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Abstract

In a 2007 paper, "A global game with strategic substitutes and complements", by Karp, L., I.H. Lee,
and R. Mason, Games and Economic Behavior, 60(1), 155-175, an argument is made to show existence of
Bayesian-Nash equilibrim in global games that may include both strategic substitutes and complements.
This note documents a gap in the proof of that statement.

1. Introduction

The global games method (as proposed by Carlsson and van Damme (1993)) shows that

in some classes of games with strategic complements, the issue of multiple equilibria can be

resolved with a slight relaxation of common knowledge about an underlying fundamental.

Recall that games with strategic complements formalize the idea that observing a higher

action from an opponent makes it more bene�cial for a given player to also choose a higher

action. In these cases, multiple equilibria arise easily. Carlsson and van Damme (1993) work

with a 2-player, 2-action coordination game. Morris and Shin (2003) extend this to the case

of in�nitely many players. Both show that when players observe private, noisy signals about

a fundamental, then iterated deletion of strictly dominant strategies produces an �essentially

unique� Bayesian-Nash equilibrium strategy, which is monotone in the signal.

Karp, Lee, and Mason (2007) (KLM from here on) investigate a model similar to the

in�nite player game in Morris and Shin (2003), but allow for congestion e�ects. This intro-

duces varying degrees of strategic substitutes in the model. Recall that games with strategic

substitutes formalize the idea that observing a higher action from an opponent makes it

more bene�cial for a given player to choose a lower action. In general, games with strate-

gic substitutes are harder to work with. In particular, a �nite-player game with strategic

substitutes does not necessarily have a pure-strategy Nash equilibrium (confer Roy and

Sabarwal (2012)). Moreover, in a �nite-player game with both strategic complements and

substitutes, pure-strategy Nash equilibrium does not necessarily exist (confer Monaco and

Sabarwal (2014)).
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KLM consider a specialized version of games that may have both strategic complements

and substitutes and focus on symmetric Bayesian-Nash equilibrium. One of their results

(Proposition 1, page 161 in their paper) is that in the Bayesian game associated with the

underlying complete information game, a Bayesian-Nash equilibrium always exists. In this

note, we document a gap in their proof of this statement.

2. Model and Assumptions

The model in KLM is as follows: There is a continuum of agents of mass 1, indexed

i ∈ [0, 1], each considering an action �1� or �0�. There is a payo�-relevant state given by

θ ∈ R. Each player i observes a private signal of the state xi = θ + ηi, where ηi is a random

variable drawn uniformly from [−ε, ε], ε > 0, and then chooses an action. KLM de�ne the

strategy space as the set of all distributional strategies yi so that for any signal x ∈ R, yi(x)

gives the probability of choosing action 1. The strategy space for a player is denoted Y and

is endowed with the sup-norm metric: for any y, y′ ∈ Y ,

d (y, y′) = sup
x∈R
|y (x)− y′ (x)|

KLM assume that for a given player i, the actions of other players a�ect player i only

through the proportion of other players that play 1. This proportion is denoted α ∈ [0, 1].

In the complete information setting, utility depends on the underlying state θ and on α as

follows

Ui (θ, α) = θ + f (α)

where f : [0, 1] → R is an interaction function which captures the congestion e�ect. The

function f is assumed to be an analytic function. When f is everywhere increasing, the game

is one of strategic complements. When f is decreasing, we have strategic substitutes. When

f is neither always increasing nor always decreasing, we have both strategic complements

and substitutes present, depending on the slope of f .

With incomplete information, KLM restrict attention to symmetric equilibrium. In par-

ticular, if each of player i's opponents plays the same strategy y, then the proportion of

individuals choosing action 1 given realization of state θ is

α (θ, y) =

ˆ θ+ε

θ−ε
y (z) dz

When player i observes signal x, expected utility of player i from playing yi given others are
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playing y is

ui (x, yi, y) =

(
1

2ε

ˆ x+ε

x−ε
(θ + f (α (θ, y))) dθ

)
yi (x)

In this setting, KLM state the following proposition.

Proposition 1. (KLM, page 161) In the game of incomplete information, there is an equilib-
rium in distributional strategies.

KLM provide a proof of Proposition 1 on page 168 in their paper, invoking Glicksberg's

�xed point theorem (Glicksberg, 1952). Glicksberg's theorem requires compact strategy

spaces. KLM use the following paragraph to justify that the strategy space is compact in

the sup-norm topology:

From Milgrom and Weber (1985, Theorem 1), each player's set of distributional
strategies is a compact, convex metric space in the weak topology. In order to estab-
lish continuity of expected payo�s, we shall use the sup-norm metric on the set of
distributional strategies. The topology induced by this metric is necessarily stronger
than the weak topology, since the weak topology ensures continuity only of linear
functionals. Hence each player's set of distributional strategies remains compact
under this metric.

The last sentence, starting with �Hence each player's...�, is not justi�ed by the previous

statements. Certainly, a topology stronger than the weak topology may ensure continuity

of functions other than just linear functionals. But that means more open sets, and hence

more open covers to test for compactness. Therefore, compactness is harder to satisfy under

stronger topologies. We present a class of counter-examples to the claim that the set of

strategies used in KLM is compact in the sup-norm topology.

Claim 1. The set Y of player i's strategies is not compact in the sup-norm metric.

Proof. Suppose to the contrary that Y is compact in the sup-norm metric. Fix ε ∈ (0, 1
2
)

arbitrarily, and consider the open cover of Y given {B(y, ε) : y ∈ Y }, where each B(y, ε) is

the open ball of radius ε according to the sup-norm metric. Let {B(yn, ε) : n = 1, . . . N}
be a �nite sub-cover. Fix {xn}Nn=1 to be an arbitrary collection of points in R, and consider

any strategy zi ∈ Y that satis�es

zi(xn) ∈

[0, yni (xn)− ε) if yni (xn) > ε

(yni (xn) + ε, 1] if yni (xn) 5 ε

Then for each n, either zi(xn) > yni (xn)+ε or zi(xn) < yni (xn)−ε, so that |zi(xn)− yni (xn)| ≥
ε. Therefore, for each n,

d(zi, y
n
i ) = sup

x∈R
|zi(x)− yni (x)| ≥ |zi(xn)− yni (xn)| ≥ ε
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so that for each n, zi /∈ B(yni , ε). This implies that zi /∈
N
∪
n=1

B(yni , ε), a contradiction to the

fact that {B(yn, ε) : n = 1, . . . N} is a �nite sub-cover. Consequently, Y is not compact in

the sup-norm metric.

In the absence of compactness, Glicksberg's �xed point theorem cannot be applied.
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