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Abstract

Progressivityinequality reductiorandmerging-proofnesare three well-known axioms

in taxation. We investigate implications of each of the three axioms through character-
izations of several families of taxation rules and their logical relations. We also study
the preservation of these axioms under two operators on taxation rules, the so-called
convexity operator and minimal-burden operator, which give intuitive procedures of de-
termining a tax schedules.
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1 Introduction

In modern welfare states, income tax is a major source of state funds and is an essential
policy measure for the enhancement of distributive justice. In the framework introduced
by O’Neill (1982), Aumann and Maschler (1985) and Young (1988)e study two prin-

ciples of distributive justice, known gwogressivity(tax rates are in the order of income)
andinequality reduction(taxation reduces income inequality). We investigate how the two
principles are related to each other and to another principle that prevents any gain from strate-
gic merging among taxpayers. This third principle, caleerging-proofnesss studied by

de Frutos (1999) and Ju (2003). We also study the robustness of the three principles, or
axioms, of taxation under the application of two operators, known as convexity operator and
minimal-burden operator (to be explained later).

*We thank William Thomson for detailed comments. All remaining errors are ours.
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1We refer readers to Young (1994), Moulin (2002) and Thomson (2003, 2005) for extensive treatments of
taxation problems and other related problems such as bankruptcy, cost sharing, surplus sharing, etc.
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Merging-proofnessind its motivation seem to have no bearing on the two principles of
distributive justice. However, we find that they are in fact related. Based on two characteri-
zation results imposinmerging-proofneser progressivityas well as some standard axioms
in the literature, we show that amyogressiveaxation rule iamerging-proof This gives an
extra advantage of imposingogressivity

We establish a close connection betwgengressivityandinequality reductiorthat has
long been perceived by a number of authors in the literature of tax function, which is a
function fromR (the set of real numbers) ®. A formal proof in the tax function framework,
however, is provided rather recently by Eichhorn et al. (1984). As far as we know, no earlier
work provides a parallel result in our framework.

A recent study by Thomson and Yeh (2001) gives a novel classification of rules and ax-
ioms based owperatorsthat map a rule into another, possibly the same, rule. Two types of
operators we consider here capture intuitive proposals of determining tax schedules. When
two rules compete, a natural compromise is mixing the two rules by taking a convex combi-
nation of them, which is what eonvexity operato(Thomson and Yeh 2001) does. In this
way, we are able to mix two different ideas of taxation embedded in two rulesmirhimal-
burden operatoThomson and Yeh 2001) gives us an intuitive procedure of identifying tax
schedules. If the aggregate income of all agents except, say, iagdotver than the tax
revenue to be collected, this difference can be interpreted as the minimal tax burden imposed
on ageni (he is the only person who can contribute for this portion because the maximum
aggregate tax payment by the remaining agents cannot cover it). Thus, the following two-
step procedure, as suggested by the minimal-burden operator, seems interesting. First, let
each agent pay his minimal burden. Second, the remainder of the tax revenue is collected by
considering the remaining income profile.

The application of an operator may be problematic if it fails to preserve some appeal-
ing axioms, in particular, our three main axionggpgressivity inequality reductionand
merging-proofnes@reservation of an axiom means that if a rule satisfies an axiom so does
the rule obtained by applying the operator). We show that the two types of operators preserve
progressivityand inequality reduction Regardingmerging-proofnesshe minimal-burden
operator is slightly disruptive as it requires an additional, but mild, axiom to preserve it.

The rest of the paper is organized as follows. In Section 2, we present the model and
basic concepts. In Section 3, we define axioms. In Section 4, we state and prove the char-
acterization results. In Section 5, we state and prove our results on operators. For a smooth
passage, we defer some proofs and provide them in the appendix.

2 Model and basic concepts

We study taxation problems in a variable population model. The set of potential taxpayers,
or agentsis identified by the set of natural numbé¥sLet. 4" be the set of finite subsets of

N, with generic elememll. For each € N, lety; € R bei’s (taxable)incomeandy = (y;)ien

the income profile. A (taxatiom)roblemis a triple consisting of a populatiadd € .47, an



income profiley € RY, and a tax revenu® € R, such that;cnYi > T. LetY = JicnYi. TO
avoid unnecessary complication, we assifre SicnYi > 0. Let 2N be the set of taxation
problems with populatiolN and2 = Unc_y 2N,

Given a problen(N,y,T) € 2, atax profileis a vectorx € RN satisfying the following
two conditions: (i) for eaclhe N, 0 < x <vy;j and (ii) 5jecnX = T. We refer to (i) adound-
ednessand (ii) asbalancednes$ A (taxation)rule on 2, R: 2 — Une s RN, associates
with each problenfN,y, T) € & a tax profileR(N,y, T) for the problem. Each rulR gives
the associategost-tax income functioS?(-) defined as follows: for eactN,y,T) € 2,

S (N,y, T) =y—R(N,y, T). Throughout the paper, for eabhe .4, eachM C N, and each
zc RN, letzy = (z)iem.

We now provide some examples of rules. We start with three well-known rules. The
head taxdistributes the tax burden equally, provided no agent ends up paying more than
her income. Thdeveling taxequalizes post-tax income across agents, provided no agent is
subsidized. Thdlat taxequalizes tax rates across agents. These three rules are examples of
rules in the following family introduced by Young (1987).

Definition 1 (Parametric Rules)A rule R is a parametric ruleif there is a functionf :
[a,b] x Ry — R, wherea,b € RU{+£}, such that (i)f is continuous and non-decreasing in
the first variable; (ii) for eack € R, f(a,x) = 0andf(b,x) = x; (iii) for each(N,y,T) € 2
and each € N, R (N,y, T) = f (A,yi), whereA € [a,b] satisfiesy ey f(A,yi) = T.2 We call

f aparametric representation dR.

