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FATOU’S LEMMA FOR UNBOUNDED GELFAND INTEGRABLE MAPPINGS

B. CORNET AND V.F. MARTINS-DA-ROCHA

ABSTRACT. It is shown that, in the framework of Gelfand integrable mappings, the Fatou-type
lemma for integrably bounded mappings, due to Cornet—Medecin [14] and the Fatou-type lemma
for uniformly integrable mappings due to Balder [9], can be generalized to mean norm bounded
integrable mappings.

KEYwoORDS. Fatou’s lemma, Banach space, dual space, Gelfand integral, Komlés limit.

AMS CLASSIFICATION. 28B20, 28C20, 46G10.

1. INTRODUCTION

In Mathematical Economics, the framework to model perfect competition is to consider an
atomless measure space of agents. For economies with finitely many commodities, the Fatou-type
lemma of Aumann [3], Schmeidler [30] and Artstein [2] have been of most importance to prove the
existence of equilibria: Aumann [4] for exchange economies and Hildenbrand [19] for production
economies. For economies with infinitely many commodities, aggregation of individual consump-
tion bundles is formalized in terms of both the Bochner and Gelfand integral. The choice of Gelfand
integration is motivated by the models of spatial economies (Cornet—Medecin [13]) and models of
economies with differentiated commodities (Ostroy—Zame [26] and Martins-da-Rocha [23]).

We can find in the literature many Fatou-type lemma dealing with Bochner integrals: Khan—
Majundar [21], Balder [5], Yannelis [32, 33, 34], Papageorgiou [28], Balder-Hess [10]. In the
framework of Gelfand integrals, Podczeck [29] and Cornet—Medecin [14] proved a Fatou-type lemma
for integrably bounded mappings. Balder [9] generalized these results for uniformly integrable
mappings. However in order to apply these results to economic models, we need to assume ad-hoc
assumptions: boundedness of individual consumption sets or strict monotonicity of preferences.

We propose in this paper to generalize the Fatou-type lemma of Cornet-Medecin [14] and
Balder [8] to mean norm bounded integrable mappings. Moreover we provide a simple condition
under which mean norm boundedness of a sequence of mappings is implied by the boundedness of
the sequence of means. This result is the crucial step of the existence results in Araujo-Martins-da-
Rocha—Monteiro [1] and it should enable us to substantially weaken the monotonicity assumptions
used in Mas-Colell [24], Jones [20], Ostroy—Zame [26], Podczeck [29], Cornet—Medecin [13] and
Martins-da-Rocha [23].

The proof of our main result relies on an extension (Balder [6]) to vector-valued mappings of the
important result by Komlés. The crucial step of the proof is to deduce a lower closure result from
the Komlds-convergence of a sequence of mappings. The originality of this paper is to prove that
we can deduce the lower closure result for duals of separable Banach spaces from finite dimensional
(Page [27]) lower closure results.
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2 B. CORNET AND V.F. MARTINS-DA-ROCHA

2. STATEMENT OF RESULTS

2.1. Gelfand integrable mappings. In the whole paper we assume that (€, .4, u) is a finite
complete positive measure space, (E, |.||) is a separable Banach space, with topological dual space
E*. We shall mainly consider on the space E* the weak star topology o(E*, E), denoted w*, and
we shall use the notation lim, cl (etc..) to specify the limit, the closure of a set (etc..) for this
topology. For z € F and f € E*, we denote by (x, f) := f(x) the dual product, and by ||.||* the
dual norm on E*, i.e. ||f[|" := sup,|(f,x)|/[|z]|. We denote by B and B*, the closed unit balls
in (E,|.||) and (E*,|.||"), respectively. If (x}) is a sequence in E* we denote by Lsy{z} the set of
w*-limit points of (zx). If C C E (resp. C* C E*) is a subset of E, then we note C° C E* (resp.
[C*]° C E) the negative polar cone of C (resp. C*), i.e. z* € C° (resp. = € [C*]°) if and only if
for every x € C (resp. z* € C*), (z,2*) < 0. If F C E is a subspace of F, then the negative polar
F° coincide with the orthogonal F* defined by {2* € E* : Va € F, (z,2*) = 0}. Note that if A
is a subset of E*, then

Ac (([A+F' cdA,
FeF

where F is the collection of all finite dimensional subspaces of E. In particular if E is finite
dimensional, then A = [z z[A + F).

A mapping f from Q to E* is said to be Gelfand measurable,' if for every = € E, the
real valued function a — (z, f(a)) is measurable, and f is said to be Gelfand integrable, if for
every x € E, the function a — (z, f(a)) is integrable. If f is Gelfand integrable, it can be shown
(Diestel-Uhl [16, pp. 52-53]) that for each A € A, there exists a unique z*% € E* such that

Vee B, (ra})= /Q (. (a))dps(a).

