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Abstract

Global games methods are aimed at resolving issues of multiplicity of equilibria and
coordination failure that arise in game theoretic models by relaxing common knowledge
assumptions about an underlying parameter. These methods have recently received
a lot of attention when the underlying complete information game is one of strategic
complements (GSC). Little has been done in this direction concerning games of strategic
substitutes (GSS), however. This paper complements the existing literature in both
cases by extending the global games method developed by Carlsson and Van Damme
(1993) to N-player, multi-action GSS and GSC, using a p-dominance condition as the
selection criterion. Moreover, this approach is much less restrictive on the conditions
that payoffs and the underlying parameter space must satisfy, and therefore serves to
cirumvent recent criticisms to global games methods. The second part of this paper
generalizes the model by allowing “groups” of players to receive homogenous signals,

which, under certain conditions, strengthens the model’s power of predictability.



1 Introduction

The global games method serves as an equilibrium selection device for complete information
games by embedding them into a class of Bayesian games that exhibit unique equilibrium
predictions. This method was pioneered by Carlsson and Van Damme (CvD) (1993) for the
case of 2 player, binary action coordination games. In that paper, a complete information
game with multiple equilibria was considered, and instead of players observing a specific
parameter in the model directly, players were allowed to observe noisy signals about the
parameter, transforming it into a Bayesian game. As the signals become more precise, a
serially undominated Bayesian prediction emerges, with the interpretation of delivering a
unique prediction in a slightly “noisy” version of the original complete information game,
resolving the original issue of multiplicity. This method has since been extended to multi-
player, multi-action games of strategic complements (GSC) by Frankel, Morris, and Pauzner
(FMP)(2003). They observe that if the parameter in question produces dominance regions,
where high parameter values correspond to the highest action being strictly dominant for all
players and low parameter values correspond to the lowest action being strictly dominant
for all players, then as the signals become less noisy, a unique global games prediction
emerges. FMP and subsequent work along this line has emphasized two underlying features
of global games analysis: uniqueness of selection and noise-independent selection. The
former refers to the robustness of a global games selection to the distribution assigned to
the noisy parameter, the latter to the uniqueness of the selection as noise shrinks to zero.
Little work in this area has been done in games of strategic substitutes (GSS). Morris
(2008) has shown that this case can be much more complex by giving an example of a GSS
satisfying the traditional sufficient conditions in FMP yet failing to produce a unique predic-
tion. Harrison (2003) studies scenarios where this difficulty can be overcome by considering
binary action aggregative GSS with sufficiently heterogenous players and overlapping domi-
nace regions. Still, the global games solution can only be guaranteed to be a unique Bayesian
Nash equilibrium and is not the dominance solvable solution. Although this difficulty is com-

putational in nature, there is also a very important theoretical difficulty that can arise in



global games analysis, due to a recent observation by Weinstein and Yildiz (WY) (2007).
In games of incomplete information, rationality arguments rely on analyzing a player’s hi-
erarchy of beliefs, that is, their belief about the parameter space, what they believe their
opponents believe about the parameter space, and so on. In general situations, this informa-
tion can be identified as a player’s type, or a probability measure over the state space and
the types of others. Suppose © is an underlying parameter space, and consider a complete
information situation where players’ types assign probability 1 for a specific 8* € O, at
which player ¢ has multiple rationalizable strategies. WY shows that if the parameter space
is “rich” enough, so that any given rationalizable strategy a} for player 7 is strictly dominant
at some parameter % € © , then there is a type for player i that is arbitrarily close to that
under the original parameterization 0* but having a; as the uniquely rationalizable action.
This poses a serious criticism to global games analysis: If players’ beliefs can be slightly
perturbed in a specific way so that any given rationalizable strategy can be justified as the
unique rationalizable strategy, how does a modeller know if the global games method is the
“right” way to refine the set of equilibria?

One approach, which is alluded to in Galeotti, Goyal, Jackson, Vega-Redondo, and Yariv
(2010), is to introduce incomplete information in a “natural” way by introducing uncertainty
only to those parameters which are present in the model. This is directly opposed to Basteck,
Daniéls, and Heinemann (2012), who have shown that any GSC can be parameterized so
that dominance regions are established and the conditions of FMP are met, so that a global
games prediction emerges regardless if a model’s original parameter space lends itself to
such analysis. The latter approach, however, runs the risk of facing the full brunt of the

WY critcism, as the following example shows:

Consider a slightly modified version of the technology adoption model considered in
Keser, Suleymanova, and Wey (2012). Three agents must mutually decide on whether to
adopt an inferior technology A, or a superior technology B. The benefit to each player i of

adopting a specfic technology t = A, B is given by

Ut(Nt) = v + (Nt — ].)



where N, is the total number of players using technology ¢, and v; is the stand-alone
benefit from using technology t. It is assumed that vp > v4 in order to distinguish B as
the superior technology. Assume for simplicity that v4 = 1. Letting vp = x, we have the

following payoff matrix:

A P3 B
P2 P2
A B A B
Al3,33 2, x, 2 A 2,2, x l,z+1,z+1
P1 P1
Blxz, 2,2 |z+1,z+1,1 Blz+1,1L,z4+1|2x4+2,24+2,2+2

Forx € [1, 3], (4, A, A) and (B, B, B) are strict Nash equilibria. Suppose that in order
to resolve this issue of multiplicity, a modeller wishes to use the global games approach and
introduce uncertainty about the parameter x. For > 4 | we have that (B, B, B) is the
strictly dominant action profile. Notice that because we have the parameter restriction
x = vg > va = 1, no lower dominance region can be established,! and therefore in
order to apply the FMP framework one must rely on a new parameterization & la Basteck,
Daniéls, and Heinemann. But notice, by introducing an arbitrary parameter which produces
upper and lower dominance regions in any 2 action game, the richness condition of WY is
automatically met, making the global games selection ad hoc.

This paper considers global games analysis in a setting that is much less demanding
than the FMP framework in terms of the restrictions that an underlying parameter of un-
certainty must satisfy, which, as illustrated above, is often violated. Specifically, the original
CvD framework is extended to N-player, multi-action games of either GSS or GSC, where
the presence of only one dominance region is required, and need not be one corresponding
to the highest or lowest strategies in the action space.? We also use iterated deletion of
strictly dominated strategies as our solution concept, overcoming the computational diffi-
culties present in Harrison. In their original work, CvD uses a “risk dominance” criteria to

determine which equilibria will be selected as the global games prediction, which here is

ILikewise, if common knowledge about v 4 is relaxed, no upper dominance region would be established.
2 A state monotonicity assumption is also unnecessary, so that an increase in a parameter need not induce
a player to take a higher strategy, as in FMP.



generalized to a p-dominance condition. It is shown, however, that as the number of players
grows larger, players must become more certain that a specific equilibrium is played, and
the p-dominance condition becomes more restrictive. The second part of this paper consid-
ers situations in which the full strength of this condition can be preserved for an arbitrary
number of players. It is shown that if in the description of the complete information game
of interest, it can be assumed that players can be grouped so that between groups, players
receive different signals just as before, but within groups, players are able to share signals,

then the power of the global games method to select equilibria can be restrenghtened.