The three rules mentioned earlier have the following parametric representations:

e Head tax:fH(A,y) = min{—£,y}, foreachh € R_ and eacly € R .
e Leveling tax: f-(A,y) = max{y — %,0}, foreachh ¢ R, and eaclye R.,..

e Flattax: fF(A,y) = A -y, for eachA € [0,1] and eacly € R,..

3 Axioms

We now define our three main axioms of taxation.
Progressivitypostulates that for any pair of agents, the one with higher income should
pay at least as high a rate of tax as the other.

Progressivity. For each(N,y, T) € Z and each, j € N, if 0 <y; <Yj,

R(N.Y,T) _Ri(NyT)

Vi Yi

°Note thatboundednesinplies that each agent with zero income pays zero tax.
SExistence of such is guaranteed by the first two conditions (i) and (ii).




Our second axiom requires that the post-tax income profile should have at least as low
“income inequality” as the original income profile. This axiom is based on the following
basic inequality relation over income profiles. For each populdtien{1,...,n} and each
pair of income profiles,y’ € Rﬂ, y Lorenz dominatey if, for eachk =1,...,n—1, the
proportion of the sum of thielowest incomes to the total incomeyds greater than or equal
to the same proportion &t: that is, wheny; <y, < ... <y, andy; <y, <... <y, for each
k=1,...n—1,

Sia¥ o Y
YiLaYi T Yy

Inequality reduction. ForeachN,y, T) € 2, the post-tax income profi& (N,y, T) Lorenz
dominatey.

Our third axiom prevents a rule from being manipulated by a pair of agents through
merging their incomes.

Merging-proofness. For each(N,y, T) € 2 and each pair, j € N withi # |, if y € R} '
is such thay = yi +y;j andyy, i, = Y\ {i.j}

R(N,Y,T)+Rj(N,y, T) <R(N\{j}LY,T).

We will investigate logical relations between the three axioms, invoking in the process
some of the following standard axiorfis.

The next axiom requires that a rule should give the same tax profile when it is applied for
any subset of agents as when it is applied for the whole population.

Consistency.For each(N,y, T) € 2, eachM C N, and each € M,
ic
Where(xi)ieN = R(N7y7T) andyM = (yi)iGM-

The next two axioms require that tax contributions and post-tax incomes be in the order
of pre-tax income (Aumann and Maschler 1985).

Tax order preservation. For each(N,y, T) € Z and each pair, j € N, if y; > yj, R(N,y,T) >
Ri(N,y,T).

Income order preservation. For each(N,y, T) € Z and each pair,j € N, if y; > yj, yi —

Note thatprogressivityimpliestax order preservation
Finally, the next axiom says that small changes in incomes or revenue do not produce a
jump in tax schedules.

4We refer readers to Thomson (2003, 2005) for a detailed discussion on these axioms.



Continuity. For eactN € .4/, each sequendgN,y", T") :ne N} in 2N, and eackiN,y,T) €
N if (y", T") converges tdy, T), thenR(N,y", T") converges t&R(N,y,T).

4 Characterizations and logical relation among axioms

4.1 Progressivity and merging-proofness

Lemma 1 gives a necessary and sufficient condition for a parametric rule to gmtighes-
sivity. A parametric representatioin [a,b] x Ry — R is superhomogeneous in incorifie
for eachA € [a,b], eachyo € Ry and eactor > 1, f (A, ayp) > af (A,yo).

Lemma 1. A parametric rule satisfies progressivity if and only if it has a parametric repre-
sentation that is superhomogeneous in income.

Proof. Let R be a parametric rule anfl: [a,b] x R, — R a parametric representation of
R. Assume thaR is progressive Let A € [a,b], yo >0anda > 1. Let T = f(A,yo) +
f(A,ayo) andN = {1,2}. Then,R(N, (yo,ayo), T*) = (f(A,y0), f(A, ayo)). By progres-
sivity, f(A,¥o) /Yo < f(A,ayo0) /(ayo). Thusaf (A,yo) < f(A,ayp), which shows thaf

is superhomogeneous in income.

Conversely, assume thhis superhomogeneous inincome. [Rty, T) € Z andi, j € N
be such thad < y; <yj. LetA € [a,b] be such thaR(N,y, T) = (f (A,¥i))ien- Then, by
superhomogeneity, (A,yj) = f(A, % yi) > % f(A,yi).Thus

Yj Yi Yi Yi

Rj(N,y,T) f(/\,yj)zf()\,yi) R (N,y, T)

which shows therogressivityof R. g

It is evident thatprogressivityimplies the following axiom, which says that any two
agents with the same income should pay the same tax.

Equal treatment of equals. For each(N,y,T) € & and each paif, j € N with y; =y;j,
R (N,y, T) =Rj(N,y, T).

Young (1987, Theorem 1) shows that the parametric rules are the only rules satisfy-
ing consistencyequal treatment of equalendcontinuity Therefore, using his result and
Lemma 1 we obtain:

Proposition 1. A rule satisfies progressivity, consistency, and continuity if and only if it has
a parametric representation that is superhomogeneous in inéome.

51t is worth noting that, although there might be different representations of a parametric rule, superhomo-
geneity in income is invariant; that is, either every representation is superhomogeneous in income or none of
them is superhomogeneous in income.



Remark 1. Marshall and Olkin (1979, p.453) and Bruckner and Ostrow (1962, Lemma 3)
offer similar results for tax functions: R, — R.® The main difference between their model

and ours is that our rules amultivariate vector valuedunctions with the two constraints

of (income)boundednessr balancedness Despite the differences, Proposition 1 shows
that, thanks to Young’s (1987) characterization of parametric rules, the earlier results can be
extended in our model without much difficulty.

Lemma 2 gives a necessary and sufficient condition for a parametric rule to satisfy
merging-proofnessA parametric representatioit [a,b] x R, — R is superadditive in in-
comeif for eachA € [a,b] and each paiyo,y, € Ry, f (A,Yo+Yp) > f(A,y0)+ f (A.¥p).”

