, [N,,| > 3 and Gy,, is a maximal multi-node-connected sub-
graph. In this case, we say that multi-edge-connected graph G is composed of max-
imal multi-node-connected subgraphs Gn,,- -+ ,Gy,,. Let N* (G) = {Ny, -+, Ny}

12



and R*(G) ={Gn,, -+ ,Gn,, }. For each m € {1,--- | M}, let
C (Np,) ={i € N,,, : i is a cutnode on G}

be the set of cutnodes in N,, on graph G. For each m € {1,---, M} and each
1 € N,,, let

S (i, Ny) ={j € N\ [N,,\{¢}] : ¢ is between j and any node in N,,}

be the set of nodes outside N,,,\{i} that can be connected with any node in IV,
only through i. Note i € S(i, N,,,). Note also that S(i, Ny,) is not a singleton
if and only if i € C(N,,). For example, if G is composed of two multi-node-
connected subgraphs Gy, and Gy, and the cutnode is i, then S(i, Ny) = Ny,
S(i, No) = Ny, and C(N;) = C(N2) = {i}. Another example is depicted in
Figure 1. For each 7 € N, let

m@)={me{l,...,M}:ie N,}

be the set of indices of maximal multi-node-connected subgraphs containing .
Then for each : € N, S (’i, Nm) \{Z} = Unmrem()\{m} UjeNm/\{i} S (j, Nm/) (See Fig-
ure 1).

Proposition 4. Assume that G = (N, D) is a multi-edge-connected graph and
that G is composed of M mazimal multi-node-connected subgraphs G, , -+ ,Gn,,:
that is, R* (G) = {Gpn,,--- ,Gn,, }. Then a rule on a rich domain D satisfies
reallocation-proofness if and only if there exists a list of functions (A™: RE, X
Ry, — RN¥= /™ R, x RE, xRy — RF),cq1. ay such that for each (¢, E) €
D, eachm e {1,--- M}, and each i € N,,,

A;m ((_3, E) + ZkEK W];n (ES(i,Nm)ku c, E)
Jile, By = ~ Lmeminim 2ien, A\ A7 (6 F) T6)
= 2mem(inm} 2hex Wi 2ojen, \jiy €GN0k C E) ’

where for each m,m’ € {1,--- M}, wm (,¢, E) 1s additive and

STATEE) +Y W (e BE)= Y AM (e E)+ Y Wi (@, ¢ E). (6)

€N keK €N, keK

"If i ¢ C'(Np), then m (i) \{m} = () and so

fi(e,B) = A7(e,E) + > Wi(cir, & E).
keK
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Figure 1: The multi-edge-connected graph is composed of six maximal multi-
node-connected subgraphs, two of which are N,,, and N,,,. Note that i € C' (N,,),
J,j7" € C(Ny), and j° ¢ C(N,). Note also that N, = {j,j',j",i} and
S (i Noa) \{i} = S (o Now) U S (77, Now) U S (5, Nor).
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The proof is in Appendix A.

Remark 2. Note that when G is a multi-node-connected graph, M = 1 and
Proposition 4 reduces to Proposition 1.

We next establish necessary and sufficient conditions for the four additional

axioms, efficiency, no award for nulls, non-negativity, and no transfer paradox.

Proposition 5. Assume that G = (N, D) is a multi-edge-connected graph and
that G is composed of M mazximal multi-node-connected subgraphs Gy, -+ ,Gn,, -
Let f be a reallocation-proof rule represented by a list of functions (A™: Rﬁr X
Ry — RV» W Ry x RE, x Ry, — RX),.cr1 . ary as in Proposition 4. Then
f satisfies

(i) Efficiency if and only if for each (¢, E) € D and each m € {1,..., M},

> A (e, E)+ > Wit (e, ¢ E) = E.

ieN keK
(ii) No award for nulls if and only if for each (¢, E) € D, each i € N, and each
m,m' € {1,..., M},

Al (e E) = 0
Wwm(,eE) = W™ (.¢E).
Thus by additivity of W™ (,¢,E), f is a rule characterized in part (ii) of Propo-
sition 2.
(iii) Non-negativity if and only if f satisfies one-sided boundedness and, for each
(¢, E) € D and each m € {1,..., M},
A" (¢,E) >0 for each i € N,
min AT (¢, E) + Z min{0, W (&, ¢ E)} > 0,

JEN
keK

and for each i € C (Ny,),

AT (@ ) + Y e Wi (Csinn: & E) >
Zm/Em(i)\{m} ZjeNm/\{i} AT (¢, E) + Zm’gm(i)\{m} > kex Wi (Z]’eNm,\{i} CS(4,N,, k> C, E) -

(iv) No transfer paradox if and only if for each (¢, E) € D, each k € K, and each
me{l,...,M}, W,T (+,¢, E) is non-decreasing.

The proof is in Appendix A.
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Remark 3. Part (ii) shows that under no award for nulls, reallocation-proofness
under C (G) is equivalent to reallocation-proofness under the unrestricted coali-

tion structure.

Examples of rules that are in the family characterized in Proposition 4 but not
in the family characterized in Proposition 1 are easily provided by using different
functions A™ (-) and W™ (-) for different m’s.

3.3 Trees

In this section, we consider trees.
The next result is a characterization of reallocation-proof rules for trees.

Proposition 6. Assume that G is a tree. Then a rule f on a rich domain
D satisfies reallocation-proofness if and only if f is represented by a function
T:RE xRE, x Ryy — RN such that for each (¢,E) € D and each i € N,

file, B) =T, (e, e, E) = Y Ty (s & E) ,° (7)

jesm(i)
where s (-) and sm () are defined on a directed tree G (i*) with root i* € N.

Proof. Let G = (N, D) be a tree. Fix i* € N and consider the directed tree with
root ¢*, G (¢*). The proof of reallocation-proofness of rules with the stated repre-
sentation will be provided in the proof of Theorem, Section B. Before proving the
converse, note that we can rewrite (7) equivalently as follows: for each (¢, E') € D
and each 1 € N,

fZ(CaE):ﬂ(ES(Z))EaE)_ Z f] (C7E>' (*)
j€s°(4)
Thus, for each (¢, E) € D and each i € N, T; (Es(i), C, E) is the total award for
agent ¢ and i’s successors, that is,
T, (Cs, & B) = Y fi (e, B). (%)
jes(i)

Let f be a reallocation-proof rule. Then by Lemma 2, it also satisfies non-
bossiness. For each i € N, define T as follows: for each ¢ € N and each (z,y, E) €

8Throughout, we use the notational convention that any summation over the empty set is
zero; formally, for any function g (-), if X =0, >° -y g(x) = 0. Thus when sm (i) = 0, (7)
reduces to f; (¢, E) =T; (¢, ¢, E).
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RE x RE, x Ry with z <y,

Ti(xayaE) = Z fj <07E>7
jes(@)
for some (¢, E) € D with ¢y;) =  and ¢ = y. For all other (z,y, E) € R xRE, x
R, 1, set T; (z,y, E) arbitrarily. Then (%) follows directly from the definition of
T and we obtain (7). Therefore, we only have to show that 7" is well-defined.
Let ¢, € RY*¥ be such that Cs(i) = E’s(i) =rzandc=7 =y. Let z = f (¢, E),
v’ = f(c,E), and 2" = f(Cs4), Oy g5 ). Since N\s (i) is connected, then by
reallocation-proofness and non-bossiness, Ty = x’s’(i) (and ZTn\s) = f?’v\s(i)).
Since s (i) is also connected, then by reallocation-proofness and non-bossiness,

Note that there is no restriction on 7' (). Examples of rules without additivity
property are easily constructed and this shows a clear contrast with the results
on multi-node-connected graphs and multi-edge-connected graphs. Although the
domain of T; is stated as Rf X Rf + X Ry, in Proposition 6, only its subset
{(z,y,E) € RE x RE, x Ryy : for some (¢,E) € D, ¢y;) = x and ¢ = y}
matters.” What values T} takes outside this subset is not relevant to our result
and in (7). In what follows we will say that 7" or T; has a certain property,
when it has the property only over this subset. Generalized proportional rules
are members of this family: when f is a generalized proportional rule associated
with (A, W), for each (¢, E) € D and each i € N, let

T(e.B)= S A:@E B +S 2% z B)E.
CREPWICLEDIE S
Proposition 7. Assume that G is a tree. Let f be a reallocation-proof rule
represented by T': Rf X Rﬁr x Ry, — RY as in Proposition 6, where s () and
sm (-) be defined on a directed tree G (i*) with root i* € N. Then f satisfies

(i) Efficiency if and only if Ty« (¢,¢, E) = E for each (¢, E) € D.

(ii-1) Assume that G (i*) has a node i # i* with at least two immediate successors
(that is, G is a non-linear tree). Then [ satisfies no award for null if and only if
Ty =---=Ty =Ty and for each (¢, E) € D, Ty (-, ¢, E) is additive.