2 Model and Assumptions

The paper will be stated in the case of GSS. When it is needed, the adjustments that are

necessary for the results to hold for GSC will be pointed out.

Definition 1. A game G = (I, (A;)icr, (ui)ier) of strategic substitutes has the following

elements:

- The number of players is finite and given by the set I = {1, 2, ..., N}.

- Each player i’s action set is denoted A; and is finite and linearly ordered. Let @; and
a,; denote the largest and the smallest elements in A;, respectively. Also, for a specific

a; € A; R denote Elj_ = {ai S Al|al >C~L1} and ELZ_ = {ai S Al|&z >CL¢} .
- Each player’s utility function is given by u; : A — R.
- (Strategic Substitutes) For each player 4, if a} > a; and a,_i > a_;, then

’ ’

wi(az, a_;) —uiag, a_;) > wi(as, a—;) — u;(a;, a_;)

We will restrict our attention to cases games that exhibit multiple equilibria. Carlsson
and Van Damme showed that in 2 x 2 games with multiple equilibria, if the game can be seen

as a specific realization of a parameterized game in which dominance regions exist, then any



strict risk-dominant equilibrium can be justified through what is known as a global games

selection.

Definition 2. Let a be a Nash equilibrium. Then a is a strict Nash equilibrium if for all 7,
and for all a;, w;(a;, a—;) > u;(a;, a—;) .

Simply, a Nash equilibrium is strict if each player is best responding uniquely to the
other players when they play their part of the equilibrium.

To resolve the issue of multiple equilibria in a normal form game, we hope to “embed” our
game into a specific parameterized family of games in which the original game in question

is a specific realization of the parameter. We define a family of parameterized games below:

Definition 3. A parameterized game of strategic substitutes Gx = (I, X, (Ai)icr, (wi)ier)

has the following elements:
- X =[X, X]is a closed interval of R, representing the parameter space.

-Vi € I,Va € A, ui(a, ) : R - R is a continuous function of z. We also make
the following convention that Vo > X, u;(a, x) = u;(a, X), and likewise Vo < X,

ui(a, ) = u;(a, X).3

- Va, we denote Gx (z) = ((I, X (As)ier, (wi(+, ©))icr) to be the unparameterized game

when z is realized. We assume that for all x, Gx(z) is a game of strategic substitutes.

- (Dominance Region) 3@ € A, 3D% C X an interval such that

Da - {iL’ eX |VZ € I, Ya_; € A,i, Va; € Ai, ul(d“ a,i) > ui(ai, a,i)}

Note that the last requirement states that for some interval D% within X, some @ € A is
the dominance solvable strategy at those parameters. By the continuity of payoffs, D% can
be assumed to be an open interval, without loss of generality.

With a specific noise structure, a parameterized game of strategic substitutes becomes
a Bayesian game. We will call a Bayesian game a global game if it has the specific noise

structure defined below, and has the payoff properties as defined in Definition 3.

3Because our analysis will be focused on the interior of X, this is only for simplicity.



Definition 4. A global game G¥ = (Gx, f, (p:)icr) is a Bayesian game with the following

elements:

- Gx is a parameterized game of strategic substitutes as defined in Definition 3.
- f:R—[0, 1] is a pdf.

- Vi € I, p; is any continuous pdf whose support lies in the interval (—%, %) The ¢;

are assumed to be independent.

- Each player ¢ receives a signal x; = = + ve;, where z is distributed according to f and
each ¢; is distributed according to ¢;. A subsequent belief about the signals received
by each other player j is formed, which is denoted by f; ;(-|z) : R — [0, 1], where
supp(fij(-|z:)) € 1 (i — 20, z; + 20).* Lastly, we require that each o; and f are
such that Vi, j, z, Ja;rélld v, fij(-]x) is a symmetric distribution.?

Note that each global game GV is characterized by the noise level v of the signal the
players recieve. The importance of this will become relevant once the main result is stated.
Once the signal is recieved, player ¢ chooses a strategy, hence forming a strategy function
s; : R — A;. We denote all of player i's strategy functions by the set S;. Player i’s expected
utility from playing strategy a; against the strategy function s_; after receiving z; is given

by

x;+2v x;+2v

mlas o) = [ oo [ wlan saami, e ([Tfistoled([Jdo)

Ti—2v @20 J# J#i
To simplify notation, we let Aui(a;, aj, G_;, T) = ui(a;, a_;, x)—u;(a;, a_;, x) be player
i's advantage of playing a; over a; when facing a_; at a given x . Similairly, we write
Am—(a;, a;, s—;, x) for player i’s expected advantage from playing a; against s_; after re-
ceiving signal z.
Much of our analysis will involve charaterizing the set of serially undominated strategies

in a global game.

4Since z; = = + ve; and T =T+ Ve , T = Tj — Ve + Ve
5For example, when f is the “improper prior” on R, see Morris and Shin (2003).



Definition 5. Let G" be a global game. For each player i € I, and each a; € A;, define the

following;:

v,0 v,0 __
PP = A, S0 =5

K2

- Vn >0,
P =z e X |Va, € Ay, Vs_; € S, Ami(aq, ay, s_i, ) > 0},

i, a;

S)M = {si €8] |Va, Vsi |prr = a)

SPY, = UPI SV = 0 S
n>0 n>0

1, Q4 1,ai;) 1

It is an easy fact to check that for each a; and each n, P} C P;f’,ZH, Syttt c s

and that the set of serially undominated strategies for player ¢ in a global game is a subset

of the set S7 .

Definition 6. Let G be a game of strategic substitutes. Then a global game G =
(Gx, f, (wi)ier) is a global games embedding of G iff Gx is such that for some =z € X,
GX (a:) =G.

That is, G embeds the perfect information game G if GV is such that the payoffs in G
are realized at some parameter z in G"’s parameter space. If G can be embedded into a
global game GV, then the following process can be followed: At each noise level v, the upper
and lower serially undominated strategies can be calculated®. As noise becomes small, then
at every x in the parameter space, the players are essentially playing a slightly noisy version
of the complete information game Gx(x). In particular, if G is our game of interest, then
if one of the equilibria in G is always selected by the serially undominated strategies in G*
for arbitrarily small noise at the x where G is realized, we will be justified in choosing this

equilibrium in the complete information setting.