Ju (2003, Proposition 1) offers the following result:

Lemma 2 (Ju 2003) A parametric rule satisfies merging-proofness if and only if it has a
parametric representation that is superadditive in income.

The proof of the lemma is given in the appendix.
The next lemma says thabnsistencandmerging-proofnestogether implyequal treat-
ment of equals

Lemma 3. Merging-proofness and consistency together imply equal treatment of équals.

Combining Lemmas 2 and 3 and Young'’s (1987) characterization of parametric rules, we
obtain:

Proposition 2. A rule satisfies merging-proofness, consistency, and continuity if and only if
it has a parametric representation that is superadditive in inc8me.

Now, due to Propositions 1 and 2, the logical relation betwwegressivityandmerging-
proofnesscan be established from the following relation between superhomogeneity and
superadditivity.

Lemma 4. Superhomogeneity in income implies superadditivity in income.

Proof. Let yo andyj be such thad < yo <V,. Leta = (Yo+Vj)/Yy. Then, bysuperho-

mogeneity f (A,ayp) > af (A,yp), thatis, f (A,yo+Yp) / (Yo+Yo) = f(A,¥5) /Yo Thus,
f(A,Yo+VYp) > F(A,¥p) +)y78f(/\7y6). By superhomogenei;tx%f(/\,y{)) > f(A,¥o). Hence
f(A,Yo+Yo) > F(A,¥5) + f (A,¥o0), which shows thaf is superadditiven income. g

It follows from Propositions 1 and 2 and Lemma 4 that:

6See also Proposition 2 in Thon (1987).

Like superhomogeneity, superadditivity in income is also invariant with respect to the choice of the repre-
sentation.

8Chambers and Thomson (2002, Lemma 3) show ¢basistencyandequal treatment of equatsgether
imply anonymity which says that the chosen tax profile should not depend on the names of agents. Combining
this with our lemmamerging-proofnesandconsistencymply anonymity

9This strengthens Theorem 2 in Ju (2003) by dropgiggal treatment of equals



Corollary 1. LetR be a rule satisfying consistency and continuityRIs progressive, then
Ris merging-proof. But the converse does not H8ld.

Remark 2. Without consistencyand continuity, the logical relation betweeprogressivity
andmerging-proofness Corollary 1 does not hold, as shown by Example 1 in Section 5.

Remark 3. Since rules take only non-negative values, if a parametric representation is
peradditive in incoméor superhomogeneouby Lemma 4), then it is\on-decreasing in
income Thus the corresponding parametric rule satigBasorder preservationTherefore,
among parametric rulesjerging-proofnesr progressivity impliestax order preservation

Note that any convex function that crosses the origin is superhomogeneous. This, to-
gether with Proposition 1 and Corollary 1, gives the following:

Corollary 2. Any rule with a parametric representation that is convex in income is progres-
sive and merging-proof.

Both the leveling tax and the flat tax have parametric representations that are convex in
income. Thus, they are bofitogressiveandmerging-proof The same argument applies to
show that two other classical tax rules, such as the proposals by Cohen-Stuart and Cassel
(and formulated as rules by Young, 1988), pregressiveandmerging-proof

4.2 Progressivity and inequality reduction

We now investigate the logical relation betwgengressivityandinequality reduction The
following additional axioms are also considered.

Revenue continuity.For eachN € ./, eachy € Rﬂ, each sequencd":ne N} in R, and
eachT € R, if T" converges td@, thenR(N,y, T") converges t&R(N,y, T).

Revenue monotonicity.For eachN,y, T) € 2 and eacil’ > T, R(N,y, T") = R(N,y,T).
Young (1987) offers the following useful lemma:

Lemma 5 (Young 1987) Equal treatment of equals, revenue continuity, and consistency
together imply revenue monotonicity.

Now we are ready to prove the following result.

Proposition 3. The following statements hold

(i) Progressivity and income order preservation together imply inequality reduction.

(i) Inequality reduction and consistency together imply progressivity.

(iii) Inequality reduction, together with consistency and revenue contifaritgvenue monotonic-
ity), implies income order preservation.

10An example of a rule satisfyinmerging-proofnessut violating progressivitycan be provided upon re-
quest.



Proof. The proof of parts (i) and (ii) will be provided in the appendix. Here we prove
part (iii). Let R be a rule satisfyingonsistencyrevenue continuitgndinequality reduction
(the same argument applies wherenue continuitys replaced witlrevenue monotonicijy
Then by the second statemeRatisfieprogressivityand alsequal treatment of equal8y
Lemma 5,R also satisfiesevenue monotonicitySuppose, by contradiction, thRtviolates
income order preservatiomhen, there existN,y, T) € 2 andi, j € N such that; < y; and
¥i — X > Yj— Xj, wherex= R(N,y, T). By consistencyR({i, j}, (¥i,Yj), X +Xj) = (%, Xj).
Letn e N be such that

(Yj =) (yj =) )
YiYi =% —Yj+Xj)
Consider the problertN’,y, T) € 2 with N’ ={i, j} UM such thafM| =n—1, MNN =0,
Yj =VYij, Y =Vi for eachk e MU {i}, andT’ = nx + ;. By equal treatment of equalthere
exista,b € R; such that for eacke MU {i}, R¢(N',y,T’) =aandRj(N,y,T') = b. If
a+b > x + xj, then byconsistencyand revenue monotonicit;R({i, its(vivyj).a+ b) =
R({i, i}, (¥,¥5),a+b) = (a,b) > (xi,x;) = R({i, ]}, (%i,yj): % +Xj). Thenna+b > nx +
X; = T’, contradictingoalancednessA similar contradiction occurs #+b < x; +X;. There-
fore,a+b = x; +Xj. This, together witma+ b = nx +Xj, impliesa = x; andb = x;. There-
fore, for eactk e MU{i, j},

n-1>

, n | X ifkeMuU{i}
Rk(N ,)/,T)_{ Xj ifk=]j
Thus, byinequality reduction
Vi _ minkEN’{y{(} < minkEN’{y{(_ R|((N/7Y7T/)} _ yJ _Xj
yj + ny YheaYk ke Re(NLy,T) (V) = X)) +n(yi =)’
which implies that
(i =% (yYi —¥i)

n< ,
Yi(Yi —% —Yj +Xj)

contradicting (1).x
The next result follows directly from Proposition 3.