Hence, for each (¢,E) € D, Ty (0,¢, E) = 0 and Tg (-, ¢, E) can be decomposed
into K functions as follows:

fi(C,E) = Tg(Ci7E,E>
= ZWk(CikaéaE);

keK

9In particular, for T}« (-, &, E), only one value T;« (¢,¢, E) matters.
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where W, (cix, ¢, E) = Ty (cawug, &, E), denoting the k™ unit vector of RX by uy,
and so Wy, (-, ¢, E) is additive.

(ii-2) When G is a line, f satisfies no award for null if and only if for each
(¢, E) e RE, x R4y

T'=Ty=---=T1Tn =Ty,
TO(O,E,E):(].

(iii) Non-negativity if and only if for eachi € N, each x,y € RY, each E € Ry,

and each (a;) € Rim(i)XK with 0 < > a; <z <y,

jesm(s) jEsm(z)

T (x,y,E)>  T;(a;,y,E)."
jEsm(i)
(iv) No transfer paradox if and only if T; (-, ¢, E) is non-decreasing for each i € N
and each (¢, E) € D.
Thus, if f satisfies no award for null, then non-negativity is equivalent to no

transfer paradox.

Proof. (i): This follows from s(i*) = N and the fact that for each (¢, E) and
cach i € N, T; (¢si), &, E) = X i) fi (¢, E).

(ii-1): Let f satisfy no award for null. Then by (7), for each ¢ € N and each
(¢, E) € D with ¢; =0,

T Y awcE|= ) Tk (8)

jesm(z) jesm(z)

Thus for each i € N, each (2;);c,,) € RY*K and each (y, E) € RE, x Ry,

if there is (¢, E) € D such that ¢; = 0, ¢y;) = x; for each j € sm (i), and ¢ = y,
then

T'i(i'sm(i)yyaE) = Z Tj(xjayaE)' (*)

jesm(i)

By no award for null and (%*) in the proof of Proposition 6, for each i € N and

each (¢, E) € D, if all successors of ¢ have the zero characteristic vector, then

they all receive nothing and so >, ) fj (¢, &) = 0. Hence, for each (y, E) €

RY, x RE,,

T;(0,y, E) = 0. (%)

Let i € N and j € sm(i). Let (¢, E) € D be such that ¢; = 0 and for each

h € s(i)\{j}, c» = 0. Then by (8) and (xx), T;(¢;,¢, E) = T} (¢, ¢, E). Since

OThus, T; (z,y, E) > 0, if sm (i) = 0.
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this holds for each ¢; with 0 < ¢; < ¢, T; = T}. Using this and the tree structure of
G, we show T} = --- = T. Let Ty be the common function. For each (¢, F) € D,
if there is a node i € N\{i*} with at least two immediate successors, we obtain
additivity of Tj (-, ¢, E) from (%) (note that if (x) holds for ¢ = i*, then we can
only obtain the limited additivity of Tj (-, ¢, E) saying that for each z,2’ € RE,
ife+a2' =¢ To(v,6,FE) + Ty (¢/,¢,E) = Ty (v +2/,¢, FE)). Using additivity of
To (-, ¢, F) and (7) in Proposition 6, we show f; (¢, E) = Tp (¢;, ¢, E).

The converse follows easily from the fact that 7, (0,¢, E) = 0 and f; (¢, E) =
Ty (¢i, ¢, E) for each (¢, E) € D.

(ii-2): This is easily proven using part (ii)-1.

(iii): This part follows directly from (7).

(iv): Assume that f satisfies no transfer paradox. Let ¢ be a terminal node,
that is, s°(i) = 0. Then for each (¢, F) € D, since f;(c,E) = T;(¢;, ¢, E),
T; (,¢, E) is non-decreasing. Let j be such that for each i € s°(j), s°(i) = 0.
Then f; (c,E) = Tj (Cs(), 6 E) — > i Li(¢i,¢, E) and for each i € sm (j),
T; (-,¢, F) is non-decreasing. Consider transferring ¢ € [0, ¢;] from h € p° (5) to j.

i€sm(

Then by no transfer paradox, j’s award should not decrease. Thus Tj (Es(j) +t, ¢, FE ) —
Ziesm(j) Tzl (Ci? c, E) 2 113 (Es(j)’ C E) _ZzEsm(j) Tzl (Ci’ c, E) Hence? T’J (Es(j) + t’ ¢, E) 2
T; (Es(j), c, E) This shows that Tj (-, ¢, E) is non-decreasing. Proceeding back-
ward, we complete our proof. The converse is shown easily. &

Remark 4. When G is a non-linear tree, adding no award for null, we obtain a
subfamily of rules that are characterized Proposition 1 and that have A; () =0
for each + € N. Thus, given no award for null, reallocation-proofness on a tree
is equivalent to reallocation-proofness on a complete graph. Therefore, all earlier
characterization results based on reallocation-proofness on a complete graph and
no award for null continue to hold on a tree.

Lines
We obtain the following corollaries for lines.

Corollary 1. Assume that G is a line. A rule f on a rich domain D satisfies
reallocation-proofness if and only if f is represented by a function T: RE xRE, X
R, — RY such that for each (c, E) € D and each i € N,

T; (65(7,)7 C, E) ’ Zf sm (l) = Q);'

T (ES(i)v G E) — Tom(i) (Es(sm(i)), C, E) ,if sm (i) # 0, 11 (9)

fi (C, E) = {

where, for an end node i* € N, s(-) and sm (-) are defined on the directed line

G (i).
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Combining reallocation-proofness, efficiency, and no award for null, we obtain:

Corollary 2. Assume that G is a line. A rule f on a rich domain D satisfies
reallocation-proofness, efficiency, and no award for null if and only if f is rep-
resented by a function Ty: RE x RE, x Ry — R such that for each (¢, E) € D
and each i € N, Ty (0,¢, E) =0, Ty (¢,¢, E) = E, and

To(ci, ¢, E), if sm (1) =0,

fi (C, E) - { To (Es(i), c, E) — Ty (ES(sm(i))J c, E) » if sm (i) 7 0,

where, for an end node i* € N, s(-) and sm(-) are defined on the directed line

G (i*).

Proposition 7 (parts 2.1 and 2.2) shows that when no award for null is imposed,
there is a remarkable difference between the linear tree case and the non-linear
tree case. As shown in Corollary 2, in the case of linear tree, there are rules that
are not necessarily a member of the family of rules characterized in Proposition 1
but that satisfy reallocation-proofness and no award for null. When G is a non-
linear tree, only those rules characterized in Proposition 1 satisfy the two axioms.

4 Theorem

We now consider the most general case when G is a connected graph.
The next lemma says that every connected graph is uniquely decomposed into
a family of maximal multi-edge-connected subgraphs.

Lemma 5. Assume that G = (N, D) is a connected graph.
(i) The set of nodes N is uniquely partitioned into a finite number of subsets
Ny, -+, Np such that for eachl =1,--- L, |N;| =1 or |N;| > 3 and Gy, is a

maximal multi-edge-connected subgraph on G.

(ii) There is no cycle of sets among Ny, - -+ , Ny, which are successively connected
by bridges; that is, there is no r > 3 and no Ny,--- ,N;, € {Ny,---,Np} such
that Ny, = N, and for two sequences of nodes, iy € Ny, -+ ,i,—1 € N,_1 and
J2 € Ny, -+, jr € Ny, we have 172,123, ,ir—1Jr € D.

The proof is left for readers [see Omitted Proofs, Section C.1].

By Lemma 5, N is partitioned into maximal multi-edge-connected subgraphs
and these subgraphs are located with a tree structure. Formally:

Definition 3 (Tree of Maximal Multi-Edge-Connected Subgraphs). Given
a connected graph G = (N, D), let N be partitioned into Ny,---, Ny such that
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foreach { =1,---, L, Gy, is a maximal multi-edge-connected subgraph. We now
define a graph G of which nodes are composed of these subgraphs. Formally, let
N = {Ny,--- Ny} be the set of nodes. For each I,I' € {1,---, L}, {IN;, Ny} is
an edge of G if there is an edge of the original graph G, which connects N; and
Ny, that is, for some i € N; and i/ € Ny, i’ € D. Denote the set of edges of G
by €. Then G = (N, €) is a tree because of part (ii) of Lemma 5.

Let R = {Gp,, -+ ,Gn,} be the set of maximal multi-edge-connected sub-
graphs on G. By Lemma 4, for each [ = 1,--- L, N; is again divided into a
finite number M; € N of subsets, denoted by N, - -, Ny, such that for each
m=1,---, M, Gy, is a maximal multi-node-connected subgraph on Gy;,.

Next we define a family of rules of which representations have the mixed
feature of both rules in Proposition 4 and Proposition 6. We use the following
notation. Let N« € N. Let G (IN;+) be the directed tree with root N;=. We use the
same notation as in Section 3.3 for the set of successors s (-), the set of immediate
successors sm (-), the set of predecessors p (+), and immediate predecessor pm (-)
on G (Np). We also use notation s°(-) and pY(-) as used in Section 3.3. For
each [ € {1,---, L}, let Us (IV;) be the union of all Ny € N that succeeds N; on
G(N;+), that is,

Similarly, let

C(N,) = {j€ N,:jisacutnode on G};
C(Nim,Gn,) = {j € Ny, @ j is a cutnode on Gy, }.