6Tn Hoffmann (2012) it is established that any Bayesian game of strategic substitutes has a smallest and
a largest strategy profile surviving iterated deletion of dominated strategies.



P-dominance

CvD have shown that under specific conditions, the risk-dominant 7 equilibrium will be the

equilibrium selected in the global games procedure. The condition is defined below:

Definition 7. Let a be a Nash equilibrium at « € X. Then a is p-dominant for p =
(p1, p2, ..., pn) at x if for each player i, and each \; € A(A_;) such that \;(a—;) > p;, we

have that for all a;,
Zui(a,;, a—;, v)Ni(a—;) > Zui(ai, a—i, T)Ai(a—;)
or
li(a;, N, x) = ZAui(Ei, ai, a—i, T)Ni(a—;) >0
a-

Note that if @ is the dominance solvable solution of the game, it is 0-dominant, and if
it is a Nash equilibrium, it is 1-dominant. Therefore, the lower the p;, the more dominant
each player’s strategy in the equilibrium profile.

For our purposes, we will call @ a p = (p1, p2, ..., py) dominant equilibrium if p; is the
smallest value for player ¢ that satisfies the definition. This is WLOG because any value
larger than p; will also satisfy the definition. Note that the function [; defined above is a
continuous function of the );, which are just vectors in [0, 1]l4~il whose elements sum to 1.
By the continuity of utility in z, p; is also continuous in .

Let @ € A be an action profile, and let
D% = {z € X |Va;, Ya_;, Au(a;, a;, a_;, ) > 0}

the set of #s in a parameterized game at which a; is strictly dominant. We denote D =
@D&i, those z's at which a is dominance solvable.
7

For a global games embedding G* of a GSS G, let s* and 5V denote these smallest and

"The term “risk-dominant” as used in CvD is simply p-dominance in the case of a 2 x 2 game where each
1
pi=3-



largest serially undominated profiles. We now state the first of two main theorems:

Theorem 1. Let G be a GSS, and G a global games embedding of G. Suppose @ is a Nash

equilibrium in G such that the following hold:

1. a is a strict Nash equilibrium and p—dominant on
1\ 11-2
P=<xzeX|VYijp(x)+pjz) < (2>

2. I C P is an open interval such that I N D% # ().

3. Jz € I is such that Gx(z) = G.

Then there exists a © > 0 such that for all v € (0, 7], s¥(x) = §"(z) = a.

That is, for v small, because action spaces are linearly ordered, any serially undominated
strategy in GV selects a at any x satisfying the conditions of Theorem 2.8.

Note that the condition p;(z) + p;(z) < (3)/71=2 for all i, j becomes more demanding as
the number of players gets larger. Section 2.3 of this paper considers a method for resolving
this issue.

The following Lemma highlights the role of strategic substitutes in the model. In par-

ticular, they allow us to characterize the iterated deletion of strictly dominated strategies.

Lemma 1. For each player i € I, define

) . v,n ) . v,n
—om a; 5 Zfl‘ S 7Di7ai vn a; ) fo € Plﬂli
5, = and s;" =

a; , otherwise a;

; » otherwise

and similarly 37 and s by replacing the P} with P ... Then,

3. For a given a; € A;, then x € P} ;. if and only if

10



(a) Va; € af, Ami(a, ai, 8%, ) > 0 and

(b) Va; € a; , Ami(as, a;, 524, ) >0

Proof. For the first claim, suppose that for some a;, x € P:’(Z Then z € U Pv =Py

i, a4 i, Qi)

so that s;""(z) = s¥(z). Therefore if s""(z) > s¥(x), we must have that = € (UPU ")e

i, a;

But then s;""(z) = g; , a contradiction. The same argument applies to show 5} <3;"", and
obviously sy <57

Secondly, let x be given. If some a;, x € P?

i, a;) T, Q5

then since P, = U 73” o> and the P
are an increasing sequence of sets, IN, Vn > N , x € P , so that §f "(x) = s¥(x). If

€ (UP? ), since for all n UPU v C UP”
o bai

1, Q57

we must have that = € (UP?, ) , giving
o bai
convergence. The same arguments can be made to show that 5, — V.

For the last claim, suppose z € P} ;. Since P}, = U ’P” a.» AN such that = € P;"5 N

za’

We now show that for all n, s¥ and s¥ are in S;"". Suppose this is not the case. Then

3n, Ja;, 32’ € P, such that 5%(z") # a; or s5(2) # a;. Since Vn, P;"y C Py, then

1, Qg
' € P, but 57 (2') # a; or s{(x') # a; , a contradiction. Thus, since this holds for all

v,N—1
Si

, and since x € P2, a; € a = Ami(a;, a;, s¥;, x) > 0 and

'LG.7

n, s; and s} are in

i
vai S & = Aﬂ-z(aw g, sY —1 ) > 0.

Conversly, suppose that Va; € ., Am;(a;, ai, s°;, ) > 0and Va; € a; , ONmi(ai, ai, 32, ) >

79

0. Let s, € 8Y,. Then Vn, s*, € 8", and 3" > s¥, > s""'. If a; € a;, then since

= 29—
n

; > sV, by GSS we have Am;(a;, a;, s¥;, ) > Ami(ag, a;, 87", x). Since ;" — s,

z) > lim (Ami(ag, a;, 877, ) = Ami(a, ai, s¥;, ©) > 0. Similarly, if
n— oo
x) > lim (Am(di, a;, 577, 1)) = Ami(a;, a;, s

17

Ami(ag, a;, ¥

—17)

a; € a; , Ami(ai, a;, ¥, Y., x) > 0. There-

fore, Va; € A;, Ami(as, a;, s, ) >0, and hence = € P! - O

i, Q"

The next result can be helpful even beyond the scope of our proof. It not only provides us
with a method for calculating the individual p; for which an equilibrium is p- dominant, but
also shows that under our setting, the p; satisfy a useful continuity property when viewed

as a function of . We first calculate such a value of p; with a fixed a;. For each player 4

11



and strategy a; # a;, define

D% = {z e R|Va_;, Au;(a;, a;, a—;, x) > 0}

Then player i’s domince region is given by D% = ﬂ_Dai*“i . The proof of the following

Proposition and Corollary are generalized and given in Section 2. When a parameter space

X is mentioned, assume an arbitrary global games embedding.

Proposition 1. Let a be a strict Nash equilibrium on X, and for each player i, and fized

a;, define
N(a_; Dai>ai
A Aie”&?f_g( i(a-q)) .z ¢
pi(ai, LL’) = liag, Xj, 2)=0
0 , & € D%

Then p;(a;, x) is an upper semi-continuous function on X.
Corollary 1. Let a be a strict Nash equilibrium on X, and p; : X — [0, 1] be the smallest
value satisfying this condition for player i at parameter x. Then for all x,

pi(x) = max(pi(ai, ))

a;
and is upper semi-continuous on all of X.