Corollary 3. For consistent and revenue continudos revenue monotonjeules, the com-
bination of progressivity and income order preservation is equivalent to inequality reduction.

Remark 4. A similar result is established for tax functions by Eichhorn et al. (1984). In
order to extend that result in our model, we need the two additional axmonsistencynd
revenue continuityor revenue monotonicijy

It follows from Proposition 3 that since the leveling tax and the flat tax satisfy jwath
gressivityandincome order preservatigrihey satisfyinequality reduction After strength-
eningrevenue continuityo (full) continuity, we obtain the following result.



Proposition 4. A rule satisfies inequality reduction, consistency and continuity if and only
if it has a parametric representatioh: [a,b] x R, — R such thatf is superhomogeneous
in income and for each ¢ [a,b], the functiong® (x) = x— f(A,x) is non-decreasingt

Proof. LetRbe arule satisfyingnequality reductionconsistencyandcontinuity. By Propo-
sition 3, R satisfiegprogressivityandincome order preservationrhen, by Proposition IR
has a parametric representatibn[a,b] x R, — R, wherea,b € RU {4}, which is super-
homogeneous in income. Late [a,b]. Letg® : R, — R be such thag! (x) = x— f(A,x)
for all x e Ry. Suppose, by contradiction, that there exist € R, such thatx < y and
g’ (x) > g (y). LetT = f(A,x)+ f(A,y). Consider the problery{1,2},(x,y),T). Then,
R({1,2},(x,y),T)=(f(A,x),f(A,y)). Thus,

X— R1<{1> 2}7 (Xay) 7T)) = g)\ (X) > g)\ (y) =y- RZ({L 2}> (Xay> 7T))’

contradictingncome order preservation

Conversely, leR be a rule with parametric representatibn[a, b] x R, — R such that
f is superhomogeneous in income and for each [a,b], g (x) = x— f(A,x) is non-
decreasing. By Proposition R satisfiesprogressivity continuity and consistency Then
by Proposition 3, we only have to shancome order preservationSuppose, by contra-
diction, that there existN,y,T) € 2 andi, j € N such thaty; < y; andy; —R(N,y,T) >
Yj —Rj(N,y,T). LetA € [a,b] be such thaR(N,y,T) = (f (A,yi));cn- Then

Vi — f (Aayl) =Yi _Rl(N7y7T) >yJ _RJ(N7y7T) :yJ —f (Aayj)a

contradicting the non-decreasing propertygdf-). &

5 Operators: what axioms are preserved?

An operatoris a function that maps a rule into another, possibly the same, rule. An axiom is
said to bepreservedunder an operator if any rule that satisfies the axiom is mapped by the
operator into a rule that also satisfies the axiom. We consider two operators introduced by
Thomson and Yeh (2001) and study preservation of our three main axioms.

5.1 Convexity operators

When two rules compete, a natural compromise is to mix the two rules by a convex combi-
nation as suggested lopnvexity operatorsFormally, given a “reference ruleﬁ(-) and a
weighta € [0, 1], theconvexity operatoassociated witlR anda maps each rul®(-) into

the convex combinatiofl — a) R(-) + aR(-).}2 The idea of mixing two rules is also useful

UThis property is also invariant.

12Thjs definition is slightly different from the definition in Thomson and Yeh (2001). The convexity operator
in Thomson and Yeh (2001) maps an ordered list of a finite number of rules into the weighted average rule.
Our results can easily be adapted to establish the same results for their convexity operator.
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for a smooth transition from one rule to another when such a transition is required.
Mixing two rules may lose its appeal if such an operation does not preserve some basic
axioms of taxation. Fortunately, all of our three main axioms are preserved:

Proposition 5. Consider convexity operators associated with a referenceRul If R(:)
satisfies progressivity, then each of these convexity operators preserves progressivity. And
the same results hold for inequality reduction and merging-proofness.

Proof. We skip the proof of preservations pfogressivityandmerging-proofnesswhich is
straightforward. Suppose th&{(-) andR(-) satisfyinequality reductionLet a € [0,1]. Let
(N,y,T) € 2, x=R(N,y,T), x=R(N,y, T) andx? = R* (N,y, T). Without loss of gen-
erality, assume thatl = {1,...,n} and thaty; <y, <--- <y, Leto, candm: N — N
be permutations oN such that for eache {1,...,n—1}, Ygi) — X5(i) < Ya(i+1) — X (i+1)»
Yo(i) = Xa(i) < Yo(i+1) = Xo(i+1) @N0Yni) = Xqi) < Yr(iv) = Xpgipq)- Leti € {1,...,n—1}.
Note thaty'_; (Yr(j) —%m(j)) > Yj=1 (Ya(j) — Xa(j)) because, by definition o, the right-
hand side is the sum of théo_west post-tax incomes associated with the tax prafi®imi-
larly, 3'j—1 (Ya(i) —%m(i)) = ¥j=1 (Yo(i) —*a(j)). Therefore,

i
jZl (Yo =¥)) = (A=) 3 (yoi) X)) +@

(Yr(j) — %))

M_.