For each A € A, 27 is noted fA fdp. Note that if f is a Gelfand measurable mapping, then the
function a +— || f(a)||" is measurable.? However if f is Gelfand integrable then a — || f(a)|" is not
necessary integrable. A Gelfand measurable mapping f is said norm integrable if a — ||f(a)|”
is integrable. Obviously, a norm integrable mapping is Gelfand integrable. We recall the following
notions about sequences of integrable mappings.
Definition 2.1. A sequence (f,) of Gelfand integrable mappings from  to E* is said

1. integrably bounded if there exists a real-valued integrable function ¢ such that

sup [| fu(a)l]* < ¢la) ae.,
2. uniformly integrable if the sequence of real-valued functions (||f,,(-)||*)n is uniformly in-

tegrable, i.e.

a—00 p

i sup | I fu(@)]I” dia(a) =0,
{lfrll*>a}
3. mean norm bounded if

sup [ 11" dufa) < +oc.

1We prove in Appendix that f is Gelfand measurable if and only if for each borelian B C E*, f~1(B) := {a €
Q : f(a) € B} belongs to A.
2See Proposition A.1 in Appendix.
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Remark 2.1. Following Neveu [25], we recall that the sequence (¢,) of real valued functions is
uniformly integrable if and only if the sequence is mean bounded, i.e.

sup/ |nldp < 400
n Q

and equi-continuous, i.e. for every £ > 0 there exists > 0 such that for every A € A,

n(A) <n= SUP/A pnldp < e.
It follows that (1) = (2) = (3).

Definition 2.2. A sequence (f,,) of Gelfand integrable mappings from 2 to E* is said C-uniformly
integrable for a cone (of vertex 0) C of E, if for every x € C, the sequence of real-valued functions
((x, fu(-))”)n is uniformly integrable, where

Va € Q, <l’, fn(a»i = max[(), 7<$7 fn(a»]

Remark 2.2. For every x € E, (z, fo(-))” < |z, fu(a))| < ||z||||fa(a)]]”. It follows that if a
sequence of mappings is uniformly integrable then it is E-uniformly integrable. The converse is
not always true, i.e. an F-uniformly integrable sequence of mappings is not always uniformly
integrable.

2.2. Fatou’s lemma. We present hereafter our main results: the Convex and Approximate Fa-
tou’s Lemma.

Theorem 2.1 (Convex Fatou’s lemma). Let (2, A, 1) be a finite positive complete measure space
and (E,||.||) be a separable Banach space. Let (f,) be a sequence of Gelfand integrable mappings
from Q to E*, which is mean norm bounded and C-uniformly integrable for a cone C C E. If
lim,, fﬂ fndp exists in E* then there exists a Gelfand integrable mapping f such that

/ fdp — lim/ fndp € C°
Q nJq

f(a) eoLs,{fn(a)} ae.

and

In fact f is norm integrable and
L@ dnte) < timint [ 15, )" due).

Theorem 2.1 is a direct consequence of Theorem 3.1 in Section 3.

Theorem 2.2 (Approximate Fatou’s lemma). Let (Q, A, u) be a finite positive complete measure
space and (E,||.||) be a separable Banach space. Let (f,) be a sequence of Gelfand integrable
mappings from Q to E*, which is mean norm bounded and C-uniformly integrable for a cone
C C E. Iflim, fQ fndp exists in E* then for each finite dimensional subspace F' of E, there exists
a Gelfand integrable mapping fr such that

/ frdu — lim/ fndp € C° 4 F+
Q n Q
and

fF(a) S Lsn{fn(a)} a.e.
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In particular, if the dimension of E is finite, then there exists a Gelfand integrable mapping fg
such that

fedu — lim/ fadu € C°
Q noJa

and

fE((l) € Lsn{fn(a)} a.e.

In fact for each finite dimensional subspace F', the mapping fr is norm integrable and
[ Use(@I" dua) < tmint [ (5, @] duta).

Theorem 2.2 will be proved in Section 4 as a Corollary of Theorem 3.1. We provide hereafter a
sufficient condition for a sequence of mappings to satisfy the assumptions of Theorem 2.1.

Proposition 2.1. Let (2, A, u) be a finite positive complete measure space and (E,||.||) be a sep-
arable Banach space. Let (f,) be a sequence of Gelfand integrable mappings from Q to E* such
that

VneN, fula) € C*+¢,(a)B* a.e.,

where C* is a closed convexr cone in E* and (@) is a sequence of uniformly integrable positive
functions.
(a) Then the sequence (fn) is C-uniformly integrable, where C = —(C*)° C E is the negative
polar of C*.
(b) Suppose that lim,, [, fadp exists in E*. If C* has a w*-compact sole® then the sequence (fy,)
is mean norm bounded.

Proof. Part (a) is obvious, we propose to prove part (b). Let C* be a closed convex cone with a
w*-compact sole. There exists e € F such that for every z* € C* \ {0}, (e, z*) > 0 and such that
the following set S, defined by S := {a* € C* : (e,z*) = 1} is w*-compact. It follows that S is
|.|I"-bounded by m > 0. In particular, for every z* € C*, (e,z*) > m ||z*||". For each n € N, we
consider the following correspondence F,, : a — C*N[{fn(a)} —¢n(a)B*]. Applying Theorem A.1,
there exists ¢, : Q — C* and b, : Q — B*, two measurable mappings such that for every n € N,

Va € Q, fn(a) = Cn(a) + @n(a)bn(a)

Since the sequence ( [, fndp) converges, we can then suppose (passing to a subsequence if necessary)
that the sequences ( [, cndp) and ( [, nbndp) converges in E*. Now, let v* := lim,, [, ¢, dpu, then

i s / len(a)|" dia) < - e, v)u(€)

and the sequence (c,) is mean norm bounded. It follows that the sequence (f,) is mean norm
bounded. O

Applying Proposition 2.1, we present hereafter a corollary of Theorems 2.1 and 2.2.