Corollary 2. Suppose the conditions of Theorem 2.8 hold. Let [a, b] C P, where a, b €
int(P). Then 3v > 0, Yv € (0, 7], Vz, y € [a, b], Vi, j,

1

|I]-2
d(z, y) <v=pi(x) +p;(y) < (2>

Proof. Let i and j be given. Let vx be such that Vo € [a, b], B(x, vx) C P. For a
contradiction, suppose that Vo € (0, vk], Fv' < v, Jx,, Yy € P such that d(x,, y,) < v’
and p;(zv) 4+ pj(yo) + (3)172 > (3)'72. Collecting all such (2., Y )v>0, and since for all
v', 2y € [a, b], then passing to a subsequence if necessary, we may assume that z,, — x €

[a, b]. Since Vv, d(xy, y») < v', then then y,» — xx. By the previous Corollary, since p;

12



and p; are upper semi-continuous,

)|I|72) > (1)|1|72

; 1
pi(ax) + pj(wx) = lim sup (pi(zv) + p;(yo) + (5 5

v’ —=0 2

contradicting the fact that xx € P. Therefore, Vi, j, there exists a v; ; > 0 satisfying the

hypothesis. Letting & = min(v; ;) gives the result. O
i

Below is a sketch of the proof of Theorem 1, the full proof in full generality being

relegated to Section 2.3.

Proof. (Sketch of Theorem 1) Suppose that for all x < z, a is strictly dominant for each

player, and that [z, co) C P. Recall that for each player i, the set P are those z’s at

7

which every serially undomanted strategy s; plays a;. Therefore, define for each player

¥

v = sup(z|[z, x) € P?), the largest point starting from the dominance region on which

player i plays a; without break. Suppose by way of contradiction that for some some player
i, x7 < oo. If we consider the lowest of such z7, labelled z}, it must be the case that player

[ does not observe a_; with the probability p;(z}) necessary to play a; unambiguously at

z. Therefore there must be some other x} within [z} + 2v). Likewise, since z} < oo, it

must be the case that player j does not observe a_; with the probability p;(z¥

%) necessary

to play a; unambiguously at z7. If we let d = zj — zf, we obtain the following graphical

representation:

w2 d x4+ 2w

|2
=
%

In the two player case as in CvD, we see that if v — 0, then d — 0, thus z} and zj
must converge to some common point, z*. We then reach an immediate contradiction, since

z* € P, but p(z*) + pj(z*) > 1. However, with more than two players, such a convergence

13



result need not obtain, since as v approaches 0 , it is not clear that the same two players will
constitute the two lowest players for each such v. Proposition 1 and Corollary 2 allow us to
approximate this convergence result uniformly for all possible players. That is, let © > 0 be

as given in Corollary 2, and let v € (0, 9]. Then regardless of who the players [ and j are,

1)|1\*2

we must have that py(z}) + p; () < (3

. Since player [ is the lowest player, she must

% + %), and since j is the second lowest

see a_; played with probability at least (%)lll*1 (

player, she must see a_; played with probability at least (%)lllfl (% — %) Then we must

have

e ez (1) (Gem) () (2=

contradicting v € (0, 7). O
We now consider an example:

Example 1. Consider again a modified version of the technology adoption model considered
in Keser, Suleymanova, and Wey (2012), where the benefit to each player i of adopting a

specfic technology ¢t = A, B is given by
Ur(Ni) = vy + 7 (Ne — 1)

where NV, is the total number of players using technology ¢, v; is the stand-alone benefit
from using technology ¢, and ~; is the benefit derived from the network effect of adopting
the technology of others. Recall that vg > v4 in order to distinguish B as the superior
technology. Assume for simplicity that v4 = y4 = 1, vy = 3 , and that there is a unit
cost for upgrading to the superior technology. Letting vg = x, we have the following payoff

matrix:

14



P2 P2
A B A B
E 3,33 2, x,2 A 2,2, x—1 Lz+3, x+2
P1 P1
S|z 2,2 |x+3,z+3,1 B|lz+3, 1, z4+2 | x+6,24+6,x+6

For x € [1,3], (4, A, A) and (B, B, B) are strict Nash equilibria, and for = > 4,
(B, B, B) is strictly dominant. Recall that because we have the parameter ristriction z =
vp > va = 1, no lower dominance region can be established as in the FMP framework, and
the same is true about the upper dominance region if CK about v4 is relaxed, and hence
the FMP framework does not apply to any “natural” parameters present in the model.

Applying Theorem 2.8,8 we have that p;(z) = pa(z) = P“Tx, and p3(z) = 4_795. In order
to satisfy p;(z) + p;(z) < (3)/1=2 for all 4, j, we have that (B, B, B) is the global games

prediction for any = > 1.4.

3 Groups

In this section we allow for the possibility that players can be grouped so that between
groups, players receive independent signals, just as before, but within groups, players are
able to share signals. To establish notation, we let G ={g1, go, ..., gnv} C 27 represent a
partitioning of the set of players. For each a € A, we let a4, denote those actions taken by
all players in group g;, a—g4, to be those actions taken by all players in all groups other than
gi, and a4_, to be those actions taken by all players in group g; other than player ¢ herself.

Similar notation will be used when describing strategy functions.

Definition 8. Let @ € A. Then G = {g1, ¢a, ..., gn} C 2! is an G—based partitioning of T

if Vi € I, i € g; if the following hold:

1o wi(as, ag ,;, a—g,) > ui(ai, ag_,, G_g,), Ya;, Yag_, .

81t is easily verified that all assumptions are met for = > 2.

15



2. Vj € g;, player j receives signal x4, = x + veg,, where ¢4, is distributed according to

¢g:, a continuous distribution with support in (—%, 3).

3. Vi, j, i # j, ¢4, and @4, are independent.

Notice that when all groups are singletons, or we have the trivial a—based partition, the
first condition reduces to @ being a strictly dominant equilibrium. As will be shown in subse-
quent examples, this condition can be quite natural in many applications in an aggregative
setting or in network games. The second and third conditions state that all players in a
group receive the same noisy signal about the state of nature, which is independent of the
signals received by players in other groups. To the best of the knowledge of the author,
all previous work on global games has assumed that each player receives signals about an
underlying parameter whose error terms are independently distributed. However, this is
one extreme end of the spectrum of possible error distributions. That is, when common
knowledge about a parameter in a model is relaxed, depending on the parameter under
consideration, certain groups of players may share a common attribute which allows them
to be privy to the same information about that parameter. As a simple motivation, suppose
there are three firms in a Cournot economy, two of them being separated geographically
from the third. If common knowledge of a weather forecast-based parameter is relaxed, it is
more natural to assume that those in the same geographical region receive the same noisy
signal about a weather forecast, but receive only rough knowledge of the signal received in
the neighboring region.