Then C (Njy, Gn,) € C (V;) but the reverse inclusion does not hold. For example,
in Figure 2, j € C(N,) but j & C (Nip, Gu,), and i € C(N,) N C (N, G,)-
Let C* (V;) be the set of all cutnodes i € N; on G, which belongs to a bridge
connecting N; to an immediate successor of N;, that is,

C* (Ny) = {i € C (V) : for some Ny € sm (N;) and some j € Ny, ij € D}.

Let C* = UL, C* (N;). Let D* (N;) be the set of all cutnodes i € N; on G, which

belongs to a bridge connecting N; to an immediate predecessor of N;, that is,
D* (N,) ={i € C(N,) : for some j € pm (N,), ij € D}.
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Let D* = UL, D* (N,). For example, in Figure 2, i € C* (N;) and j € D* ().
Foreachl € {1,---,L} and each i € N, let sm (N;;4) be the set of immediate
successors of N; “originating from ¢”, that is,

sm (Ni;1) = {Ny € sm (V) : for some j € Ny, ij € D}.
Let s (Ny;i) be the set of successors of N; originating from i, that is,
s(Ny; i) = {N;} U{Np : for some Ny € sm (Ny;i), Nyw € s (Nyp)}.
Let s° (Nj;4) be the set of strict successors of N; originating from 4, that is,
s (Ny; i) = { Ny : for some Ny € sm (N;;i), Npw € s (Np)}.

Note that if i ¢ C*(N;), sm(Ny;i) = s° (Nj;i) = 0. Let Us® (N;;4) be the union
of all sets in s° (N;;4). For each i € Ny, let

S (iy Nim) = {7 € N\ [N \{¢}] : 7 is between j and each node in N, on Gy, }.
Let o (i, Niim) be the set of all agents “succeeding ¢ and N,,”, that is,
o (i, Nom) = Ujes (N U s (N3 5) U {5}

See Figure 2 for an illustration of o (-). It should be noted that S (i, Ny,) is
defined on the subgraph Gy, and i € S (i, Niy,), and that S (4, V) is not a
singleton if and only if ¢ € C' (Ny,, Gy,) (that is, S (i, Nj,,) = {i} if and only if
i ¢ C'(Nym, Gy,)). Also when i ¢ C* (N;) UC (N, Gn,), 0 (4, Nim) = {i}.

The family of rules to be defined next are represented by three lists of func-
tions. First is the list of functions T' = (T;: RE x RE, x Ryy — R)—y

mining the total award of all agents in the successors of each N; € N, Us (NV);

77777 1, deter-
more precisely, the total award of all agents in Us (1V;) is given by 7;(-) as a
function of the sum of characteristic vectors of these agents, ¢, and E. Second
and third are the following list of functions

L

<(Alm: RE x RE, x Ry, — RY¥n T/'m: R, x RX x RE, x R,, — RK)MZJ ,

m=1/ =1
determining the total award of each agent ¢ € N, and agents succeeding ¢
and Np,; more precisely, for each (¢, E) € D, each | € {1,...,L}, each m €
{1,..., M}, and each i € Ny, the total award of all agents in o (i, Ny,,,) is given
by Alm (EUS(NZ), c, E) + D ke W,ﬁm (éo(i,Nlm)b Cus(N})+ Gy E) Thus to obtain a for-
mula describing i’s award, we need to subtract from this amount the total awards
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Figure 2: The tree of maximal multi-edge-connected subgraphs of a connected
graph. Maximal multi-edge-connected subgraphs are indicated by black dotted
circles such as N; and N;. Note that the maximal multi-edge-connected subgraph

N is composed of three maximal multi-node-connected sugraphs N, Np,/, and
]Vlm” .
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all agents succeeding j € N;\{i} and the total award of all agents in successors
of N; originating from 7, as described by (10) below.
The following two conditions are required for reallocation-proofness.

AD (additivity): For each [ € {1,---,L}, each m € {1,---,M;}, and each
(¢, E) € D, Wim (-, Cus(N,)» Cs E) is additive.

CONS (constancy): For each | € {1,---,L}, each m € {1,---, M}, and each
i € Ny, if there is j € D* N N; “preceding ¢ and Ny,,,”, that is, j & S (i, Niy,) (see
Figure 2), then for each (c, E) € D, A (-,¢, E) is constant and for each k € K
and each o € Ry, W}™ (v, -, & E) is constant.

For each [ € {1,..., L} and each i € N, let
mG)={me{l,...,M;}:1€ Ny}

be the set of the second indices of all multi-node-connected subgraphs to which ¢
belongs.

Definition 4 (TAW-family). A rule f is in the TAW-family if f is represented
by a list of functions,

((Alm RK X Rﬁ X Ry —>RNlm Wi Ry x RE x RE, x Ry, — REM
satisfying AD and CONS, as follows: for each (¢, F) € D, each [ € {1,--- | L},
each m € {1,--- , M;}, and each i € N,

Alm (CUS(Nl)ac E) + Z Wk (CmszmCuS(Nz) ¢ E)
- X > A (Cusv) & E)

m/em(i)\{m} jEN;,.\{i}

- Z Z Wlim/ Z EO’(j7Nlm/)k’7 EUS(N[), Ea E)

m/em(i)\{m} keK JEN,\{i}

- Z Ty (CUS(NZ/)7 C, E) )
\ l/:Nl/ Esm(Nl;i)

where for each [ € {1,--- L}, each m € {1,--- , M;}, and each (¢, F) € D,
Z A CUS(Nz c, E +2Wk CUs(N;)ks CUs(N;) 5 E) 1 (EUS(NZ),E, E) (11)

iE€ENm keK
and, s (), sm(+), C*(+), and o () are defined on the directed graph G (N;-).'2
12Condition (11) implies that for each m,m’ € {1,..., L;},

Z Aim (EUS(NL)7 ¢, E) + Z W]im (EUS(Nl)k’ EUS(NL)’E’ E>

1E€ENym keK
= Z Aém/ (EUS(NZ)) c, E) + Z W’im' (EUS(Nl)k7EUS(N[)) c, E) 5
iEN,, keK
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The first line in the right-hand side of (10) describes the total award of all
agents in o (i, Ny,,) (see Figure 2). The second and third lines account for the
total awards all agents succeeding each 7 € N;\{:}. The fourth line accounts for
the total award of all agents in successors of N; originating from 7. Depending on
how each agent i is located on the graph, (10) may reduce to a simpler formula.
It i € N\(C* (N) UC (N, Gn,)), m (i) \{m} = 0 and sm (N;;¢) = 0. Thus (10)
reduces to

fi (07 E) - Aim (EUS(NZ)7 EJ E) + Z Wkl;m(cik> EUS(N[)? 67 E>7 (12)

keK

If i € C (N, Gn)\C* (Ny), sm (Ny;i) = 0. Thus (10) reduces to

Aim (EUS(NZ)7 C, E) + kz W]im (EJ(LNlm)k; EUS(N[)? c, E)
eK

- Z Z Alm/ ELJS(]V))ErE’
fi(c,E) = mem@\{m} JENA(i} (B ) (13)

- Z Z W]iml ( Z EG’(j,Nlm/)]m EUS(N[)) 57 E) .

m/em(i)\{m} ke K JEN,,\{i}

\

If i € C*(N,) N (NN\C (N, Gn,)), m (2) \{m} = 0. Thus (10) reduces to

A (v & B) 3 Wi (Coti N b Cus(ais & B)
keK

- Z ﬂ’ (EUS(NZ/)7 C, E) :

U':Nyresm(Ny;i)

file, E) = (14)

Now we are ready to state our main result.

Theorem. Given a connected graph, a rule on a rich domain satisfies reallocation-
proofness if and only if it is a member of TAW-family.

The proof is in Appendix B.

We next establish necessary and sufficient conditions for efficiency, no award

for nulls, non-negativity, and no transfer paradox.