=1 J
i
> (=) 5 (ot ~Xo()) +@ 3 (Vo) ~%ati)-
J:

1

—

By inequality reductiorof R(-) andR(-),

21 Vo) —Xot) . 2i=a¥i  Zima Va) —%e) | ZizaYi
YT v YT v

Therefore,

Y1 (yﬂ(i) _X?{r(j)> . zijzlyj
Y-T Y
showinginequality reductiorof R. g

5.2 Minimal-burden operator

At each problem(N,y, T), if T — 3 ;jcn\giyYj > 0 for an agent € N, this part of the rev-

enue cannot be covered even if everyone other thzays his full income. Thus this part

can be viewed as the minimal burden imposed on agdrbr each € N, letmi(N,y, T) =
min{0, T —¥ ;. Y;} bei’s minimal burdenLetm(N,y,T) = (mi(N,y, T))ien andM(N,y, T) =
Snmi(N,y, T). Theminimal-burden operatoassociates with each ruRethe ruleR™ defined

by the following two-step payment procedure. For each problem, first each agent pays his
minimal burden; second, each agent pays his tax accordiRgatdhe revised problem ob-

10



tained by reducing agents’ incomes by the amounts of their minimal burdens and the tax
revenue by the total minimal burdens. That is, for e@éhy, T) € 2,

Rm(N>y7T) = m(N7y7T) +R(N>y_m(N7y7T)7T - M<N7y7T)>

The next proposition shows what axioms are preserved under the minimal-burden opera-
tor.

Proposition 6. The minimal burden operator preserves progressivity and inequality reduc-
tion. However, it does not preserve merging-proofness.

The proof is provided in the appendix.
Example 1 below shows that the minimal-burden operator does not presergang-
proofness

Example 1. For eachN,y, T) € 2, let

L .
R(N7y7T)E{ RE(N,y,T) if T>10

RF(N,y,T) ifT<10 "’

whereR denotes the leveling tax ari®f the flat tax. Since botR- andR™ aremerging-
proof, R is merging-proof However,R™ is not merging-proof To show this, consider the
problem(N,y,T) = ({1,2,3},(5,55,100), 70). Then,

R™(N,y,T) = (0,0,10)+ R ({1,2,3}, (5,55,90),60) = (O, %5, 1715) :
Consider now the resulting problem in which agedt@snd 3 merge their incomes and are
represented by age8ti.e.,(N\{2},y,T) = ({1,3},(5,155),70). Then,

RP(N\(2LY.T) = (0.65) + R ({1.3),(6.90.5) = (5. 30 )
Consequently,
RI(N\{2}Y.T) <RZ(N,y, T) + R (N,y, T),

which shows thaR™ is not merging-proof Note thatR is progressive By Proposition 5,
so isR™. Therefore R™ is an example showing thatogressivitydoes not implymerging-
proofnessas claimed in Remark 2.

For rules satisfying the following very mild axiom, we show that the minimal-burden
operator preservaserging-proofness

Suppose that an agent donates part of his income and that the donation is used to finance
tax revenue. Then both the donor’s income and the tax revenue go down by the amount of
the donation. The next axiom says that the donor’s total payment (tax plus donation) should
not be lower than his total payment without donation.
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No Donation Paradox.For all (N,y,T) € 2, alli € N and allt € [0,min{T,yi}],
R(N,Y,T) <t+R (N, (yi—t,y—i), T—t).3

Ju and Moreno-Ternero (2005) characterize a large family of rules satisfgidgnation
paradoxand some other axioms. The family includes most of the well-known parametric
rules, which showso donation paradoixs a very mild condition.

Note that the rule in Example 1 violatas donation paradaxTo show this, consider the
problem(N,y,T) = ({1,2},(3,15),11). Then,R(N,y,T) = (0,11) andR(N,(3,13),9) =
(27/16,117/16). Thus,R; (N,y, T) =11>2+117/16= 2+ Rx (N, (3,13),9).

Proposition 7. On the family of rules satisfying no donation paradox, the minimal-burden
operator preserves merging-proofness.

The proof is provided in the appendix.

6 Concluding remarks

We conclude with some remarks associated with two other operators in Thomson and Yeh (2001)
and the axioms that are dual to our main axioms.

Truncation and Duality Operators

Truncation Operatomaps each rul®(-) into R (-) defined as follows: for eactN,y, T) €
2 and each € N,

R(N,Y, T) =Ri(N, (min{y;, T})jen, T).

Progressivityis not preserved under truncation operatarshow this, we can use the flat
tax (Thomson 2005, Table 3.2, p.205). Let us call the image of the flat tax under truncation
operator truncated flat tax. It is easy to show that the truncated flat tax saesgfiessivity
and differs from the flat tax. Thus it violatpsogressivitybecause the flat tax is the only rule
satisfying bothprogressivityandregressivity

Inequality reductions not preserved under truncation operaldnis is shown in Exam-
ple 2.

Merging-proofnesss not preserved under truncation operafoinis is shown in Exam-
ple 2. We can also use the flat tax and a similar argument to the above one provided for
progressivity

Example 2. Consider the leveling tak. It is easy to show that, in the two-agent case,
L' (the image ofL under the truncation operator) coincides with the so-catiedcede-
and-divide(Thomson 2003). This rule has the following expression, for the problems with

BIn bankruptcy problems, this axiom is introduced by Thomson and Yeh (2001). It is the dual of “claims
monotonicity” (see p.100 and p.161 in Thomson 2005).
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({17 2}7 (ylvyZ)vT) such thayl < Y2!