Another way to motivate a partitioning is if groups of players receiving independent
signals are in a position to share their private information. Suppose that each player j in
each group g; € 2! receives an independent signal z; = z + ve;, but that groups decide to

condition their actions on the average signal within the group

1 lg;] lg;]
x :—E :chvej:erL €;
9j . .
|gj|j€9j |gj|j€gj
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lg;]
By defining ¢,, = \g%l EZ €j, we see that ¢4 has support in (f%, %) and that the the
j€g;

g, are independent across groups, satisfying the grouping signal requirement.
Below we define the relevant notion of p-dominance, called group p-dominance. For each

player 4, each a; € A;, and each a,_, € A, ,, let
DUt = g € R|Va_,,, Aui(d;, ajag_,, a_g,, ) >0}

and D% %—i = ND*%%—i  Then D% = N D% %-i is player i's dominance region, or
a; a,gi

the set of parameters where a; is a strictly dominant action for player .

Definition 9. Let a be a Nash equilibrium at € X. Then a is group p-dominant for
p = (p1, D2, ..., pn) at x if for each player ¢, and each \; € A(A_g,) such that A\;(a_g4,) > pi,

we have that for all a;, and all a,_,,
Zul(alv Ag_;y O—g;5 ‘T))‘i(a*gi) > Zul(a“ Qg_;5 Q—g;» x))‘i(a*gi)
A—g, a_g,

or
lilag, ag_;, M\, ) = Zui(ﬁi, ag ,, G—g;, T)Ai(a—g,) >0
a—

Note that the concept of group p-dominance is fundamentally different than that of p-
dominance, in that it implies that a player is only concerned with how often she sees players
outside of her group play their part in the equilibrium profile. We now state the second

main theorem of this paper.

Theorem 2. Let G be a GSS, G a global games embedding of G, and G* = {g1, g2, ..., gn }
an a—based partitioning of 1. Suppose a is a Nash equilibrium in G such that the following

hold:

1. a is a strict Nash equilibrium and p—dominant on

pP= {m € X |Vi, j, p{(x) + pj(z) < (;)IG—z}

17



2. I C P is an open interval such that I N D% # 0.
3. Jz € I is such that Gx(z) = G.

Then there exists a © > 0 such that for all v € (0, 7], s¥(x) = () = a.

Notice that the p-dominance condition depends on the number of groups that can be
established, rather than the number of players in the game. Therefore, it is possible to have
a large number of players and have the p-dominance condition be no more restrictive than
that of Theorem 1. The following Proposition and Corollary give an explicit formula for the
value satisfying the group p-dominance condition for player i at x, denoted p{(z) , and that

this value is upper semi-continuous in x.

Proposition 2. Let a be a strict Nash equilibrium on X, and for each player i, and fized

a;, ag_,, define

maz  (A(@-)) o ¢ DIt

MEA(A_y)
59 _ i
pi(ai, ag_,, ©) = ¢ tilaiag_;, i ®)=0
0 , @ € Dt

Then pY(a;, ay_,, -) is an upper semi-continuous function on X.
Proof. Appendix. O

Corollary 3. Let a satisfy the group p-dominance condition, and for each player i, let the
function p! : X — [0, 1] be the smallest value satisfying this condition for player i and
parameter x. Then

pi () = max (pi(a;, ag_,, v))

Ai,Qg_;

and is upper semi-continuous on all of X.

Proof. For the first claim, let « be given. Let A, € A(A_,) be such that A, (a_g,) >

maz (p¢(a;, a,_,, x)). Choose any a; and a/gﬂ,, giving \;(a_g,) > p(a;, algﬂ,, x). Ifxe

a;, agii

Do i “9—i we trivially have that li(a;, a;ii, Ai,x)>0.Ifx ¢ D&“ai’aa—i, then by the first

part of Lemma 3 in the Appendix, A;(@_,,) > ﬁf(a;, a;ii, x) = li(a;, algﬂ_, Ai, ) > 0. Thus
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’

Ni(@a_g,) > max (p?(ai, a,_,, z)) implies that for any a; and ag . li(a;, afgﬂ,7 Ai, ) >0

g, llg_i

. Since pJ(x) is defined as the smallest value satisfying this property, we must have that

mazx (p)(a;, ag_,, x)) > p{(z). For a contradiction, suppose that this inequality is strict.

i, agii

Since for all x € D%, max (p(a;, ay_,, z)) = 0 = p!(x), we must have that z ¢ D%.

Qg agiq.’

In particular, let a; and a, _ be such that z ¢ D% and maz (p!(ai, ag_,, T)) =

iy Qg_4
pY(a;, a,_,, x) so that = ¢ D% % % i and p!(a,, a, ,, ) > p{(z). By the second part of
Lemma 3, we must have that for any A\; € A(A_g,) such that \;(a_g4,) > p?(a;, algﬂ_7 x),

! ’ . . ~g ’ ’ _ -~
li(a;, a, ,, Ai, ©) > 0, contradicting p7 (a;, a, ,, ¥) = )\'erg&x : (Ai(@—g,)). Therefore,
li(“i‘ag_iv Aig,lz):()

pl(x) = mazx (p!(a;, ag_,, z)). The fact that pJ(z) is upper semi-continuous on X follows

Qg agii
from the fact that each p?(a;, ag ,, x) is. O
In what follows, for player i, we will let s¥ () denote the probability with which player

i believes that her opponents will play a_,, according to sV if x is observed. Specifically,

@ = [ (e, g 0o,
RIGI-1
Proposition 3. Suppose the conditions of Theorem 2.17 hold, and let x € P be such that for
some playeri, 0 > Am;(a;, a;, a, . 8% x) for some a; € d;-" or0 > Armi(a;, a;, ay_, 5%, x)

for some a; € a; . Then:

1. 3j # g; such that B(z, 2v) € P}.

2. pl(z) > s”, (z) or p!(z) >3"

gi Y, (x), respectively.

Proof. Suppose we are in the former case, the proof of the latter being identical. For the
first part, suppose that Vj # g;, B(x, 2v) C P/. Then after recieving z, player i knows that
a_g, is played for sure, and thus we have

~ v
0> Ami(a;, ai, a,_,, s

$%, 1) =

g—
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x;+2v x;+2v

/Aui(ai,ai,g,. 8% s Hfm 2o, |0)) ([ [dag,) = Auias, i, ay ,, Gy, @)

xi—2v x;—2v J;ﬁz J#i
Note that the last term must be strictly positive, a contradiction.