Proposition 8. Given a connected graph, let f be a reallocation-proof rule rep-
resented by the following functions

T:RE xRE, xRy — R

(A" RE x RE, x Ryy — RV, Whm: Ry x RE xR, xRy — RF) )i
as in Definition 4. Then f satisfies
(i) Efficiency if and only if for each (¢, E) € D, Ti« (¢,¢, E) = E;
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(i) Assume that L > 2 and there is 1 € {1,..., L} such that |N;| > 3 (otherwise,
Propositions 5 or 7 apply). Then f satisfies no award for nulls if and only if for
each (¢, E) € D and each i € N,

L()=1h()=
file, B) = To( E)

T (),

and Ty (+,¢, E) is additive (so Ty (0,¢,E) = 0). Thus, for each (¢, E) € D,
To (. ¢, E) can be decomposed into K functions and we have

fi(C,E) = T(](Ci,é,E)
= ZWk(Cik,EaE>;

keK

where W, (cir, &, B) = Ty (cgpuy, ¢, E), denoting the k™ unit vector of RX by uy,
and for each l € {1,...,L} and each m € {1,..., M},

whm (‘7(_3Us(Nl)757 E) =W (-,57 E)

(iii) Non-negativity if and only if f satisfies one-sided boundedness and, for each
(¢, E) €D, each l € {1,...,L}, each m € {1,..., M}, and each i € Ny,

Alm (EUS(NZ)7 c, E) >0,

min A (CUS(Nl)a E7 E) + Z min{oa W]im(éUS(Nl)kn EUS(Nl)a éy E)} Z O)
JE€NIm keK

Alm (eusvy. 6, E) + Z wim (565, N )kes Cus(Ny): G B) >

> A (e, G E) Y ZW,ﬁm’( > 5S(j,sz/)k7f_/‘Us(Nz)757E>v

m/em(i)\{m} jEN,,/ \{i} m/em(i)\{m} k€K JENm\ {7}
sm(N;) XK .
foreachx,y € ]Rf and each (aNl’)Nl/Esm(Nl) € Ry (N)XE b ) < ZNZ,ESm(Nl) an, <
r <y,

Tl(%Z/aE)Z Z E’(aNl/ay7E)'
Nyesm(Ny)

(iv) No transfer paradox if and only if for each (¢, E) € D, each l € {1,...,L},
each m € {1,..., M}, and each k € K, W,im( Cs(N,)» Gy E) and Ty (-,¢, E) are
non-decreasing.

The proof is in Appendix B.
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Remark 5. Combining the necessary and sufficient conditions for no award for
nulls in Propositions 5, 7, and 8, we obtain the following relations: if G is not
a line, then for each rule f satisfying no award for nulls, f satisfies reallocation-
proofness under C (G) if and only if f satisfies reallocation-proofness under the
unrestricted coalition structure.

By Lemma 2, we may replace reallocation-proofness in Theorem 4 with the

combination of pairwise reallocation-proofness and pairwise non-bossiness.

Corollary 3. Assume that G is a connected graph. Then a rule on a rich domain
satisfies pairwise reallocation-proofness and pairwise non-bossiness if and only if
it is a member of the TAW-family.

It follows from Theorem 4 and Propositions 1-4 that:

Corollary 4. Assume that G is a connected graph. Then the following two state-
ments are equivalent:

(i) Graph G is multi-node-connected;

(i) Reallocation-proofness under C (G) is equivalent to reallocation-proofness un-
der the unrestricted coalition structure.

A Proofs of Propositions 4 and 5

In this section, we prove Propositions 4 and 5.

Proof of Proposition 4. Let G = (N,D), Ny,---, Ny, and Gn,, -+ ,Gn,,
be given as in the proposition. It will follow from our proof of Theorem in
Appendix B that every rule with the stated representation is reallocation-proof.
To prove the converse, let f be a rule satisfying reallocation-proofness. Then
by Lemma 2, f satisfies non-bossiness. Let m € {1,..., M}. Consider N,, and
multi-node-connected subgraph Gy, . Let Dy, = {(d, E) € RY™*% x R, : for
some (¢, E) € D, cn,\c(Nn) = AN, \c(N,,) and for each i € C'(Ny,), Csg,n,.) = di}-
Let g: Dy, — RY¥™ be defined as follows: for each (d, E) € Dy,,,

gi<d7E)E Z fj(ch)ﬂ

JES(i,Nm)

where (¢, E) € D is such that cy,\c(n,,) = dn,.\c(n,,) and for each i € C(Ny,),
Cs(i,N,) = d;. To show that g is well-defined, let ¢, ¢’ be such that cy,\c(n,,) =
C?vm\C(Nm) = dn,\c(N,,) and for each i € C(Ny,), Csin,,) = E’S(i’Nm) = d;. For
each i € Ny, if coalition S(i, N,) changes cs(i,n,,) t0 dg(; v, ), then since S (i, Ny,)
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is connected, by reallocation-proofness and non-bossiness, the total award of
S (i, N,,) remains constant and the awards of all others also remain constant.
After making these changes for all agents in N,,, we finally get ¢’. And for each
1 € Np,

Z fj(ch): E fj(clvE>'

JES(i,Nm) JES(i,Nim)
This shows that ¢ is well-defined.

We now show that ¢ is a rule over Dy, satisfying pairwise reallocation-
proofness and pairwise non-bossiness under C (G, ) and, therefore, satisfying
reallocation-proofness under C(Gy,,). Let i*,5* € Ny,\C(N,,) be such that
1*7* € Dp,,. Then it follows from pairwise reallocation-proofness and pairwise
non-bossiness of f and the definition of g that this pair {i*,j*} cannot change
their total award or awards of others by any reallocation of characteristic vec-
tors among the pair. Now consider a pair {i*, j*} that is an edge in Dy, and
i* € C(Nw). Let (d,E),(d',E) € Dy, be such that dy,\gi 5} = dy, 50
and d;- + dp = djn + dj.. Let ¢ € D be such that ey, \ow,.) = dn,\c(V.m)
and for each i € C(Ny), Csun,,) = di- Without loss of generality, suppose
Jj* ¢ C(N,,) (a similar argument applies when j* € C'(N,,)). Let ¢ be such that
Cs(ix Ny = di» and . = dj. and for each i ¢ S(i*, N;,) U{j"}, ¢ = ¢;. Then
Cs (4%, Nm) T i = C8(67,Nm) + €57 AN Cpy (530 v, )0(5)) = EN\(SG N7 )) - Since 7757
is an edge, S(i*, N,,) U {j*} is connected. Thus by reallocation-proofness and
non-bossiness of f,

Z fi(C/7E> = Z fi<ch);

i€S (5%, Non )U{j*} 1€S (4%, N )U{5*}

s Naugn (€ E) = favse nmugen (6 E) -
Therefore,
Gix (dlv E) +gj* (dlvE) = G (d, E) + gj* (d7 E) )
gnivy (L E) = gngs oy (6 B)

This shows that g satisfies pairwise reallocation-proofness and pairwise non-
bossiness under C (Gy,,).

Since Gy, is multi-node-connected and |N,,| > 3, then applying Proposi-
tion 1, we conclude that there exist A™: RE, x Ri; — R and W R, x
RE, x Ry — R¥ such that for each (d, E) € Dy, and each i € N,

gi(d, E) = Ad, E) + Y W["(di. d, E),

keK
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and W™ (-,d, E) is additive. Therefore, for each (c, E) € D,
> file.B)=A" (G E) + Y W (Esinn & E) | (1)

]6 (l Nrn) keK
and W™ (-, ¢, E) is additive.'® Thus for each i € N,
fi(c.E) = A (e, E) + Y Wi (esamm G E) = > fi(e,E).
keK FES(EN)\{i}

Since S (4, Nim) \{1} = Umrem@ip\{m} Ujen, \fi} S (4, Nimr) (see Figure 1),

> fieB= > 3 > kD)

FeS(N)\{i} m'em(i)\{m} JEN, \{i} heS (N, /)

Using () for each m’ € m (i) \{m} and each j € N,,,\{i},

AT (¢, F) + Z wm (Cs(i, )i & E)

- T ¥ }(A;”’( E)+ ¥ Wi (@su, )iw@E))

m/em(i)\{m} jeN,,\{i keK

Ji (Cv E) =

Finally, using additivity of W™ (-,¢, E),
A (e, E)+ S W (s, Nk @ E)

keK

- Z Z A;” (Ev E)

fi(e,E) = m/em()\{m} jEN, ., \{i}

— Z Z W]zn’ ( Z CS(] Nm/)k,c E)

[ mem(i)\{m} keK JEN,\{i}

Applying the same argument for each m’ € m (i) \{m'},

(A (e BE)+ X Wi (esn,ox. ¢ E)
kEK

- > A (e E)

file, By =1 mrem@\m} jeN,o\(i}

- Z Z Wkr:n” Z ES(j,Nm//)k‘7E7 E) .

( m'em@\{m'} k€K JEN i \{i}

Equating the two expressions for f; (¢, ') and using additivity of wm (+,¢, F) and
W™ (., E),

Z A;ﬂ c +ZWI€ C sz)k+ Z CS(ij)kzch

]ENm\{Z} keK ]GNm\{ }

= AV (G E)+ ) AT @E) + Y WM | Gsenkt D CsaN kG E

JENR\{i} keK JEN,,\{i}

3Note that when i € Ny, \C(Np), fi (¢, E) = AT, E) + >k W™ (cir, & E).
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Since S(Z7Nm) U [UJGNm\{Z}S(jJ N’m)] = S(Zva') U [UJGNm/\{’L}S (j7 Nm')] - N7
we obtain (6). 1

Proof of Proposition 5. Note that for each m € {1,..., M}, g: Dy, — RN
defined in the proof of Proposition 4 inherits any of the additional four properties
of f, namely, efficiency, no award for nulls, non-negativity, and no transfer para-
dox. Therefore, applying Proposition 2 for the two functions A™: Rf L XRyy —
RV and W™: R, x RYE, x Ry — RX that represent g, we easily obtain all the
conditions stated in Proposition 5 except for the second condition for no award
for nulls. This condition is verified below.