3That is there exists e € E, such that for each ¢* € C* \ {0}, (e,c*) > 0 and S := {c* € C* : (e,c*) = 1} is
w*-compact.
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Corollary 2.1. Let (Q, A, i) be a finite positive complete measure space and (E, ||.||) be a separable
Banach space. Let (f,) be a sequence of Gelfand integrable mappings from Q to E* such that

VYneN, fu(a) € C* 4+ pn(a)B* a.e.,

where C* is closed convex cone in E* with a w*-compact sole, and (@,,) is a sequence of uniformly
integrable positive functions. Suppose that lim , fQ fndu exists in E*.

1. [Convex Fatou’s lemma]. There exists a Gelfand integrable mapping f such that

/ fdu — lim/ fndp € =C*
Q n Jo

and

f(a) eoLs,{fn(a)} ae.

2. [Approximate Fatou’s lemmal. For every finite dimensional subspace F of E, there exists a
Gelfand integrable mapping fr such that

/ frdu — lim/ fndp € F+ —C*
Q n Q
and

fr(a) € Ls,{fn(a)} a.e.

3. [Finite Fatou’s lemmal. If E is finite dimensional then there exists a Gelfand integrable
mapping fx such that

/ fodyi — lim / fudu € —C*
Q noJo

and

fi(a) € Lsp{fn(a)} a.e.

Remark 2.3. If E is finite dimensional, then every pointed closed convex cone has a compact sole.
In particular, Corollary 2.1 generalizes the version of Fatou’s lemma proved in Cornet—Topuzu—
Yildiz [15].

Remark 2.4. Let T be a compact metric space and let E = C(T') be the separable Banach space of
continuous real-valued functions endowed with the supremum norm. The topological dual space E*
is then M (T), the space of finite Radon measures on T. Let C' := C(T')4 and C* = M (T')4 be the
natural positive cones of C'(T') and M(T) respectively, i.e. C(T)L :={x € C(T) : Vte T, z(t) >
0} and M(T)y == {f € M(T) : Yz € C(T)4+, (x,f) > 0}. Then M(T); is a closed convex
cone with a w*-compact sole.* In particular, Corollary 2.1 can be applied in General Equilibrium
Theory to prove the existence of Walras equilibria for economies with a continuum of consumers
and differentiated commodities (see Martins-da-Rocha [23]).

4Take e in C(T') defined by e(t) = 1 for each t € T. Then for each m in M(T)+, (e,m) = ||m|*.
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2.3. The link with other results. In the context of Cornet-Medecin [14], the sequence (f,) is
supposed to be integrably bounded. It follows that the sequence (f,,) is mean norm bounded and
E-uniformly integrable. Hence Theorems 2.1 and 2.2 generalize Theorem 1 in Cornet—Medecin [14].

If a sequence (f,) is uniformly integrable, then it is mean norm bounded and FE-uniformly
integrable. Hence Theorems 2.1 and 2.2 generalize Theorems 1 and 2 in Balder [9]. More precisely,
in Balder [9] it is proved that if a sequence (f,,) of Gelfand integrable mappings is supposed to be
uniformly integrable, then for each open neighborhood W of zero, there exists a Gelfand integrable
mapping fy such that

/ fwdp — lim/ fadp e W and  fw(a) € clLsp{fn(a)} a.e.
Q n o Ja

Since the sequence (f,) is uniformly integrable, it follows that the sequence (f,) is mean norm
bounded and FE-uniformly integrable. Now we can apply Theorem 2.2 to a finite dimensional
subspace F of E such that F- C W. Then there exists a Gelfand integrable mapping fr such that

/ frdp — lim/ fodp € FX cW and  fr(a) € Ls,{fn(a)} a.c.
Q n Ja

Note that we succeed to prove that fr(a) belongs to Ls, {f,(a)} whereas Balder [9] only succeeded
to prove that fy (a) belongs to the closure of Ls,{ f.(a)}.

3. A MORE GENERAL VERSION OF THEOREM 2.1 AND ITS PROOF

Our proof of Fatou’s lemma relies on an extension proved by Balder [6] of the important result by
Komlés (Theorem A.2 in Appendix). We first recall the following definition of Komlds convergence
or simply K—convergence.

Definition 3.1. A sequence (f,,) of mappings from Q to E* is said to be K-convergent almost
everywhere to a mapping f : Q@ — E*, denoted
K

fm - f7
if for every subsequence (m;) of (m), there exists a null set N € A (i.e. u(N) = 0) such that

n

Vae Q\N, (1/n) 3" fn,(a) 2 f(a).

i=1
We propose to prove the following theorem which is slightly more general than Theorem 2.1.