For the second part, applying Fubini’s theorem, we have that

z;+2v  x;+2v
~ " B _
0 > Ami(ai, ai, a, ,, 8%, ) = / / Aui(ai, aiy a, ;5 8%, @ Hfm (wg,|x)) deg])
J#I

xr;—2v x;—2v J#L

= Aui(ai, aiy a, ,, 87, ) fi(r—g,|x)dr_y,

[z—2v, z+2v]IGI-1

= [ By D (L, o) g )dey)

RIG|-1 A—g;

= ZAui(&ia Aiy Qg5 Q—g;; ‘T)( / (]‘{§zgl:a—gl})fi(x_gi|z)d1:_gi)'

RIGI-1

If we define \; € A(A_,,) by \(a_,) = éf (Igse, =a_, ) fi(@—g,|w)dz_g, , We have
. i

that 0 > l;(ai, a, ., )\;-, x). By Lemma 3]R1‘nI the Appendix, 0 > Ii(a;, a, )\Ii, x) =

pi(ai, a,; ) > A;(@_g,). Also, from the Appendix we have that each p;(a;, ay_, =) =

pia;, ag_, ), so pi(z) = mazx (Pi(as, ag_, x)) = max (pi(ai, ag_, x)). Therefore,

i, Gg_; i, Qg _;

pi (@) = maz (pi(ai, ag_, x)) > pi(ai, ag_;, ) >

Qg agii

Na) = [ (e, oDl =, (@

RIGI-1

completing the proof. O

Proof. (Of Theorem 2) First note that Corollary 2 can be stated in the group context by
replacing (1 )l =2 With (3 )‘ =2 , the proof being the same. Suppose that all the conditions
are satisfied, but for all 7 > 0, there is a v € (0, 7] such that for some serially undominated

strategy s and some & lying in an open interval I C P which intersects D%, s(&) # a.
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Let z € IND?, and since P is an open interval, let v’ be such that B(z, 2v")UB(Z, 2v') C

I . Let v"” satisfy the conditions of Corollary 2, and let © = min(%7 ”7”) For a contra-

diction, let v € (0, 9] violate the Theorem, as described above. Since Z € I/D% and D®
is an interval, we can assume WLOG that Z lies to the right of D3 For each player j,

define 2% = sup(x|[z, ) € Py). Note that by continuity in 2 and since z € D%, these

are well-defined. Also note that at each x?, pf(2}) > 3% (%) or pj(z¥) > 352, (2}) . To

see this, we show that there is some a; € d;r such that 0 > Am;(as, a;, ag_, CH z?)

2¥). If this is not true, by GSS, note

or a; € a; such that 0 > Ami(ag, a, ag_;, CRIN

+

that since (@,_,, 5%, ) > §2; and s”; > (g, ,, s, ), then for all a; € a; we have

—9j - -J J

Aﬂ-i(a‘h A, S

Eja IL’;)) Z Aﬂ'i(di, ai, G S

a, z7) > 0 and for all a; € a; we have Am;(a;, a;, 8%, ¥5) >

v
—9;’ J

Ari(ai, ai, ag_;, §Zgj, l’;) > (. Since each term on the right hand side is continuous in =,

Jg >0, Ve € (0, €], Ami(ai, ai, 825, 7 +¢) > 0 and Ami(aq, ai, 825, 2 +¢€) > 0 for each

aj € EL;F and a; € aj;, respectively. By Lemma 1, P/ can be extended to the right of z3,

contradicting the definition of 7. Thus WLOG suppose there is some a; € a; such that

0> Ami(ai, ai, ag_;, 5%y, x5) . By Proposition 3, we have that pi(xf) > 37, (x9).

Let ] be the smallest of the z Since by the above discussion we may assume

v
e

0 > Ami(as, ai, ag_,, CHN z?) for some a; € @, , and by Proposition 3 the set Ly =

{j ¢ 91| 3z € B(a}, 2@)/P]?’} is non-empty. Define & = glean” (z € B(a}, 2v)/PJ?’), and let
j € L} be such that £ =inf (:r € B(xy, 2v)/Pj?’). Then 2 satlisﬁes the following properties:
1. & = z§: Suppose z7 > Z. By the definition of Z, for every £ > 0 there is some z ¢ Py
such that © < & +¢. Setting e = 2] — & > 0, we have the existence of some x ¢ P}

such that z < # + (2} — 2), or z < z}, contradicting the definition of z7. Thus & > z7.

If # > xf, then since & € [z}, z} + 2v), we have that =} +2v > & > z > a7. By
definition of 2 there must be some 2’ € [2}, #) such that 2’ ¢ P}, contradicting the

definition of Z , and giving the result.

2. pj() > 32, () or pf(%) > s¥, (%) : Since & = x, this follows from the discussion

90r, Vo € D%, & > z.
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3. Vm # 1, & < zP: Suppose for some j we have & > x7 . The contradiction is the same

as in the second half of part 1.

Finally, denoting & = 2% and assuming that p]( vy > Y,

,(x¥) with no loss in generality

for the remainder of the proof, note that

Batla) = [ haegladog < [ e, e flegla)dey, =, (o)

—g Szl [z} —2v, 2V 4+20]

and likewise F;(z”, [2}) <57, (7). We then have

2
pi(ar) + pj(f) = 37 () + 55, (2) = Fi(z?, |2f) + Fj(2?, |25)

(S)HFl 2l [a}) +HFI v lat) YA vla) HF v) 4 Fy (o) [ F o, |a)

9i
’7“ ’7&7 775’ i il

HF Fy(a¥|ay) + Fj(a}|2})) HF 2l |zv) > ()Gl i

=y iZis

Inequality(1) follows from Proposition 3, inequality (2) from the discussion above, in-
equality (3) from the independence of the signals, inequality (4) from the fact that 2} <7,
and inequality (5) from the fact that it cannot be guaranteed that all other z¥ lie strictly

)|G|72

above z%. Therefore, p/(z}) + pj(z}) > (3 . But since v satisfies the conditions of

j
Corallary 2, we must have pj(z}) + pf(z?) < (2) ‘G‘fz, a contradiction.