Let m,m’ € {1,..., M} be such that N,,, N N, # ( (if there is no such pair,
then M = 1 and we are done). Without loss of generality, let 1 € N,,NN,,,;. Then
1 is a cutnode. Since N, is multi-node-connected, then there is i € N,,/\{1}.
Let (y,F) € RE, x Ryy. Let (¢, E) € D be such that ¢ = y and for each
J € S(1,Ny) \{i}, ¢;j =0 (thus ¢; = 0 and except for ¢, all nodes that succeed 1
have the zero characteristic vector). Then €si n,,) = ¢; = Cs(i,n,,)- By no award
for nulls, fi(c, E) = 0, and for each j € S(1,N,,) \{¢}, fj (¢, E) = 0. Then,
applying (1) in the proof of Proposition 4 twice with regard to N,, and N, we
obtain

file,B) = Y W (e, E)

keK
= Z W (cik, y, E) .
keK

Since this holds for each ¢ with ¢ = y, then for each k£ € K, letting ¢;x = 0 for
each k' # k and using the fact that by additivity, W,;’? (0,y, E) = 0, we obtain:

W]:n (Cik’vy?E) = Wktn/ (Cikaya E) .

This shows the second condition for no award for nulls. g

B Proofs of Theorem and Proposition 8

Proof of Theorem. The proof is composed of two steps corresponding to “if”
part and “only if” part of the theorem.

Step 1. Every rule in TAW-family is reallocation-proof.

Let {i,j} € D. There are two cases.
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Figure 3: Proof of Theorem, Case 1 of Step 1.
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Case 1. For some l € {1,...,L}, i,j € N;. See Figure 3 for an illustration of
this case. Since N; is multi-edge-connected, {7, j} is not a bridge. Thus there is a
maximal multi-node-connected subgraph of Gy, containing {4, j}. That is, there
ism e {1,..., M} such that i,j € Ny,,. Using (10), we obtain

(A" (Cusv & E) + AT (Cus(v), € E)

+ 32 W™ (Coti Ny + ColiNim ks Cus(vy) s G B
keK

— z Z A (CUS (N7)>» C7 E)
m'em(i)\{m} he N,/ \{i}

- Z Z A (CUS(NZ C, E)

m’Gm(])\{m} h’eNlm/\{]}

— z Z W]im/ < z Eo‘(h,Nlm/)kn EUS(N[)? c, E)

m/em(i)\{m} k€K heN,,\{i}

fi(c, E)+fj(c,E) =

- Z Z Wlim/ < Z éo‘(h,Nlm/)k7 EUS(Nl)a é; E)

m/em(j)\{m} k€K RN, \ {7}

L U':Nyesm(Ny;i) U':Nyesm(Ny;j)

Note that for each m’ € m (i) \{m} and each h € Ny,,,,\{i}, {7, 7} No (h, Nyyr) =0
and that for each m’ € m (j) \{m} and each h € N, \{j}, {¢,5} No (h, Nyp) =
0. Thus for each m’ € m (i) (resp. m' € m(j)), Ypen, A\gi} CothN,k (TESP.
Zhe Ny, A} Coh Ny yk) does not depend on ¢; or ¢;. Neither does ¢y (n,) for each
" such that Ny € sm(Nl, i) U sm(Ny; j). For each k € K, Coiin,, )k + Co(jNim)k
depends on ¢; and ¢; only through their sum. Therefore, it follows from the above
formula that the total award of 7 and j cannot be changed by a reallocation of ¢;
and ¢;.
Let i* € N\{i,j}. If i* € Ny, for some m* (see Figure 3),

(A (cosnv), & E) + >0 Wk " (Coiz Ny, e s Cus(Ny) G )
jo=ye

- X > A (usv), & E)
mlem(i*)\{m*} heNlnL’\{i*}

— Z Z W]im/ Z Eo‘(h,Nlm/)kH 6US(N[)7 c, E)

m!em(i)\ {m*} kK heN,\{i*}

- 2 ﬂ’ (EUS(NZ/)u C, E)
\ U':Nyesm(Ny;i*)

fir (¢, E) =

Note that for each m’ € m (i*) and each h € Ny, either {i,7} N o (h, Ny ) =0
or {i,j} C o (h, Ny) (depicted in Figure 3 is the case {i,j} C o (h, Niyw)).
Thus ¢, i+ n,,.) and Con,N, ) in the above formula depend on neither ¢; nor ¢;, or
depend on ¢; and ¢; only through their sum. Also for each I’ with Ny € sm (N;;i*),
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{i,7} N (Us(Ny)) = 0 and so cusw,) does not depend on ¢; or ¢;. Thus any
reallocation of ¢; and ¢; cannot change ¢*’s award.

Now assume that 1* € N;. Let [* be such that i* € Np. If Nj- € s° (V) or
Np- € p’ (IV;), then we can use the same argument as above to show that i*’s
award cannot be changed by any reallocation of ¢; and c¢;. Otherwise, ¢*’s award
depends on ¢; and ¢; only through ¢ and so cannot be changed by any reallocation
of the two vectors.

Case 2. {i,j} is a bridge. See Figure 4 for an illustration of this case. Let
l,p € {1,...,L} be such that ¢ € N, and j € N,. Let m € {1,...,M;} and
q € {1,...,M,} be such that i € Nj,,, and j € N,,. Without loss of generality,
assume N, € sm (N;). Then

( Al (CUs Nl) ) + Z Wk ( cr 4 Nim )k éUS(N;)v Ea E)
keK
- X > AP (Cusny & E)
m/em(i)\{m} he Ny, \{i}
fi<C>E>+fj(CvE): Al / _ _ _
- 2 Z km z Co(h,Ny,,1 ks CUs(N;)s Cs E

m/em(i)\{m} kK heN,\{i}

— > Ty (Cusny), & E) + f; (¢, E)

L U': Ny €sm(Ny;i)

Equivalently,

(A" (s, & B) + 32 W (Cotinguk Cos(viys & E)
keK

-~ S S A (e B)
m/em(i)\{m} he Ny, \{i}

- X Xw ( Do Co(h Ny ks Cus(N)s &, E)
m'em()\{m} kEK heN, i\ {i}
— Z T}l (EUS(NII)’E7 E) _Tp (EUS(Np)aa E) +f] <C7 E)

\ l/ip:Nl/ESm(Nl;i)

fi (Cv E)+fj <C> E) =

Here T, (CUS( N,)s Gy E) is the total award of all agents in N, or in its successors,
namely agents in Us (V). Note that since j € D*, Us(N,) is partitioned into
the three sets, {j}, the union of successors of N, originating from j, that is,
Upesm(N,:j) [US(Np)], and the set of all agents succeeding each j' € Npy\{j}
for some ¢’ € m(j), that is, Uyem(j) U; 'eN, A\ i} o(j', Npg). The total award of

agents in the second set is given by > Ty (EUS(NZ,),E, E) For each ¢ €
p'€sm(Np.j)
m(j) and each j' € N,y, the total award of agents in o (j’, N,y) is given by
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Figure 4: Proof of Theorem, Case 2 of Step 1.
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A?zq (éUs(Np)7 C, E) + k;{ Wlfq (Eo(j’,Npqr)k’ Cus(N,)» Cs E) . Thus

fieB)+ ¥ Ty (eumaB)+

T (E ) G E) . p'€sm(Np,j)
P Us(Np)» & - ’ ~ /
’ > (A§? (Costvy) & E) + > Wi <Eo—(j’,N )i Cus(Np)s C E))
g'em(y) j' €N, \{j} kEK e

Using this, we obtain

fi(C, E) + fj (C, E) =

(A" (G & E) + 3 Wi (Coti Ny )i Cos(vy & E)
keK
— Z Z Alhm (EUS(NZ)7 c, E)
mem@\{m} he N\ (i}

— Z Z W]im' ( Z Ea(h,Nlm/)/m EUS(N[)? 57 E)

m/em(@\{m} kek heN\ (i)
- Z Ty (EUS(NZ/)a C, E) - Z Ty (EUS(NZ/)7 C, E)
U'#p:Ny €sm(Ni;i) I":Nyresm(Np;j)

- Z Z (A§?’ (EUS(NP)7 E? E) + Z Wlfq, <Ea(j/,Npq/)k’ EUS(NP)7 E’ E))

L em(f) S'eEN\ {5} kek
(x)

For each ¢ € m(j) and each j* € Nyy\{j}, 7 ¢ S(J,Npy) and j € D*. So
by CONS, Ag?,ql (Cus(n,), 6, E) and W,fq’(ég(j/7Npq,)k,EUS(NP),E, E), for each k € K,
are constant in Cusw,). Thus the fifth line of (x) cannot be changed by any
reallocation of ¢; and ¢;. Note that {4, j} C Us(N,), {¢,7} C o(i, Ny, for each
m' € m(i)\{m} and each h € N, \{i}, {i,7} No(h, Nyw) = 0, and for each
' # p with Ny € sm(N;i) or Ny € sm(Ny; j), {i,7} N [Us(Ny)] = 0. Therefore,
the first four lines of (x) cannot be changed by any reallocation of ¢; and ¢;,
either.