Theorem 3.1. Let (2, A, ) be a finite positive complete measure space and (E, ||.||) be a separable
Banach space. Let (f,) be a sequence of Gelfand integrable mappings from ) to E*, which is mean
norm bounded. Then there exists a subsequence (m) of (n) and a Gelfand integrable mapping f
such that

(a) the sequence (f,) K-converge to f, and f is norm integrable with

[ 1@ dute) < timint [ 15" duo)
Q Q

(b) if the sequence (f,) is C-uniformly integrable for a cone C C E, then

VAe A, VzeC(, A(m,f(a))du(a) < limminf/A@,fm(a))du(a)
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and
vaed [ @I dute) <timint [ 14" duo)

(c) there exists p a positive integrable function such that for every finite dimensional subspace F
of E,

f(a) € coLsu{fu(a)} + p(a) B* N F* ae.,
in particular f(a) € @Ls,{fn(a)} almost everywhere.

We recall that a sequence (f,,) of Gelfand integrable mappings from 2 to E* is said to be
weakly convergent to a Gelfand integrable mapping f, if for every € E, the sequence of real
valued functions a — (x, f,(a)) converges to the function a — (x, f(a)) for the weak topology
U(L%&vLHO{))-

Remark 3.1. If a sequence (f,) of Gelfand integrable mappings from 2 to E* is mean norm
bounded and if there exists a Gelfand integrable mapping f such that

VAe A, lim [ fdp :/ fdp
m A A

then the sequence (f,,) is weakly convergent to f.
A direct consequence of Theorem 3.1 is the following weak sequential compactness criteria.

Corollary 3.1. Let (Q, A, u) be a finite positive complete measure space and (E, ||.||) be a separable
Banach space. If H is a family of Gelfand integrable mappings from Q to E* which are mean norm
bounded and E-uniformly integrable, then H is weakly sequentially compact.

Proof. Indeed, if (f,) is a mean norm bounded sequence of Gelfand integrable mappings, then
applying part (a) of Theorem 2.1, there exists a Gelfand integrable mapping f and a subsequence
(m) of (n) such that (f,,) K-converges to f. Moreover if (f,) is E-uniformly integrable, then from
part (b) of Theorem 2.1, we get that

VA € A, / fdp = lim/ fmdp.
A moJA

In particular (f,,) weakly converges to f. O

Remark 3.2. If a sequence (f,) of Gelfand integrable mappings is uniformly integrable, then (f,)
is mean norm bounded and E-uniformly integrable (Remark 2.1). In particular, if H is a family
of uniformly integrable mappings, then H is weakly sequentially compact.

The proof of Theorem 3.1 will be given in three steps corresponding to part (a), (b) and (c).

3.1. Proof of part (a). The following proposition is an extension to vector-valued mappings, of
the important result by Komlés (Theorem A.2 in Appendix). A very general criterion for relative
sequential compactness for K-convergence of scalarly integrable mappings is given in Balder [6]. As
a corollary of Balder’s result we can prove the following Proposition 3.1. However in [6], extensions
of Komlés results are only given for the Bochner integral. For the sake of completeness, we propose
a simple and direct proof.
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Proposition 3.1 (Balder [6]). Let (fx) be a sequence of Gelfand integrable mappings from S to
E*, which is mean norm bounded. Then there exists a subsequence (m) of (k) and a Gelfand
integrable function f : Q — E* such that the sequence (fy,) is K-convergent to f and there exists
a real-valued integrable function oo : Q@ — Ry such that the sequence (|| fm()|") is K-convergent
to Yoo. Moreover the mapping f is in fact norm integrable and

[ 17@I" dute) < tmint [ (@) dua).
Q Q

Proof. Since the sequence (f;) is mean norm bounded, we can suppose (passing to a subsequence
if necessary) that liminfy, [, || fi(a)||" du(a) = limy, [, || fe(a)||" du(a). We let for each k € N, for
every a € Q, ¥y (a) := || fr(a)||". Let (x;) be a ||.||-dense sequence in E. We define for each j, k € N,

pjk(a) = (zj, fr(a)) and ook = Yy.

Since the sequence (fx) is mean norm bounded then for every j € NU {oo},

sup [ | 44(0) | du(a) < +oc.
Q
It is now possible to apply Koml4s’ Theorem (Theorem A.2 in Appendix) repeatedly in a diagonal

procedure. This yields a subsequence (m) of (k) and a family (¢;);enu{oso} Of integrable real valued
functions such that for every j € NU {oo} and every subsequence (m;) of (m)

1 n
- Z wjm;(a) — @jla) a.e.
i=1

In particular, for every j € N,

(3.1) (7203 Fn(@) — p(a) ae
i=1
and
(3.2) % > (@) — poola) ace.
i=1

Fix a € Q outside the exceptional null-set and for each n € N, define

gnla) = % > fmla).

m=1

Then applying (3.2), limsup,, ||gn(a)]|* < poo(a) < +0o. Now applying Banach-Alaoglu’s The-
orem, there exists a subsequence of (g,(a)) converging for the w*-topology to some f(a) € E*.
Applying (3.1), for every j € N,

(zj, f(a)) = pj(a).