O

Note that Theorem 1 follows immediately, which has the same set-up as Theorem 2 but
with the “trivial” partitioning of each player receiving their own signal. We now consider

examples

Example 2. Consider the following version of the Brander-Spencer model, where a foreign

firm (Fy) decides whether to remain in (R) or leave (L) a market consisting of two domestic
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firm (Fy), who must decide whether to enter (E) or stay out (S) of the market. The domestic
firms receives a government subsidy s > 0 whereas the foreign firms do not. Suppose we

have a simplified payoff matrix given by the following:

R Fy L
Fy Fyq
E S E S
E| -3+s, —3+s,—-3]|2+s,0,2 E|3453+s50]3+s,0,0
Fy Iy
S 0,2+s, 2 0,0,3 S| 0,34s0 0,0,0

This is a game of strategic substitutes parameterized by s > 0. We see that for s € [0, 3],
the Nash equilibria are given by (E, S, R), (S, E, R), and (F, E, L), and that for s > 3,
(E, E, L) is the dominance solvable strategy. Note that the parameter restriction s > 0
prevents us from establishing a lower dominance region, thus traditional global games meth-
ods cannot be applied. It is easily checked that the conditions of Theorem 1 are satisfied,
but calculating the p; function for player 3 gives p3(s) = %, Vs. Note that automatically the

condition

-2 4
pi(s) +pj(s) < (2> =3 Vi, j
of Theorem 1 cannot be applied, and thus we are unable to settle the issue of multiple
equilibra at all.
However, we see that we can group players 1 and 2 together to form an (E, E, L)- based

partitioning according to Definition 8. The interpretation is that the two domestic firms

receive the same signal of the subsidy, whereas the foreign firm receives a signal independent

3—s

of the two domestic firms. Calculating the p{ functions, we have that p{(s) = pj(s) = 252,

and p§(s) = 5. Thus the condition

|Gl—2
pi(s) +pi(s) < <2> =1,Vi, j

1

of Theorem 2 holds for all s > 3, allowing us to establish (E, E, L) as the equilibrium

selection at those parameters.
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Example 3. Recall the payoff matrix given in Example 1:

A P3 B
P2 P2
A B A B
E 3,33 2, x,2 A 2,2, x—1 Lz+3, x+2
P1 P1
S|z, 2,2 |x+3,z+3,1 B|lz+3, 1, z4+2 | x2+6,24+6,x+6

In that example, it was shown that(B, B, B) is the global games prediction for any
x > 1.4. However, if the modeller notices that in the description of the game, players 1
and 2 are already users of technology B , it is more natural to assume that they receive the
same signal regarding vg, but independent of the one that player 3, the user of technology
A, receives. It is also easily verified that grouping players 1 and 2 in this way forms a
(B, B, B)—based partitioning of I . Applying Proposition 2, we find that p(x) = p(z) =
322 and pf(z) = 45%. Satisfying the condition that pf(z) + pf(z) < (3)!¢!72 for all i, j
gives us that (B, B, B) is the global games prediction for all z > 1. That is, allowing for the
oberservation that players may naturally share information about the underlying parameter
of uncertainty in question, we see that the predictability power of the global games method
increases. In fact, since the assumption in the model is that vg > v4 = 1 , grouping
eliminated multiplicity from the model completely.

Determinacy Region: Standard Method

vy=1 1.4 4

Determinacy Region: Group Method

4 Appendix

Below it’s shown that for each a, ,, p{(a;, ag_,, x) is an upper semi-continuous function on

all of X.

a;, agii

Lemma 2. Suppose a is a strict, group p—dominant Nash equilibrium and x ¢ D%
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for some player i € I, a; € A; , and ag—; € Ag;. Then 3IN; € A(A_y,) such that
li(ai, ag_,, Xi, ©) = 0.

Proof. Since @ is a strict Nash equilibrium, we have that l;(a;, a4 _,, la_,,, x) > 0. Suppose

for all \; € A(A_y,), li(as, ag_,, Ai, ©) > 0. Then for all a_g,,, Au;(@;, ai, ag_,, a—g, ) >0,

contradicting the fact that = ¢ D%%:% i Thus for some \;, li(as,, ag_,, Ni,z) <0 .
Consider the set of probability measures
at (1 —a)hila_,,) ifa_, =a_,,
z={ = ! T ae, 1
(1 - a)Ai(afgi) lf A—g; 7é dfgi
Note that A\j = 1a_, and A0 = X;, giving us l;(ai, a,_, A}, ) > 0, li(as, ag_,, A}, ©) <0,

and that l;(a;, ag_,, Y, ) is a continuous function of a. By the intermediate value theorem,

Ja € [0, 1) such that l;(a;, ag_,, ¥, ) = 0, giving the result. O

Lemma 4 will show that the set {\; € A(A_y,) |li(as, ag_,, Ai, ) = 0} is compact, and

since by the last lemma it is non-empty, the value p?(a;, a, ,, ) = R Z?,(CLAJ} : (Nia—g,))
i€ —g;
Li(agsag_; x;,2)=0

is well defined. We now show that for all such z, p{(a;, ay_,, ©) = pJ(a;, ag_,, x).

Qa;, agii

Lemma 3. Suppose that x ¢ D" . Then p}(a;, ag_,, ) =pi(ai, ag_;, ).

Proof. 1t is first shown that pY(a;, ay ,, ) < pY(a;, ag_,, ). In order to do this, we
show that for all \; € A(A_g,) such that )\;(&,gi) > p(ai, ag_,, ), Li(ai, ag_,, N\;y ) >
0. Because p!(a;, ay ,, x) is defined as the lowest value that satisfies this property, the
conclusion follows. Suppose \; € A(A_,,) is such that X\ (a_,,) > p(as, a,_,, ), but
li(a;, ag_,, )\;, x) < 0. Since @ is a strict Nash equilibrium, we have that I;(a;, a4_,, la_,,» x) >

0. Consider the set of probability measures

a+ (1 —a)Xi(a_y,) ifa_g =a_y,
z={ = ! T ae, 1

(1 - a)A;(a*gi) Zf A—g; 7é dfgi

and note that \} = 15_, and A} = \;, giving us li(a;, ag_,, AL, ) > 0, Li(a;, ag_,, A2, ) <

79
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0. Since l;(a;, ag_,, Ay, x) is a continuous function of a, by the intermediate value theorem

3a € (0, 1) such that l;(a;, a,_, A, ©) = 0. Since \*(a_g,) = @+ (1 — @)A\;(a_g) >

(] i

Ai(@_g,), we have found a A% such that l;(a;, ag_,, AY, z) = 0 but A*(a_g,) > A\j(a_g,) >

a >
pY(ai, ag_,, x), contradicting the definition of pY(a;, ay ,, z). Hence pf(a;, ay ,, ) <
i (ai; ag_,, ).

To show equality, suppose that pf(a;, ay_,, ) < pi(ai, ag_,, ). We will show that
for any \; such that \; (a_,,) > p?(ai, ag_,, x), we must have that l;(a;, a,_,, \;, =) > 0.
Hence if p? (a;, a,_,, x) < p(ai, a,_,, x)is true, any \; such that \;(a_,,) = p?(ai, ag_,, )

must be such that I;(a;, ag_,, A, z) > 0, a direct contradition to the existence of p!(ai, ag_;, x).