Let h € N\{i,j}. If i ¢ Us (h) and h ¢ Us (4), h’s award depends on ¢; and ¢;
only through €. So it cannot be changed by any reallocation of ¢; and ¢;. Similar
argument applies when i € Us® (Ny/) for some I’ with h € Ny or h € Us’(N,,). We
now consider two remaining cases, h € N; or h € N,,.

Assume h € N;. Then for each m’ € m (h) and each h' € N,,\{h}, {i,5} N
o(h', Npw) = 0 or {i,5} € o(W, Nigr). Thus, ¢y, ,) does not depend on ¢; or
¢;, or depends on ¢; and ¢; only through ¢; + ¢;. In any case, h’s award cannot

be changed by any reallocation of ¢; and c;.
Assume h, € N,. Let ¢. € {1,...,M,} be such that h, € N,, and j ¢
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S(h, Npg.). Then

r _ _ & pae [ _ _
AR (Cusvy)» 6 B) + kZ;( WS (Co(ha Npgo b CUs(N) C )
S

- > AN (s & E)
mrem{mo\ g} K EN i\ (k)

fh* (C E) = < 2 -om’ _
— > > WY > Co(h',N,,, ks CUs(N,) Gy B
h'€N,

m/cm(h:)\{g«} kEK prm? \{h}

- Z E/ (EUS(NZI)7 57 E)
U'#p:Nyesm(Np;hy)

(15)
Since j ¢ S(hi,Npy.), {i,7} N o (he,Npg,) = 0. For each m' € m(hy) \{q.}
and each h' € Ny \{h.}, {i,7} N o(W,Npw) = 0. For each I' # p with
Ny € sm(Ny;hy), {i,7} N [Us(Ny)] = 0. Therefore, ¢y, .n,,) does not de-
pend on ¢; or ¢;. And the same result holds for Co(h',N,,1) OF Cus(Ny) for each
m’ € m(h,) \{¢.}, each b € N \{h.}, and each I’ # p with Ny € sm (N,; hs).
On the other hand A}™(cusw,), ¢, E) and Y7, W,fq* (Eg(h*,Npq*)k,EUS(Np),E, E)
are constant with respect to cuyn,). Thus it follows from (15) that h.’s award

cannot be changed by any reallocation of ¢; and ¢;.

Step 2. Fvery reallocation-proof rule is a member of TAW-family.

Substep 2.1. Let G = (N, D) be a connected graph. Let N' = {Ny,--- | N}
and R = {Gn,, -+, Gy, } be the set of maximal multi-edge-connected subgraphs
of G. By Lemma 5, for each [ =1,--- | L, |[N;| =1 or |N;| > 3. By Lemma 4, for
eachl=1,---,L, Gy, is composed of a finite number Ml of maximal multi-node-
connected subgraphs. Let N, -+ -, Njj, be such that U Y1 Nim = N; and for each
m=1,---, M, Gy, is a maximal multi-node-connected subgraph on Gy,. Let
G = (N, &) be the graph in Definition 3. Fix [* € {1,---, L} and consider the
directed tree G (INV;+). Roughly speaking the following proof is the combination of

the arguments used in the proofs of Propositions 6 and 4.

Let f be a rule satisfying reallocation-proofness. Then by Lemma 2, f satisfies
non-bossiness. Define a function T': RE x RE, x R, — R* such that for each
| € L and each (z,y, E) € RE x ]Rﬁr x Ryq,

Ti(z,y,E)= Y file.E),
1€Us(V;)

for some (¢, E) € D with ¢usn,) = « and ¢ = y. For all other (z,y, E), define
T) (x,y, E) arbitrarily. Since both Us (N;) and N\ U s (1V;) are connected in G,
then by reallocation-proofness and non-bossiness, we can show that 7' (-) is well-
defined as in the proof of Proposition 6.
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Letl e {1,---,L}. If || is a singleton and so M; = 1, then let A" and W be
such that for each (¢, E) € D, AN¢, E)+> ", i Wil(cp, e, E) =T, (Cus(ny) & E) —
2Ny esm(vy) 10 (Cus(vy), € E), where @ € Ni. Then (10) and (11) hold.

Now consider the case when |N;| > 3 (recall |[N;| = 1 or |N;| > 3). Fix
y € RE . Let Dy, (y) = {(d,E) € RYY™ xR, : for some (¢, E) € D, ¢ =y,
cn\er(Ny) = dnpce(ny), and for each i € C*(V;), ¢; + Cuson,i) = di}. Define
g: Dy, (y) — RM as follows: for each (d, E) € Dy, (y) and each i € N,

gi(daE)Efi(CvE>+ Z fj (CvE)7 (*)
JEUs®(Nisi)

for some (¢, E) € D such that ¢ = y, Cus(Ny) = d, cN\c(vy) = dnp\cr(vy), and
for each i € C*(N}), ¢; + Guso(n,i) = di. Using the same argument as in the
proof of Proposition 4, we can show that ¢ (-) is well-defined and that ¢ (-) is a
reallocation-proof rule on Dy, (y) [see Omitted Proofs, Section C.2J.

Now applying Proposition 4 and the definition of T'(-), we conclude that there
exists a list of functions (Am: RE, xRy, — RNm W™ R, x RE, xRy, — RK>
such that for each (d, E) € Dy, (y), each m € {1,--- , M}, and each i € Ny,

M

m=1

Ar (d,E) — > > ATI(CZ7 E)+ S W (ds(i, Ny yk: d, E)
m/em(i)\{m} jEN,,,\{i} keK
gi (d7 E) - a _ _ ’
- Z Z W’;n Z dS(j,Nlm/)ka da E
m/em(i)\{m} k€K JEN \{i}

(1)
where for each m € {1,..., M;}, Wwm (-, d, E) is additive and satisfies (6). Now for
eachm € {1,---, M;} and each (¢, E) € D, let A™ (EUS(NZ), c, E) =A™ (EUS(NZ), E)
and for each k € K, W,ﬁm (~, Cus(N)s Cs E) = W,;” (~, Cus(N,)5 E) Then by definition
of T'(-), we obtain (10). Finally, we obtain (11) from the definition of 7(-) and
(6).

Substep 2.2. We now prove that the representation of f satisfies CONS.
Throughout Substep 2.2, see Figure 2 for an illustration. First, note that for
eachl € {1,---,L},eachm € {1,--- , M;}, eachi € Ny, 0 (5 Nim) = Ujes,ni,)Y
sY(N;;7) U{j}. Thus

o fileEB)y= > |fieE)+ > fulc.E)|. (16)

an’(i,Nlm) jES(i,Nlm) hESO(Nl ])

Let l e {l,--- L}, me {l,--- My}, i € Ny, and j € D* N N; be such that
j & S (i, Nip). We need to show that for each (¢, E) € D, A™ (-, ¢, E) is constant
and for each k € K and each a € R, W,ﬁm (o, -, ¢, F) is constant.
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Since j € D*, there is j/ € C* such that {j,j'} is a bridge. Let I',m’ be
such that 7/ € Ny,,. Consider the coalition S = o (j', Ny ) \o (4, Nppy). Since
J &S, Nim), j & o (i, Nimm) and S is connected. Let (¢, E) € D be such that for
each h € o (i, Nim) \{i}, ¢ = 0. Thus Co(; n,,) = ¢. Using (16), (x), and (x*),
we obtain

Z fuleB) = A" (o) B) + ZWkl " (Coir Ny )ik Cs(Ny)s & ) 5
hea (' Nyms) keK
Z fh <C7 E) = Aim (EUS(NI)J c, E) + Z Wém (Ea(i,Nlm)ka EUS(N[)? C, E)
h€a(i,Nim) keK
= Aim (EUS(N1)7 c, E) + Z W]im (Cika EUs(Nl)a c, E) .
keK
Thus
Al (eusw,), 6, E) + Z Wi " (Co(jrN, s Cus(ny): G E)
fh (C7 E) = — —
hEZS — Al (L5 €, E) Z wim (cin, Cus(vy), 6 E)
(17)
If ¢, = 0, then W,ﬁm (cik, Cus(N;)» G E) = 0 for each k € K. Thus,
D (e B) = A (s, & E) 4D W™ (Cotgry b Costv) & B) =A™ (i, €, B) -
hes keK
Let ¢ € RY*® be such that for some t € R, cy = cp—t, i =cj+1, and

th (¢, E) = Ay (Cus(ny) & E) +Z W™ (Co(jr Ny, )k Cos(iy)s & B) =AM (Cusny + £,6, E) .

hes keK

By reallocation-proofness, the total award of agents in S should be the same at
(¢, E) and (c, E). Thus, A™ (¢usvy. ¢, E) = A™ (¢usn) +t,¢ E). Now using
this result and (17), and considering (¢, E') € D for which ¢y # 0 and ¢y = 0 for
each k’ # k, we can show that W,im (cik, Cus(Ny)» Gy E) = W,ﬁm (cik, Cus(vy) 1,6, E) 1

Proof of Proposition 8. Parts (i), (iii), and (iv) are easily obtained from
Propositions 7 and 5. The proof of T () = --- = T (:) in part (ii) is the
same as in Proposition 7. Let To (1) =T\ (-) = --- =T (+).