The sequence (z;) is ||.|-dense in E, it follows that for every subsequence (m;) of (m)
1O w*
(3.3) - me (a) — f(a) ae.
i=1

i.e. the sequence (f,,) is K-convergent to f, in particular, the mapping f is Gelfand measurable.
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Now || f(a)||" < liminf, ||g,(a)|" almost everywhere in Q. Hence applying Fatou’s lemma for
positive functions,

[ 1@ dnte) < imint £ 57 [ (o) ) = i [ 1stel”due

and the mapping f is then Gelfand integrable. O

Remark 3.3. We refer to Balder [6] and Balder—Hess [11] for other extensions of Komlés’ result,
which mainly consider Bochner integration.

3.2. Proof of part (b). The proof of part (b) is given by the following proposition.

Proposition 3.2. Let {fi} be a sequence of Gelfand integrable mappings from Q to E*, K-
converging to a Gelfand integrable mapping f. Suppose that there exists a cone C C E such
that (fx) is C-uniformly integrable. Then for every x € C,

VA € A /A (2. 7(@))dpx(a) < limnf /A (2, fx(a))dpi(a).

Proof. Let A € A and z € C, we pose « := liminfy fA<x,fk>du. Passing to a subsequence if
necessary we can suppose that o = limy, [, (z, fx)du. For each m, we let g, = (1/m) S, fr and
we define the real-valued function ¢,, from Q to R by ¢, (a) = (z, gm(a)). We have

m

_ 1 _
pnla)” < =3 o fyla))
k=1
Since (fi) is C-uniformly integrable, it follows that the sequence (¢;,,) is uniformly integrable. Since
(gm) is K-converging to f, it follows that for almost every a, (¢, (a)) is converging to (z, f(a)).

We apply Fatou’s lemma (for real-valued functions) and we get

/ (¢, £())du(a) < lim inf / om(a)du(a) = a.
A

A
O

3.3. Proof of part (c). We propose now to prove that we can deduce a lower closure result from
the Komloés convergence of a sequence of mappings. The proof of the lower closure result for an
infinite dimensional separable Banach space is based on the following lower closure result proved
by Page [27] for finite dimensional spaces. For the sake of completeness, we propose a simple and
direct proof.

Proposition 3.3 (Page [27]). Let E be a finite dimensional vector space and let (f,) be a sequence
of integrable mappings from Q to E*. Suppose that the sequence (fy) is mean norm bounded and
K-convergent to an integrable mapping f. Then

f(a) € coLs,{fn(a)} a.e.

Proof. Let (f,) be a sequence of mean norm bounded mappings from 2 to E*, K-converging to
f. Following Gaposhkin’s lemma A.1, there exists a subsequence (ng) of (n) such that for each k,
fn, = gk + hi, where the sequence (gi) is uniformly integrable and the sequence (hy) converges
almost everywhere to 0. Since (f,,) K-converges to f, it follows that (gx) K-converges to f.
(From Proposition 3.2, we have that the sequence (g;) weakly converges to f. Now applying
Proposition C in Artstein [2], we get that f(a) belongs to coLsi{gx(a)} almost every where. Since
Lsk{gr(a)} C Ls,{fn(a)}, it follows that f(a) € coLs,{fn(a)} almost everywhere. O
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Remark 3.4. The proof of Proposition 3.3 (actually in Page [27] a more general result is proved)
is based on Proposition C in Artstein [2]. Note that Proposition C in Artstein [2] is a corollary
of Propositions 3.1, 3.2 and 3.3. Indeed, let (f,) be sequence of integrable mappings from {2
to E* (E is finite dimensional) such that (f,) weakly converges to an integrable mapping f.
The sequence (fy,) is then mean norm bounded. Applying Propositions 3.1 and 3.3, there exists
a subsequence (m) of (n) and an integrable mapping ¢ such that (f.;,) K-converges to g and
that g(a) € coLsy,{fm(a)} almost everywhere. But since (f,) weakly converges, it follows from
Proposition IV.2.3 in Neveu [25] that (f,,) is uniformly integrable. Applying Proposition 3.2, the
sequence (f,,) weakly converges to g. Hence g = f almost everywhere and f(a) € coLs,{fn(a)}
almost everywhere.

Applying Proposition 3.3, we now provide a proof of the lower closure result in the general
setting.

Proposition 3.4. Let (f,) be a sequence of Gelfand integrable mappings from Q to E*. Suppose
that the sequence (fy,) is mean norm bounded and is K-convergent to a Gelfand integrable mapping
f- Then there exists p a positive integrable function such that for every finite dimensional subspace
F of E,

f(a) € coLs,{fn(a)} + p(a)B* N F*+ ae.
Proof. The sequence (||fn(.)||") is mean norm bounded. Applying Komlés’ Theorem (Theorem
A.2 in Appendix) and passing to a subsequence if necessary, we can suppose that the sequence

(I fn()|I") is K-convergent to an integrable function 1 from € to R. Let F be a finite dimensional
subspace of E. We consider 7 the following projection from E* to F*, defined by

Va* € B, w(z*) =[x € Fw (z,2%)].