Let A = argmin(Au;(@;, a;, ag_,, a_g, x)). Note that Au;(a;, a;, ag_,, G—g,, ) is not

(lfgi

part of this set, for if it were, then for all a_, we’d have Auw;(a;, ai, ag ,, a—g, ) >

Au; (@, aiy ag_,, @—g,, ©) > 0, contradicting the fact that x ¢ D%%:%-s. Let \; be such
that \;(a_g,) = pJ(a;, ag4_,, x), and assign to all a_,4, in A the probability %ﬁ’g) . By
the definition of a; being p?(a;, ay ,, =) dominant, we must have that [;(a;, ay ,, \i, z) > 0.

Now let \; be such that \;(a_,) > p?(as, a,_,, ), and assign to all a_,, in A the probability

[
1-Ai(a—y;)

i . Note that we have

: / 1— X(ay,
li(aia Qg_i» )‘iv .’E) = A’LLZ(EL“ Qiy Qg_s, d*Qi? x)Ai(d*gi)—'— <|;(l(|]’g1)> ZAU’Z(&U A, Ag_;» A—g; :L') >
A

Zui(&i, iy Gg_,, G—g, T) = li(a;, i, ) > 0.

Aui(aiv i, Ag_;, &—gm I)Ai(d_gi)+<
A

)

v

Finally, let A, be arbitrary but satisfying )\;/(d,gi) = )\;(d,gi). Because [;(a;, ag_,, \;, )

"

0 gives the smallest value for such probability measures, we have that [;(a;, ag_,, A;, x)

Y

li(as, ag_,, X, x) > 1i(ag, ag_,, Ai, ) >0, or l;(a;, ag_,, A, x) > 0, giving the result. [

From Lemmas 2 and 3, we have established that on X,

(G Daiaaiaag_i
Aﬁ@%m)(z@zh,x¢
pf(ai, ag ,, x) = { liajag ;. Aj. 2)=0

0 , @ € Dt
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We now establish the upper semi-continuity of p(a;, ag_,, x), which is done in two

steps.

Lemma 4. pY(a;, a, ,, z) is an upper semi-continuous function on X N (D% @9-i)C,

0

Proof. Recall the Maximum Theorem!?: If p?(a;, a, ,, z) = max (Ai(a—q)) is

MEA(A_y,)
Li(ag, ag_y. A @)=0
such that ¢ : X =2 A(A_y,,), o(x) = {\ € A(A_y,)|li(a;, ag_,, Xi, ) = 0} is upper
hemi-continuous with non-empty, compact values, and f : gf(¢) — R defined as f(x, \;) =
Ai(@_g,) is upper semi-continuous, then pY(a;, a, ,, -) is upper semi-continuous. We show
one-by-one that these conditions are met:

(i) Let (2™, A1), C gf(v) be such that (z™, A") — (z, A). Then Jgf@o(f(x”, AM) =
nlirgzo()\?(&_gi)) = Ni(a—g,) = f(z, A\;), showing that f is continuous, and therefore upper
semi-continuous.

(ii) By Lemma 2, ¢ : X =% A(A_,,) is non-empty valued. To see that it is compact
valued, let x be given and suppose (A]")22; C ¢(z) is such that A} — A;. Because A(A_,,) is
closed, \; € A(A_,). Because I;(-, x) : A(A_gy,) — R is continuous, I;(a;, ag_,, Ai, ) =0,
and hence p(z) is closed-valued. Since ¢(z) C A(A_y,), it is therefore compact valued.

Finally, we see that ¢ is upper hemi-continuous. Recall that a correspondence with
compact and Hausdorff range space has a closed graph if and only if it is upper hemi-
continuous and closed valued. It therefore suffices to show that ¢ has a closed graph. To
that end, suppose (2™, A\[")22; C gf(p) is such that (z™, AI") — (z, A;). Because X is closed,
x € X. Because A(A_;) is closed, \; € A(A_;). Lastly, because I; : X x A(A_;) = R is
continuous, l;(a;, ag_,, \i, ) = Jiﬂ;o(li(ai’ ag_,, A, z™)) =0, and thus (z, \;) € gf(¢), so

that ¢gf(y) is closed, completing the Lemma. O
Lemma 5. pY(a;, ay ,, ) is an upper semi-continuous function on all of X.

Proof. Let (z,)52; C X be such that z, — z. It’s shown that limsup(p!(a;, ay_,, z,)) <
n

pY(ai, ay_,, =) by considering two cases:

10 Aliprantis, Lemma 17.30
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Case 1. Suppose 3K > 0, Vn > K, , € D% %-i_If x € D% %—i_then

limsup(pi (ai, ag_,, xn)) = infsup(pi(ai, ag_,, ¥n)) < sup (pi(ai, ag_,, ¥n)) =0 < pi(ai, ag_,, )
n k>1n>k n>K

by definition. If z ¢ D% "%~ then sup (p!(as, a,_,, Tn)) = p?(ai, ag_,, ). Thus
n>K

limsul)(pf(aiv Qg_;>s xn))) = infsuP(pf(aia Qg_;» xn)) < sup (pf(ah Qg_;» $n)) :p?(ai’ Ag_s>» x)
n k>1n>k n>K

giving the result.

Case 2. Suppose YK > 0, 3kx > K, x1,, ¢ D %-i_ Let N C N be those indices such

that n € N = x, ¢ D% % and define m : N — N by m(n) = min(j). Define the

JjEN
jzn
sequence (x/n)%ozl by the formula z;l = Zpm(n)- Then we have the following:
1. Vn, pY(ai, ag_,, 7)) > p?(ai, ag_,, x,) : Let n be given. If x, € D %-i then

g ! — 9 @i,ai, ag_, o —
pi(ai, ag_,, ©,) > 0=p(a;, ag_,, x,). f x, ¢ D 9-i, then x,, = Zp,(,) = Tp, 50

the inequality follows.

2.z, — x : Let e > 0 be given. Since z,, — z, 3K, Vn > K, |z, — x| < e. Since for

all n, m(n) = min(j) > n, then for all n > K, |z, — z| = [Ty — 2| < €, giving
JEN
jzn

convergence.

’

Finally, limsup(pi(a;, ay_,, xn)) < limsup(p!(ai, ay_,, x,))) < pl(ai, ay_,, x) , where
n n

the first inequality follows from 1., and the second inequality follows from 2., (33;1)%0:1 C

(D%%>%-i)¢ "and by Lemma 2.25, since p{(a;, a,_,, -) is upper semi-continuous on (D% ®9-i )¢,

This completes the lemma. O
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