Claim 1. For each (¢, E) € D, Ty (-, ¢, E) is additive.

Proof. Assume that L > 2 and there is [ € {1,..., L} such that |N;| > 3.
Without loss of generality, let |[Ni| > 3 and sm (Ny) # 0 (if sm (Ny) = (), then
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since L > 2, we can change the root N« so that sm (N;) # (). Assume that
Ny € sm(Ny), 1 € Ny, 2 € Ny, and {1,2} € D. Since |N;| > 3 and N is
multi-edge-connected, there are 7,7 € N;\{1} such that {i,1},{j,1} € D. Let
y,z,d € RY be such that y + 2 < d. Let (¢, E) € D be such that ¢ = d and for
each h € Us(N1)\{4,5}, cp =0 (so ¢ = ¢o = 0), ¢; = y, and ¢; = z. Then by
no award for nulls, for each h € Us(N1)\{7,j}, fa(c, E) =0, and cuyn,) = y + 2.
Thus

fi(C7E)+fj(C7E):To(y+z7é7E)' (T)
Let ¢ be such that ¢ = (= 0), ¢4 = ¢;(= y) and ¢ 9, = Cv\gi23- Since
{i,1,2} are connected, then by reallocation-proofness,

fi (CaE) +f1 (CaE) +f2 (C>E> = fz (C/vE) +f1 (ClaE) +f2 (C/’E)'

Thus by no award for nulls

file, E) = fs (d,E). (1)

By no award for nulls, for each h € Us (N2) \{2}, fr (¢, E) = 0, and Cusn,) = ¥-
Thus, fo (¢, E) =Ty (y,¢, E). Using (f), we obtain

fi (Ca E) = TO (yvév E) :
Similarly, we can show
fj (C, E) = TO (Z, E, E) .
Thus, by (1),
TO (yuéaE) +T0 (ZuéaE) = TO(y+Z767E)'
Therefore, Ty (-, ¢, E') is additive. 4
Claim 2. For each (¢,E) € D and each i € N, f; (¢, E) =Ty (¢;, ¢, E).
Proof. Let | € {1,...,L} be such that N; is an end node of G (N;). Let
m € {1,..., L} be such that N,, = pm(N,;). Let iy € N; and i,,, € N,, be such
that {i;,i,,} € D (thus {i;,4,,} is a bridge). Let (¢, E) € D. Let ¢’ be such that
Ciy = CiyFCipy €, =
N, is an end node on G (Nj«), then by reallocation-proofness and the definition
of TO (),

fin (. E)+ > fi(c,E) = fi, (c,E)+Ty(en,c E)

€N

0, and c?v\{il im} = CN\{itsim}- Since N;U{i,,} is connected and

= fin (\E)+>_ fi(d E) = fi, (¢, E) +Tp (¢h,.C, E)

1EN;
= fi. (d,E)+Ty(c;,, +¢n,, G E).
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By no award for nulls, f; (¢, E) = 0. Thus by additivity of T (-, ¢, F),
fim (C, E) = TO (C’imy E, E) . (‘k)

Let i € Ny, be such that {i,i,,} € D. Let ¢’ be such that ¢ =0, ¢/ = c¢;+ ¢,
and ¢ (; ;1 = CN\{i,im}- LThen by (%), fi,, (¢", E) = To(c] ¢, E). By reallocation-
proofness and no award for nulls,

fi (Ca E) + fim (Cv E) = fim (CllaE) = TO (C;/m’é’ E) :

By (%) and additivity of Ty (-, ¢, E), fi (¢, E) = Ty (¢;, ¢, E). The same argument
can be used to show: for each i € N,,,
fi(C7E):TO(C’iaE7E)' (**)

*

Now let ¢* be such that ¢; = ¢;, + ¢, ¢ =0, and c"j\,\{imm} = CN\{irim}- Lhen

by reallocation-proofness, no award for nulls, and (x),
fi, (¢, E) + T4 (¢i,,, G, E) = fi,,(c", E) =Ty(c; ,¢, E).
Thus by additivity of Tj (-, ¢, E),
fi (¢, E) =Ty (¢, ¢, E) .

Using this and the same argument that is used for (xx), we can show: for each
1 € Ny,
fi (C, E) = To (Ci> E, E) .

Now moving backward on the three G (N;+), we can show this equation for each
1EN.$1
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C Omitted Proofs

C.1 Structure of Connected Graph

In this section, we prove Lemmas 4 and 5. We begin with some useful facts on
multi-edge-connected graphs and multi-node-connected graphs.

Fact 1. When there are at least three nodes, multi-node-connectivity implies

multi-edge-connectivity.

Proof. Let G = (N, D) be multi-node-connected. Assume |N| > 3. Suppose by
contradiction that G is not multi-edge-connected. Let ij € D be a bridge. Then
G' = (N,D\{ij}) is disconnected. Then since |N| > 3, i or j has an adjacent
node in N\{4,j} on G'. Suppose that ¢ has an adjacent node h € N\{4,j} on
G'. Then there is no path from A to j on G’. Since the set of edges of Gz} is a
subset of the set of edges of G’, that is, D\{ij}, then there is no path from h to
J on Gy either. Thus Gy gy is disconnected. This shows that 4 is a cutnode,
contradicting multi-node-connectivity of G. 1

Fact 2. When N = {i,j} and D = {ij}, G = (N, D) is multi-node-connected

but not multi-edge-connected.

Fact 3. If G is multi-edge-connected, M C N, and Gy is a maximal multi-node-
connected subgraph, then |M| > 3.

Proof. Suppose |M| =1, say M = {i}. Then because G is connected, there is
J # i such that ij € D. Then G{;; is multi-node-connected, contradicting the
maximal multi-edge-connectivity of G;. Suppose that |M| =2, say, M = {i, j}.
Let G' = (N, D\{ij}). Let M; be the set of nodes connected with i on G’ and M,
the set of nodes connected with j on G’. Since G is multi-edge-connected, then ij
is not a bridge. So M; N M; # 0. Let h € M; N M;. Let p (i, h) be a path in Gy,
from i to h and p (h, j) a path in G}, from h to j. Let M’ be the set of nodes in
the two paths. Clearly, M C M’. Then G has a spanning cycle and so it is a
multi-node-connected graph, contradicting the maximal multi-edge-connectivity
of Gy. 1

Fact 4. Let G be multi-edge-connected. Let M, M’ C N be such that Gy and
G are mazimal multi-node-connected subgraphs and M # M'. Then

(i) Either M N M'| =0 or 1.

(i) Ifi € M N M, iis a cutnode on G.



(i) Ifte MNM', h € M, and b’ € M', every path from h to h' contains i, that

is, 1 is between h and h'.

Proof. Proof of (i). Suppose by contradiction that M N M’ contains at least two
nodes. For each i € M\M’, since i is not a cutnode in Gy, Gy is connected.
Since i ¢ M N M' # (0, every j € M\{i} has a path to a node in M N M’, which
has a path to any node in M’. Thus, Gumy\ gy is connected. So i is not a
cutnode in Gpupr. Similarly, we show that each ¢ € M\ M is not a cutnode in
Guunr- Now let @ € M N M. Since |[M N M'| > 2, there is j € (M N M")\{i}.
Since both Gy and G are multi-node-connected, both G iy and Gy gy are
connected. Because j € (M N M')\{i}, any node in M\{i} has a path, by way
of j, to any node in M'\{i} on G'arunmry\ iy Hence Gyarunry gy is connected and
¢ is not a cutnode. This holds for each i € M N M’'. Therefore, Gyupr does
not have any cutnode and G is multi-node-connected. This contradicts the
maximal multi-node-connectivity of G,;.

Proof of (ii). Now let i« € M N M’'. If i is not a cutnode, G\ is con-
nected. Pick h € M\{i} and A" € M'\{i}. Then there is a path from h to A’ on
Gn\{iy- Now combining this path with M UM’, we obtain a multi-node-connected
subgraph, contradicting the maximal multi-node-connectivity of G;.

Proof of (iii). This follows easily from (ii). B

Now we are ready to prove Lemma 4.

Proof of Lemma 4. Let G = (N, D) be a multi-edge-connected graph.

Proof of part (i): We first show that N is divided into a finite number of
subsets Ny, - -+, Ny with U2, N; = N such that for each [ = 1,--- L, |[N;] > 3
and Gy, is a maximal multi-node-connected subgraph on G. Pick a node 7 € N.
Find all maximal multi-node-connected subgraphs containing i. Let Ny, -+, N,
be the sets of nodes of these subgraphs. Then because of multi-edge-connectivity
of G and Fact 3, |[Ny|,- - ,|Np| > 3. If U Ny = N, we are done. Otherwise,
since G is connected, pick j € N\ U, Ny and find all maximal multi-node-
connected subgraphs containing j. Denote the sets of nodes of these subgraphs
by Npit, s Nongne Then [Nyial, -+, [Nogn| > 3. If UPM"Ny = N, we are
done. Otherwise, iterate the same procedure. Since N is finite, the iteration will
end after a finite number of steps and, at the end, we get a list of subsets of N,
Ni,---, Ny, with the desired properties.