(3:3) it T <yi
CD({1,2},(y1,¥2), T) =4 (%, T-%) ify<T<vy, .
(V1= Y5y —Y5T) ify,<T

If T=21and(y1,y2) = (1,3), we have

CDi({1,2}, (y1,¥2),T) _ 11 CD2({12},(y1,52),T)

Y1 2 6 Y2

which shows that concede-and-divide (and therefdy&iolatesprogressivity Similarly,

CDi({1,2},(y1,y2), T) _1 1 _y1

T 274 Y’

which shows that concede-and-divide (and therefdjeviolatesinequality reduction Fi-
nally, consider the problef = ({1,2,3},(1,2,3),2) € 2 and the resulting problel® =
({1,2},(1,5),2) € 2 in which agents 2 and 3 merge their incomes. Then, it is straightfor-
ward to show that!(P) = (0,1,1) andL'(P") = CD(P') = (3,3). Thus,L,(P) + L}(P) >
LL(P"), which shows that' is notmerging-proof

Duality Operatormaps each rul&(-) into R (-) defined as follows: for eacfN,y,T) € 2
and each € N,

RN, T) =yi—R(Ny, 5 yj—T).
JEN

Progressivityis not preserved under duality operat®his is becauseegressivityis the
dual property ofprogressivityand so for anyrogressiverule R(-) that differs from the flat
tax, its dualRd (-) satisfiegegressivitybut notprogressivity

Inequality reductions not preserved under duality operatdo show this, consider the
leveling tax, of which the dual is the head tax. Note that the leveling tax satBsbgses-
sivity andincome order preservationThus by Proposition 3-(i), it also satisfiggequality
reduction On the other hand, the head tax satisfezggessivityand consistency Thus by
Proposition 3-(ii), it must violatenequality reduction.

Merging-proofnesss not preserved under duality operatdrhis is becausenerging-
proofnessds the dual property a$plitting-proofnessind so for anymerging-proofrule R(-)
that differs from the flat tax, its dud®® (-) satisfiessplitting-proofness Since the flat tax
is the only rule satisfying botmerging-proofnesandsplitting-proofnessthenRd (-) must
violate merging-proofness

Minimal-burden Truncation Duality
Progressivity Y N N
Inequality reduction Y N N
Merging-proofness| N (Y under no donation paradox) N N
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1 2 |3...,n|n+1|n+2 1 2 |3...,n|n+1|n42
a a Y_(12) X1 X2 X_1.2
a a |yqpzn| O 0 X1 X/z X (1,2} /0 0
a | Y-z | a 0 ) —{1 2y | X1 | O
a | Y-q12p| @ X —{1 2 | X1
0 a | Y-q12p| @ 0 0 X5 —{1 2 | %1 | O
a a |y 0 X1 X2 | X_{12} 0
a a | Y2 X1 X2 | X_{12}
(a) Income profiles (b) Tax profiles

Table 1: Proof of Lemma 3.

Dual Axioms

As shown in Thomson (2005), dual axiomspybgressivityand merging-proofnesare
regressivityandsplitting-proofnessespectively. Proposition 3.9 in Thomson (2005) says that
an axiom is preserved under truncation operator if and only if the dual axiom is preserved un-
der minimal-burden operator. Therefore, from Proposition 6 we obtain: truncation operator
preservesegressivityand the dual axiom ahequality reductionbut notsplitting-proofness
Also from Proposition 7, we obtain: on the family of rules satisfyingome monotonicity
(which is the dual oho donation parado) truncation operator preservgdlitting-proofness

A Proofs

Proof of Lemma 3 Let (N,y,T) € Z andi, j € N be such that # j andy; = y;. For sim-
plicity, leti =1 and j =2 andN = {1,...,n} (this problem is illustrated in the second
row of Table 1-(a)). Lek=R(N,y, T) anda =y; =y, (x is illustrated in the second row
of Table 1-(b)). LetN'=NuU{n+1,n+2}. Consider the probleniN’,(y,0,0),T)(=
(N, (a,a,y_{12},0,0),T)) wheren+1 andn+2 have zero income and all agents Nh
have the same incomes as(M,y, T) (see the third row of Table 1-(a)). Byoundedness
Rint1n23(N'; (y,0,0),T) = (0,0). By balancednesandconsistencyRy(N', (y,0,0),T) =
R(N,y,T) (see the third row of Table 1-(b)). Now consider the prob{& {1}, (a, Y_{1,2},80),T)
obtained by merging the incomes of agebtandn+ 1 at (N’, (y,0,0),T) into the income
of agentn+ 1 (see the fourth row of Table 1-(a)). Let= R(N'\{1},(a,y_{12,a,0),T)
(see the fourth row of Table 1-(b)). Thef), , = 0 and bymerging-proofnessc,, ; > x1. By
consistency(x,, X’ " 12p Xp11) =R{2,...,n+1}, (@Y _q12,8),T).

Consider the problertN’, (0,a,y_(1 2,a,0), T) wherel andn+ 2 have zero income and
all others inN" have the same incomes as(¥2,...,n+ 1}, (a, Y_{1,2},8),T) (see the sixth
row of Table 1-(a)). Then, bpoundednesandconsistencyR(N’, (0,a,y_(12,8,0),T) =
(0,%5,X C{12p Xn,1,0). Now making the reverse argument but merging the incomésaofl
n+2lat(N, (0,ay_ (1,21>&0),T) into I's income and applyingnerging-proofnesswe can
showx; > x4, asxy = Ri(N'\{n+1}, (&, ay_112,0),T).
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Thereforex; = x, ;. By balancednesse + - 4 X, = X, +--- + X;. Thus, the two re-
duced problems ofN,y, T) and({2,...,n+1},(a,y_{1.2,a),T) for the coalition{2,...,n}
are identical. Byconsistency(xo, ..., %n) = (%, ...,X,).

To summarize, by replacing ageks income afN, (a,a,y_1 5,), T) with agent(n+1)'s
income, we transformed the problem intf2,...,n,n+1},(a,y_(12,8),T) and showed
that1’s tax at the original problem is equal {o+ 1)’s tax in the new problem and the taxes
of all others do not change.

Now, transformind{2,...,n,n+1},(ay_g12,8),T)into ({3,...,n,n+1,n+2},(y_(12,8,a),T)
and lettingx= R({3,...,n,n+1,n+2},(y_12,8a),T), we can show thatis n.1, =
)il{s,...,n+1} = (X3..n}>Xne1) = (X3...n}p>X1) @ndXxp = Xy 2. Thereforex; = X, 1 andx; =
Xnt2.