It follows that the sequence ([||fn()]|™,7(fn)]) is K-convergent to [, n(f)]. Applying Proposi-
tion 3.3,

[¥(a), 7(f(a))] € coLsy { [l fu(a)|", 7(fu(a))]} a.e

Let a € 2 outside the exceptional null set. There exists a finite set I, a finite family (\;);e; € [0, 1]
such that ), ; A\; = 1, and there exists a finite family (;)ier of strictly increasing functions from
N to N, such that

[(a), 7(F(@)] = 3 Atim [[ o, a)]|

el

(Fp (@)

Let ¢ € I, the sequence (H fw(n)(a)”*) converges, passing to a subsequence if necessary, we can
suppose that the sequence (f,,n)(a)) w*-converges to some h;(a) € Ls,{fn(a)} C E*. It follows
that

[f(a)] = Z Aimlhi(a)] € m[coLs,{fn(a)}] -

* *

Note that ||ZZ-€1 )\ihz‘(a)H

< Zie[ Ai th(a)H* < Zie[ A; limy, Hfapf,(n)(a) = ¢(a)7 hence
f(a) € coLs, {fn(a)} + p(a)B* N F+,
where p(a) := ¢(a) + || f(a)]". 0

The proof of part (¢) of Theorem 3.1 will follow from Proposition 3.4 and the following propo-
sition.
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Proposition 3.5. Let L be a multifunction from 2 to E*, let f be a mapping from  to E* and
let p be a positive function such that for every finite dimensional subspace F' of F,

f(a) € L(a) + pla)B* N F+ ae.
Then
f(a) €eclL(a) a.e.

Proof. Let (e;) be a dense sequence in F, and for each n € N, we let F}, be the vector subspace of
E generated by {eg,e1,...,en}. It follows that there exists @' C Q with p(2\ ') = 0 and such
that
VaeQ, f(a)e () (Lla)+pla)B*NEF;).
neN

Let a € ¥, there exists a sequence (z,(a)), in E* satisfying f(a) — z,(a) belongs to L(a) and
2 (a) belongs to p(a) B*N F;-. Passing to a subsequence if necessary, we can suppose that (z,(a)),
is w*-convergent to z(a). It follows that f(a) — z(a) belongs to cl L(a). Moreover, since z,(a)

belongs to F;-, we have that for every i, (e;, z(a)) = 0. In particular z(a) = 0 and f(a) belongs to
cl L(a). O

4. PROOF OF THEOREM 2.2

We propose to first prove Theorem 2.2 when (2,4, ) is non atomic and then we provide the
proof in the general case.

4.1. The case (2, A, 1) is non atomic. Let (f,) be a sequence of Gelfand integrable mappings,
which is mean norm bounded, and let F' be a finite dimensional subspace of E. Applying Theorem
3.1, we can suppose, passing to a subsequence if necessary that there exists f a Gelfand integrable
mapping from Q to E* and ¢ an integrable function from € to [0, +00) such that

(O fo) —— @ f) ae.
and
(¥(a), f(a) € coLsu{(| fa(@)|", fa(@)} + (R x F)*  ae.
Let 7 be the following projection from E* to F'*, the algebraic dual of F', defined by
Vz* € E*, w(z*)=[r € F > (z,z")].
Then

(¥(a), 7[f(a)]) € coLsp{(Ifu(a)ll”, w[fa(a)])} ace.

Following Carathéodory’s theorem, we let I := {1,...,¢ + 2}, where ¢ is the dimension of F'.
Then, for almost every a € €2, there exists (A\i(a))ics € [0,1]7 such that Y-, ; Ai(a) = 1 and (¢;)ier
strictly increasing functions from N to N, such that

((a), 7[f(@)]) =D Ai(a) ligl(||f¢1(n)(a)|’* [ fos(my (@)])-
i€l
In particular, for each ¢ € I, v¥;(a) := lim, wa(n)(a)H* < +oo. It follows that there exists
si(a) € Lsy{ fn(a)} such that lim, f,,n)(a) = si(a), and

(@) f(@)]) = D Ail@)@i(a), w[si(a))  ae.

el
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Applying Theorem A.1, Proposition A.4 and Corollary A.1, we can suppose that for each ¢ € I,
the functions \; and 1; are measurable and the mappings s; are Gelfand measurable selections of
Lsn{fn(.)}. Note that for each i € I, for almost every a € €, ||s;(a)||" < 9i(a). It follows that

/Z)\ ) ||si(a /¢ )dp(a) < 400

i€l
and hence that

| Son@ sl + s @11°] dinte) < 2 [ v < .

el

Applying the Extended Lyapunov Theorem A.3, there exists a measurable partition (B;);ecr of Q
such that (||s;(.)||*,7[s;(.)]) is integrable over B; and such that

| Ex@ s @I s -y / lsi(@)lI*, wlsi (@)])dp(a).

i€l el

Let fr:=> s XB,si,° then fr is a Gelfand measurable selection of Ls, {f,(.)}, and moreover

/||fF )" du(a Z/ l[si(a)]|" du(a /wdﬂ<oo

i€l
It follows that fr is Gelfand integrable. Now

al [ g =3 / dut) = [ S @ls@lduta) = [ #lf(@)dne).

el
/fd,u—/fpd,uEFL.
Q Q

4.2. The general case. We now provide the proof of Theorem 2.2 in the general case, i.e. without
assuming anymore that (€, A, 1) is non-atomic. This is a classical result that the set {2 can be
partitioned into a non atomic part 2" € A and a purely atomic part 2P € A, and that the set
QP% can be written as the disjoint union of at most countably many measurable atoms (A;);cr
(I C N). Furthermore, for every ¢ € I and every n € N, the measurable mapping f, : Q — E*
takes a constant value fi € E* for a.e. a € A;. Since the sequence (f,,) is mean norm bounded, for
each i € I, the sequence (f!) is norm bounded, and thus remains in a w*-compact subset of E* by
Alaoglu’s theorem. Consequently, by a diagonal extraction argument, there exists a subsequence
(ng) of (n) such that for every i € I, ( fnk)k w*-converges to some element fi € E*. We let
fPe: QP — E* be defined by fP%(a) = f* if a € A*. We have shown that

f?*(a) € Lsp{fn(a)} a.e.in QP®.