To prove the uniqueness, let {Ny,---, Ny} and {N}, -+, Ny} be two fami-
lies of subsets of N satisfying the stated properties. Pick a node i € N. Let



{N1,--+, Ny} be the subfamily of elements in {Ny,---, Ny}, which include i.
Let {N7,---, N/ ,} be the subfamily of elements in {7, --- , Ny}, which include
1. For each element Nj in the former subfamily, find j € N that is adjacent to
i. Then there exists an element [V}, in the latter family which include both i and
j (that is, ij is an edge of Gys,). Therefore, by Fact 4, N, = Nj,. This shows
{Ny,---,Np} € {N{,---, N/, }. Similarly, we can show the reverse inclusion.
Therefore, {Ny,--- N} ={Nj,---,Np/}.

Proof of part (ii): Suppose by contradiction that there exist N;,,---, N, €
{Ny,-++,Np} with » > 3 such that N, " N, # 0,--- ,N,,_, N N,. # 0, and
N;, = N,,. Then if we let M = N, U---UN;,,, G is multi-node-connected. This

contradicts the maximal multi-node-connectivity of G, for each k =1,--- ,r. 1
We use the next fact to prove Lemma 5.

Fact 5. If Gy, and Gy are mazimal multi-edge-connected subgraphs on G, then
either M = M' or M N M' = 0.

Proof. Let M, M’ C N be given as above. Assume M # M’. Suppose to the
contrary MNM' # (). Since G; has no bridge disconnecting Gy and MNM' # (),
there is no bridge in GGj; disconnecting Gp;upr. Similarly, there is no bridge in
G disconnecting Garune. Therefore, Gyyun has no bridge and so it is multi-
edge-connected. This contradicts maximal multi-edge-connectivity of Gj; and
Gy 1

Fact 6. Assume that G = (N, D) is a connected graph and that N is partitioned
into a finite number of subsets Ny,--- , N such that for eachl =1,--- L, |[N;| =
1 or |Ny| > 3 and Gy, is a mazimal multi-edge-connected subgraph on G. Then
(i) For each I,I! = 1,--- L with | # ', there can be at most one edge ii' € D
such that i € Ny and i" € Ny. If there is such an edge ii’ € D, it is a bridge.

(ii) For each I,I' =1,--- L with 1 £ U, if i € N;, i' € Ny, and i’ € D, then for
each j € N; and each j' € Ny, every path from j to j' contains ii', that is, both i

and i’ are between j and j'.

Proof. Proof of part (i): Let [,I" € {1,---, L} be such that [ # I'. Suppose to the
contrary that at least two edges ii’, jj' € D such that i,j € N, and i, j € Np.
Then any of these edges connecting N; and Ny is not a bridge on Gy, . Since
neither Gy, nor Gy, has a bridge, then no edge in Gy, or Gy, is a bridge on
Gnun, - Therefore, Gn,un, has no bridge and so it is multi-edge-connected. This
contradicts to maximal multi-edge-connectivity of Gy, and Gy,



Now assume that ¢’ € D is such that ¢ € N; and ¢ € Np. If i7’ is not a
bridge, then we can find a path from a node in N, to another node in Ny, which
does not include #’. Now combining this path, N;, and Ny, we can construct a
larger multi-edge-connected subgraph than Gy, and G, contradicting maximal
multi-edge-connectivity of Gy, and Gy, .

Proof of part (ii): The proof follows directly from the definition of bridge. 1
Now we are ready to prove Lemma 5.

Proof of Lemma 5. Let G = (N, D) be a connected graph.

Proof of part (i): Since any edge is not a multi-edge-connected subgraph,
then if M C N and G is multi-edge-connected, either |M| = 1 or |M| > 3.
The proof of the existence of a partition of N satisfying the property stated in
part (i) is similar to the proof of part (i) in Lemma 4. The only difference is in
showing that for any two subsets of N, M # M’  if G, and G are maximal
multi-edge-connected subgraphs on G, then M N M’ = (). This is shown in Fact 5.

To prove the uniqueness, let {Ny,--- Ny} and {N7,---, Ny} be two parti-
tions of N satisfying the stated properties. Pick a node ¢ € N. Without loss of
generality, let N; and N}, be the members of the two partitions, which include 1.
Since N; N N, # 0, then by Fact 5, N, = Nj,. Since this holds for every i € N,
the two partitions must be identical.

Proof of part (ii): Suppose by contradiction that there exist r > 3, Ny, -+, N},
{N1,--- ,Np}, iy € Ny, -+ ,ip—1 € N,_1, and jo € Ny, -+ ,j, € N, such that
N, = N, and i1js, 1273, ,ir_1Jr € D. Note that for each s € {2,--- ,r — 2},

1sJs+1 connects Ny, and N, and 7,_1J, connects N;. and N;,. Therefore, since

s+1?
each member of {N;,,---, N, } is connected, then there is a path from i; to js
not containing ¢;jo € D. This means that deleting i;j> does not disconnect G.

So i1jo is not a bridge, contradicting part (i) of Fact 6. 1

C.2 Omitted Part in Substep 2.1 of the Proof of Theorem

Here we prove that g (-), defined in (%), is well-defined and that it is a reallocation-
proof rule on Dy, (y).

To show its well-definedness, let d € Dy, (y), (¢, E) € D, and ¢ € RY*¥ be
such that ¢ = ¢ =y, Cusav) = Q) = & ENAC () = Cypenv) = ANAC (V)5
and for each i € C*(Ni), ¢; + Cusowi) = ¢ + Cg0(n0) = di- Since N\ U s (V)
is connected, then by reallocation-proofness and non-bossiness, cy\us(n,) s ir-

relevant in this definition. So without loss of generality, we may assume that



CN\Us(Ny) = Cvyus(y)- For each i € C* (), let S; = {i} U [Us” (N;;4)]. Then S; is
connected. So by reallocation-proofness and non-bossiness, if coalition S; changes
cs; to Cg,, then the total award of S; and the awards of all others in N\\S; do not
change. After making these changes for each i € C* (IV;), we end up with ¢ and,
throughout this process, the total award of coalition S; = {i} U [Us® (IN;;4)] for
each i € C* (N,), and the awards for all j € N,\C*(V;) do not change. There-
fore, for each i € N\C*(V)), fi(¢, E) = fi(d,E), and for each i € C*(NN,),
fi (67 E) + ZjEUso(Nl;i) fj (Cv E) =fi (C/v E) + ZjEUSO(Nl;i) fj (C,’ E)

We now show that ¢ is a rule over Dy, (y) satisfying pairwise reallocation-
proofness and pairwise non-bossiness under C(Gy,) and, therefore, reallocation-
proofness under C(Gy,). Let i*, j* € N; be such that i*j* € Dy,. Consider first
the case when i*, 7% € N,\C*(N;). Then it follows from pairwise reallocation-
proofness and pairwise non-bossiness of f and the definition of ¢ that this pair
{i*,j*} cannot change their total award or awards of others by any reallocation
of their characteristic vectors. Now consider the case when i* € C*(N,) or j* €
C* (N;). Suppose i* € C*(N;) and j* ¢ C*(N;) (the same argument applies for
other cases). Let (d,E),(d,E) € Dy, (y) be such that dy) - -1 = d’Nl\{i*,j*j
and di« + dj- = dj. + dj.. Let ¢ € RY*® be such that ¢ = y, Cus(ny) = d,
cn\e+(Ny) = dnpcx(ny), and for each @ € C* (), ¢; + Cuso(n,;) = di. Let ¢ € RfXK
be such that cﬁv\[{i*’j*}U[USO(Nm*)” = CN\[{5*,j* JU[USO (N3] » Coe T E’USO(NM.*) = d}., and
i = dj. Since dix + dje = i + d'se, Cix + CuO(N) + Cjx = Ci + E/LJSO(Nl;i*) + .
Since i*;* is an edge and {i*} U [Us®(NV;;i*)] is connected, {i*, j*} U [Us®(NNy;i*)]
is connected. Thus by reallocation-proofness and non-bossiness of f,

Z fi(clvE>+fj* (ClvE) = Z fi<ch)+fj* (CaE);

i€ {i* JU[UsO (N5i*)] ie{i* JU[UsO (Ny;i)]

Inim g yousovn) (€5 E) = faisj-youso v (65 E) -
Therefore,
Gix (d/v E) + gj* (d/7 E) = G (d, E) + gj* (d7 E) ;
gngir gy (L E) = gngisgey (¢, B).

This shows that ¢ satisfies pairwise reallocation-proofness and pairwise non-
bossiness under C (Gy,).