Applying the symmetric argument (the whole argument above) switching the role bf
and the role oh+ 2, we can show that, = X, 1 andx; = X1 2. Thereforex; = xo. 1

Proof of Proposition 3, parts (i) and (i) The proofs of parts (i) and (ii) below are similar
to Eichhorn et al. (1984).
() Let Rbe a rule satisfyingrogressivityandincome order preservatiorLet (N,y, T) €
2. Assume, without loss of generality, tiak y1 <y, <--- <y,. Letx=R(N,y, T). Then,
by progressivity
—< =< < — (2)

Letk € {1,...,n—1}. By (2), xiyj < xjyi, foralli=1,...,kandj=k+1,..,n. Thus,
S T 1Y < 31X Ty Equivalently, sk % 5T py; < 371 x; ¥E i, which

says that k k
_iw _;(yi —X) = _;yi i(yi —Xi). 3)

By income order preservatigrthe post-tax income profiley; — X;);cy Preserves the order
of the pre-tax income profilg. Thus, (3) shows that the post-tax income profile Lorenz
dominates the pre-tax income profile.

(i) Let R be a rule satisfyingnequality reduction Suppose, by contradiction, thRt
is not progressive Then, there existN,y, T) € 2 andi, j € N, such thatd <y; <y; and
R(N,Y,T)/yi > Rj(N,y, T)/yj. Letaj=1— w andaj =1— M Then,g < aj,
and therefore, J

Yi > ajyi > min{aiyivajyi}_ (4)
Yi+Yyj ayitajyj ayi+ajyj
Now, let T’ =R (N,y,T) +R;j (N,y, T). Consider({i, j},(yi,yj),T') € 2. By consistency,
Rk ({|7 J}a (yiayj)aT/) = Rk(Nava) foreachk= i7 j! and therefor%ﬂ(_ Rk ({|7 J}a (yiayj)aT/) =
akyk for eachk =1, j. Thus, (4) contradictsequality reductiong

Proof of Proposition 6 Progressivity LetRbe a rule satisfyingrogressivity Let(N,y, T) €
2 andX™ = R™"(N,y,T). Assume, without loss of generality, thet= {1,2,...,n} and
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y1 <y2 <--- <y Letke N be the first agent whose minimal burden is strictly posi-
tive, i.e.,Yko1 <Y =T <yk. Thenmy (N,y,T) =--- =me_1(N,y,T) =0 < m(N,y, T) <

M1 (NLY,T) <--- <my(N,y,T). Foreach >k m(N,y,T)=yi—Y+T. Lety =y—
MmNy, T)=(y1,..-.¥k-1,Y = T,....,Y =T)andT' =T -5 m (N,y, T) =T—-3", (¥i—Y+T).
LetxX =R(N,y,T’). Then

m {x{ifigk—l; 5)

T Y=Y 4T X i >k

Leti, j € N be such thay; <y;j. There are three cases.

Case 1y; <yj < yk. By progressivityof Rat (N,y', T'), X"/yi = X /yi <Xj/y; = x["/y;.
Case 2y <y; <yj. By equal treatment of equalsf Rat (N,y,T’) (implied by thepro-
gressivityof R), X = X; = a. By boundednessf = x; =a<Y —T and soY - T —x =
Y-T- x’j =Y —T —a> 0. Therefore, sincg <Yyj,

X"y —Y4+T+X :1_Y—T—a<1_Y—T—a:yj—Y+T+X’j X

Yi Vi Yi Yi Yj Yj

Case 3y; < yk <Yj. By progressivityof Rat(N,y, T'),

)7:< I (6)

Now, sinceY —T <y; and, byboundedness; <Y —T, thenxjy; < (Y —T) (yj -Y+T +x’j>.

Hence, / /
X] _ Yi =Y +T+X;

Y-T ™~ Yij )

Therefore, combining (6) and (7),

(7)

Inequality Reduction Let R be a rule satisfyingnequality reduction Let (N,y,T) € 2,
(N,Y,T’), x™ andx be given as in the above proof. Note that X" =y —x. By the
inequality reductiorof Rat (N,y,T’), y — X Lorenz dominatey’. Thus, we only have to
show thaty’ Lorenz dominateg.'* Itis clear that for each< k—1,5!_;y//Y' > 5!_,vi/V.
Assumd > k. Note thats!_,y//Y' > 51 yi/Y is equivalent to

k n I n
i;yi (i_%l(Yi -Y +T)) = (Y=T) ((n - |)i:%_1}’i — (1=K i_ZﬂM) ;

14Note that ify is increasingly ordered, soys.
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which is true because the left-hand side is non-negative and the right-hand side is non-
positivel® g

To prove Proposition 7, we need the following additional axiom and lemma.

No donation paradoxand merging-proofnessogether imply the following useful prop-
erty, as shown in the next lemma. Suppose that two agemtd ] merge their income into
J's income and agent donates’s income. The property says that the total payment by the
two agents should not be lowered by such a donation.

Donation-Proofness.For all (N,y, T) € Z and alli, j € N, such thafl >vy;

Lemma 6. Merging-proofness and no donation paradox together imply donation-proofness.

Proof. LetRbe arule satisfyingherging-proofnesandno donation paradaxLet (N,y, T) €
2 andi, j € N such thafl > y;. By merging-proofness

By no donation paradoyapplied to ageng with donationy; at (N\{i}, (i +Vj,Yngiji) > T).

Ri(N\{i}, (Vi + Vi ¥ngijn) - T) < vi+Ri(N\{ (i Yagijn) » T —Yi)-

Combining the two inequalities, we obtain

which showsdonation-proofness
Now we are ready to prove Proposition 7.