Hence

‘We now show that

lim fu,(a)dp(a) = fP%a)dp(a).

k Qpa Qpa

5For each measurable set A € A, x 4 is the characteristic function associated to A4, i.e for every a € , xa(a) = 1
if a belongs to A and x4 (a) = 0 elsewhere.
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This is clearly a consequence of Lebesgue dominated convergence theorem applied for every fixed
x € E, to the sequence ((z, fy,))r which is integrably bounded over Q** (since the sequence (fn, )k
is also integrably bounded over QP%).

We now consider the non atomic part 2"* and we first remark that limy, me fn,dp exists since

lim frn.dp = lim / fndp — lim / Frpdp.
k- Jana k- Ja k- Jara

We can now apply to the non atomic part Q"% the version of Fatou’s lemma proved previously.
Thus, for every finite dimensional subspace F' of E, there exists fi® : Q"* — E* such that

~%(a) € Lsp{fn(a)} a.e.in Q™

and

[ dp — lim fopdp € F+4C°.

Qna Qna

We now define the mapping fr : Q@ — E* by fr(a) := fP%a) if a € QP* and fr(a) := fp%(a) if
a € Q™. One checks that the mapping fr satisfies the conditions of Theorem 2.2.

APPENDIX A. APPENDIX

A.1. Measurable mappings. Let (2, A, 1) be a complete finite measure space and (E, ||.||) be
a separable Banach space. We note B the Borel o-algebra of (E*,w*). We recall that a mapping
f from Q to E* is said Gelfand measurable if for every z € E, the function a — (z, f(a)) is
measurable. The mapping f is said measurable, if for every B € B, f~1(B) belongs to A.

Proposition A.1. Let f be a mapping from Q to E*. Then f is Gelfand measurable if and only
if it is measurable. Moreover, if f is measurable then the function a — | f(a)|" is measurable.

Proof. Let (x;) a norm dense sequence in B the unit ball of E. For each i € N and each o > 0,
we let V; o = {a* € E* : |(z;,2*)| < a}. We note D the o-algebra generated by the family of all
Via- Since V; 4 is open in (E*,w*), we have D C B. It follows that if f is measurable then f is
Gelfand measurable. Note that

U ﬂ Viatim =aB* ={2* € E* : [|z*|" <a}eD.
ieENn>0

It follows that if f is Gelfand measurable then the mapping a +— || f(a)||* is measurable.
Let d be the following distance defined on E*,

V(Z‘*,y*) € Ef x E*, d(l'*,y*) — Z ‘<xiax2i_y >|

i>0

Let By be the Borel g-algebra defined by d. Note that B; C D. The topology defined by the
distance d coincide with the w*-topology on closed bounded subsets of E*. It follows that if W
is a w*-open subset of E*, then for each k € N, W N kB* is d-open, in particular, W N kB* € D.
Since W = |J, W N kB*, it follows that W € D, and then B C D. Hence B = D and the result
follows. O
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A.2. Measurable selections. Let (€, .4, 1) be a complete finite measure space and E be a sep-
arable Banach space. A multifunction F' from € into E* is said graph measurable if the graph
Gr of F belongs to the o-algebra A ® B, where

Gr:={(a,z*) € QA x E* : z* € F(a)}.

A mapping f from Q to E* is a selection of F' if f(a) € F(a) for almost every a € Q. We provide
hereafter a classical result of existence of measurable selections.

Theorem A.1 (Aumann Selection Theorem). We consider E a separable Banach space and (2, A, 1)
a complete finite measure space. Let F be a graph measurable multifunction from Q to E* with
non empty values. Then there exists a measurable mapping f from Q to E* such that

Ya €Q, f(a)€ Fl(a).

In particular f is a measurable selection of F'.

The proof of this theorem is given in Castaing—Valadier [12, Theorem II1.22, p.74]. We provide
hereafter a direct application of this theorem.

Corollary A.1. We consider E a separable Banach space and (0, A, 1) a complete finite measure
space. Let F' be a graph measurable multifunction from Q) to E* with non empty values, let I be a
finite set and let f be a measurable selection of F'. Suppose that for almost every a € §Q, for each
i € I, there exist \i(a) € [0,1] and fi(a) € F(a) such that
fla) =) Ai(a)fi(a) and Y Ni(a)=1.
icl iel

Then for each i € I, \; may be chosen as a measurable function from Q to [0,1] and f; may be
chosen as a measurable selection of F.

Proof. We let $(I) be the set of all (o;) € [0, 1] such that >, a; = 1. Let 7 be the linear mapping
from X(I) x (E*)! to E* defined by
V(). ()] € S(I) x (B*)', (), (2})] =Y aua}.
il
For each a € Q, we let
H(a) =7 '({f(a)}) N (1) x F(a)').