Proof of Proposition 7 LetRbe arule satisfyingo donation paradoandmerging-proofness
By Lemma 6,R satisfiesdonation-proofness.Let (N,y,T) € 2. Assume, without loss
of generality, thatN = {1,2,...,.n} andy; <y, < --- <y, Letk e N be the first agent
whose minimal burden is strictly positive, i.&.is such thay_; <Y —T <y. Leti,j €N
andy € RE\{'} be such tha; =i +y; and¥ngij) = Yngi,j3- Letx=R(N,y, T) and
X=R(N\{i},y,T). Letx"=R"(N,y,T) and™ = R™"(N\{i},y,T). We showx{“+x§“ < >“<;“
below.

LetM =M (N,y,T) andM = M (N\{i},y,T). Lety = (y1,...,Vkie, Y =T,...,Y =T)
andX =R(N,y, T —M).

BNote that (n—1)3_ a1y < =-DS v = (M=)(1-Ky and (1-KS 1V
(1=K 3L 141 = (1=K (n=1)yj;1. The two inequalities imply(n—l)z}:kﬂyi — (1=K 3L Y
(=D (1=K —Yy1) <0

IN IV
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Case 1y, +y; <Y —T. Theny;,y; <Y —T and sox" = X andx|' = x;. Note thatM = M.
Then,R'(N\{i},y,T) equalsj’'s award undeiR(-) at the problem obtained froiyf after
mergingi and j's incomes. Thereforemerging-proofnessf R at (N,y, T —M) implies
X"+ X" < K.

Case 2yi,yj > Y — T. Without loss of generality, suppoge< y;. In this case,

Yi—(Y—T)+Ri(NaY17-~~7Yk—1a\Y—Ta~-~;Y—T;T—M)

XM | xM — n—kt1

- Y= (Y =T)+R(Ny2,... Yk, Y =T,...Y =T, T-M) |’
V+1

)’zlin:yl +yJ (Y T)+RJ(N\{ } Y1, Y- 17Y T Y T,T—M)
n—k

SinceM = M +Y — T, then bydonation-proofness

Ri(Naylw";ykflv\Y_T?'"7Y_-I:;T_M)+Rj<N7yl7"'7ykfl7Y_T7"'7Y_-I:7T_M)

n—‘k,+1 n:kr+1

nfk

Thereforex™ + xﬁ” < >“<5n

Case 3y, <Y —T <yj. Note thatM = M +y;. We have

Ri(N’YL---,Yi—1,Yi,Yi+17---aYK—17Y—Ta---yY—-E;T _M>+yj - (Y_T>

XM xm — n—r+1
+Ri (N, Y1, Yie 1 Y Vit - Ve, Y = T, Y =T T — M)
) )
KM=y +y— (Y =T)+Ri(N\{i},y1,-- . ¥i-1,¥it+1, - Yko1, Y = T,...,Y =T, T = M).

n—k+1
SinceM = M +y;, then bydonation-proofness

Ri(N>Y1,- --7Yi—1,Yi>yi+la-~-7Yk—17Y_Ta~ "7Y_-|:7T - M)

n—k+1
RN, YL, - Yie 1, Y Vit oo Yk, Y = T, Y =T T — M)
o /
<Vi+ R](N\{I}7y17 o Yi-1Yit, - 7Yk—1,Y—T7~ .. 7Y_T/7T - M)
n—k+1

Thereforex™+x{" < X".
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Case 4y; <Y —T <y;. Note thatV = M +yj. We have

yi_(Y_T)+Ri(N7y17"~7yj7"'7yk—17y_T7 Y TT M

M xM — n—k+1
T RN YL Y MY — T Y ST T M)
n f+1
R =yi+y)— (Y =T)+RN\{i}yn, o, Y=T e n,Y =T, Y =T, T~
j‘hincome ntk

By merging-proofness

Ri(N;YL---,YJ;--~>Yk—1aY—T,--->Y—-|:>T—M)

n—\kr+1
RN, YL, Y Ve, Y =T, Y =T T — M)
n:kr+1
< Rj(N\{i},y1,...,Yj —l—Y—T,...,yk_l,\Y—T,...,Y—TJ,T —M).
it inTcome n—k

By no donation paradorpplied to agenj with donationyj,

Rij(N\{i},y1,...,Y; +Y =T, Wk, Y —=T,....Y =T, T— M)

jth income n—k )
<Y RN\ Ly, Y=T Y, Y=T,..,Y =T, T—M).
1 S - .
jth income n—k

Combining the two inequalities, we obtain

Ri(Naylw-o;YJ>~~-;YK—17\Y—T;~~7Y—T/T—M)+RJ(N;Y1,~~»Yj;-~~7Yk—1aY—T,~~-;Y—1:7T—M)
nf+1
<Y FRNL Yy YT e Y =T, YT T - M),

jth income n—k

n—k+1

which impliesx™ +x]" < %",
Case By,y; <Y —-Tandy,+y; >Y—T. ThenM =M +T — (Y — (y; +Yj)). We have

R(N YL, VYo Yo, Y =T, .Y =T T — M)

m m__ n—k+1
I HARI(NYL, . VY Yk t,Y =T, Y =T, T— M),
n:kr+1 .
KM =T — (Y — (Vi +Yj)) +Ri(N\{i}, vy, -, Y?T ,---,yk_l,Y—T,.;,Y—'I:,T—M).
jth income n—k+1
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By merging-proofness

XX < RUN\{i}, Y, Vit Ve, Y =T,..,Y =T, T—M).
n:k,+1

jthincome

SinceT —M =T —M — (T — (Y — (i +Yj))), then applyingio donation paradox foj with
donationT — (Y — (yi +Yj)),

R](N\{I}7y177 y|+y] P ayk—17Y_T7"'7Y_-EaT_M>

jth inTcome Nkt A
ST_(Y_(yl_|_y]))_*—RJ(N\{I}aylv7 YTT 77y|(717\Y_T77Y_T/7T_M)
jthincome n—k+1

Thereforex™ + ern < XG“ 1
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