The multifunction H is graph measurable with non empty values. The proof of the corollary follows
from the application of Theorem A.1 to the multifunction H. O

A.3. Measurability of limes superior. We consider E a separable Banach space and (2, A4, 1) a
(possibly not complete) finite measure space. A multifunction F' from {2 into E* is said measurable
if for each w*-open subset V of E*, F~(V):={a € Q : F(a)NV # 0} belongs to A.

Proposition A.2. Let F' be a multifunction from Q to E*.

1. Suppose that (Q, A, 1) is complete. If F is graph measurable then F is measurable.
2. Suppose that F' is closed valued. If F' is measurable then F' is graph measurable.

Proof. The part (1) follows from the Projection Theorem in Castaing—Valadier [12, Theorem III.23].
Now we prove part (2) of the proposition. Since F is a separable Banach space, E* is the countable
union of w*-compact metrizable subsets. It follows from Schwartz [31] that E* is a Lusin space,
in particular, there exists a separable and completely metrizable topology 7, stronger than the w*
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topology, but generating the same Borel sets. Since F is w*-closed valued, it is 7-closed valued.
Applying Proposition II1.13 in Castaing—Valadier [12], the graph of F' is measurable. O
Proposition A.3. Let F' and F,,, n € N be graph measurable multifunctions from Q into E*.

1. The multifunction cl F' defined by a — cl F(a) is graph measurable.

2. The multifunction | J,, F,, and (,, F, are graph measurable.

Proof. Proof of (1). The multifunction F is graph measurable, and then following Proposition A.2,
F' is measurable. Let V be a w*-open subset of E*. For each a € A,

Fla)NV # 0 < [l F(a)] NV # 0.

It follows that if F' is measurable then clF' is measurable. Once again applying Proposition A.2,
the multifunction clF' is graph measurable.
Proof of (2). This an immediate consequence of

Graph (U, F,,) = U, Graph (F,,) and Graph (N, F,) = N,Graph (F},)
O

If (C,,) is a sequence of subsets of E*, we denote by Ls, C,, the sequential limes superior of (C},)
relative to w*, i.e.

Ls,Cp:={x € E" : z= 1i]1€rna:k, xp € Cp, }-

Proposition A.4. Let (F,) be a sequence of graph measurable multifunctions from Q into E*.
The multifunction a +— Ls,F,(a) is graph measurable. In particular, if (f,) is a sequence of
measurable mappings from Q to E*, then the multifunction a — Ls,{f.(a)} is graph measurable.

Proof. Note that if (C,,) is a sequence of non-empty subsets of E*, then
Ls,C, = U Ls,(C,, N pB*).
peEN

Indeed, let z € Ls,C,. There exists a sequence (zj) and a subsequence (ny) of (n) such that
xp € Cp, for each £ € N and

*

w
T — T.

It follows that the sequence (z) is ||.|*-bounded. Hence following Proposition A.3, we can suppose
without any loss of generality that there exists a w*-compact convex and metrizable subset K of
FE*, such that

Va € Q, UFn(a) CK.

Hence

Ls,Fy(a) = ﬂcl U F,(a).

n. pzn
Following Proposition A.3, the multifunction
a— Ls,F,(a)
is graph measurable. This ends the proof of Claim A .4. O

Remark A.1. We refer to Hess [18] for related results of measurability of limes superior.
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A4, Komlés limits. Let E be a separable Banach space and (92,4, 1) a finite measure space.
A sequence (f,,) of mappings from  to E* is said K-convergent to a mapping f, if for every
subsequence (n;) of (n)

—an —— f(a) ae.

Theorem A.2 (Komlés). Suppose that (¢r) is a sequence of integrable real valued functions such
that

sup/ | ok | dp < +o0.
k Ja

Then there exists a subsequence (m) of (k) and an integrable real valued function ¢ such that (¢m,)
1s K-convergent to .

This theorem is due to Komlés [22].
A.5. Gaposhkin.

Lemma A.1 (Gaposhkin’s lemma). Let E be a finite dimensional vector space and (2, A, u) a
finite measure space. If (fy) is a mean norm bounded sequence of integrable mappings from § to
E*, then there exists a subsequence (ny) of (n) such that for each k € N, fn, = gx + hi, where
the sequence (gi) is uniformly integrable and where the sequence (hy) converges almost everywhere
to 0.

This lemma is due to Gaposhkin, Lemma C.I in [17].
A.6. Lyapunov.

Theorem A.3 (Extended Lyapunov). Let (2, A, 1) be a finite measure space, let I be a finite
set, let £ € N, let (f;)icr be measurable functions from (Q, A, ) to RY and let (\;)ie; measurable

functions from Q to [0,1] with )., Ai(a) = 1. Suppose that

| Ex@lf@lduta) < +oc.

el

If (Q, A, 1) is non atomic then there exists a measurable partition (B;)ier of Q0 such that for each
1 € I, the function f; is integrable over B; and

| @ s@inta Z/ fudp.

el el

This theorem proved in Balder [7] is a corollary of the classical Lyapunov theorem.
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