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1 Introduction

The question of whether asset returns are predictable or not is one of the most studied and con-
tentious issues in financial economics. Predictors commonly considered for returns include various
lagged financial variables, such as log dividend-price ratio, log earnings-price ratio, log book-to-
market ratio, dividend yield, term spread, term structure of interest rates, and default premia.
Predictive regression (PR) is a conventional method to check whether some financial variables have
the explanatory power on the stock return predictability. It is extensively utilized in studies of
mutual fund performance, conditional capital asset pricing and optimal asset allocation; see, for
example, the survey paper by Liao et al. (2018). The classical PR model takes the following simple

form

Yr = o + Pr1ae-1 + g, (1.1)

where u; is commonly assumed to be an independent and identically distributed (i.i.d.) innovation

process with mean 0 and variance 2 > 0 and the predictor z; is modeled as
Ty = Ppxi—1 + Uy, (1.2)

where v is a mean zero innovation process. For convenience, we set g = 0. Inferences in PR
models are complicated due to the joint interaction of the highly persistent nature (|p| in (1.2) can
be either one or very close to one) of the commonly used predictors with endogeneity problems
arising from the correlation of u; and v;. There is growing literature aiming to develop valid and
reliable inferences in such settings, see Campbell and Yogo (2006), Jansson and Moreira (2006),
Cai and Wang (2014), Zhu et al. (2014a) and Breitung and Demetrescu (2015), Yang et al. (2020,
2021), among others. For more recent developments in this area, the reader is referred to the survey
paper by Liao et al. (2018).

It is well documented that predictability may be time-varying and that the impact of predictors
may be evolving over time. In a comprehensive study on the predictability of the equity premium,
Welch and Goyal (2008) found significant instabilities in predictability as highlighted by others.
The sensitivity analysis conducted in Kostakis et al. (2015) also highlighted significant variations
in test conclusions which depend on whether one considers pre- or post-50s data. There are two
common modeling tools to deal with parameter instability in PR models: structural change and

threshold model.



Testing for structural change has always been an important issue in econometrics because a
myriad of political and economic factors can cause the relationships among economic variables to
change over time. The great depression, oil price shocks, technical progress, and abrupt policy and
regulations changes all are such examples. The earliest references go back to Chow (1960) and
Quandt (1960). The Chow’s test assumes that the time of structural change is known a priori,
while Quandt’s test takes the largest Chow test statistic over all possible times of the structural
change. This type of test statistics needs a normalization and has a Darling-Erdés-type limit, see
Horvéth (1993) and Ling (2007). Another method is to restrict the change-point interval (0,1) to
a closed subinterval, see Andrews (1993) and Bai and Perron (1998). Recently, Pitarakis (2017)
studied two cumulative squared residuals-based tests and Georgiev et al. (2018) considered the
SupF and Cramér-von-Mises type statistics for a change point in PR models.

As pointed by Gonzalo and Pitarakis (2012), the predictive impact of a variable may alternate in
sign/strength across different economically meaningful episodes (e.g., periods of rapid versus slow
growth, periods of high versus low stock market valuation, periods of high versus low consumer
confidence). Ignoring such phenomena by proceeding within a linear framework may mask the fore-
casting ability of a particular variable and the presence of interesting and economically meaningful
dynamics. Actually, Gonzalo and Pitarakis (2012) investigated the threshold PR (TPR) model as

follows:

yr = Yo + Y121 + (o + 12— 1)L (q—1 < 1) + uy, (1.3)

where ¢; is a threshold (stationary) variable and r is an unknown threshold parameter, and Gonzalo
and Pitarakis (2012, 2017) applied the model in (1.3) to the prediction of stock returns with dividend
yields and found the presence of regimes in which predictability kicks in solely during bad economic
times. As a result, their analysis also illustrated the fact that the presence of regimes may make
predictability appear as nonexistent when assessed within a linear model.

Besides the previous methods, some researchers believe that parameters should smoothly change,
such as Cai et al. (2015) which developed a test against smooth parameter variation in the pa-
rameters of the PR model. Existing test statistics just for the change of parameters or the form
of the model (i.e., threshold). In practice, the structure of a model may be changed in terms of
both time horizon and states. For example, the threshold AR-ARCH models were used to fit 11

non-overlapping 2-year period Hong Kong Hang Seng index from 1970 to 1991, but Wong and Li



(1997) found that 2 out of 11 periods should follow the AR-ARCH models. When the form of mod-
els is changed, the conventional likelihood ratio test for the standard change-point problem is not
locally most powerful any more. Therefore, how to efficiently detect the change of the structural
forms of the time series models is of great interest. Indeed, Berkes et al. (2011) and Zhu and Ling
(2012) considered this kind of problem in autoregressive models and provided several supporting
real examples.

In this paper, we investigate two test statistics for structural changes and thresholds in PR
models. The generalized likelihood ratio (GLR) test is proposed for the stationary predictor and
the generalized F (GF) test is suggested for the unit root predictor. Under the null hypothesis of no
structural change and threshold, it is shown that the GLR test statistic converges to a function of a
centered Gaussian process, and the GF test statistic converges to a function of Brownian motions.
Finally, to make the proposed tests useful in practice, a Bootstrap method is proposed to obtain
the critical values of test statistics.

This paper is organized as follows. Section 2 presents the test statistics and their limiting dis-
tributions. Section 3 discusses a Bootstrap method to obtain the critical values of test statistics.
Simulation studies and a real example are given to assess the finite sample performances of the
proposed tests in Sections 4 and 5, respectively. Section 6 concludes the paper. All detailed proofs

are given in the appendix.

2 Test Statistics and Main Results

To set up our setting, let {(y:, z¢, q:),t =1,...,n} be a sequence of observations from the model

Yo + 1741 + Uy, t=1,..,k,
Yt = (2.1)
Yo + 11+ (po + o1 1) (-1 <7) +ug, t=k+1,..,n,

where z; is defined as in (1.2). We consider the null and alternative hypotheses:
Hy:k=nwvs. Hy:k=k"and ¢ #0, (2.2)

where 0 < k* < n and ¢ = (¢g,#1)". The model in (2.1) is a PR model under Hy and it changes
to a TPR model after the time £* under H;. Under Hy, no change has occurred and no threshold
effect exists, while under H;, a change has occurred at time k* (if £* > 0) and a threshold effect

exists. When r = oo, (2.2) is for testing the parameter change in the PR model, which was studied
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recently by Pitarakis (2017) and Georgiev et al. (2018). When k£ = 0, (2.2) is for testing the
threshold in the TPR model investigated by Gonzalo and Pitarakis (2012, 2017). Therefore, under
Hy, both k£* and r are absent, which is the main difficulty in our setting.

Let Y = (Y1, yn) X = (L), X = (X1, 0, Xo) Ty = (un, ey upn) T, 00 = (Yo,101) 7, and
0= @T,67)T. Denote Xy, = diag{I(gi—1 < ri > k),i =1,...n}X and X, = (X, Xp,). Here,
X and Xy, are n x 2 and n x 4, respectively. Under Hy, clearly, the model in (2.1) becomes to
Y = X4 + u, while under Hi, it reduces to ¥ = )?,wa + u. Therefore, the least squares based

estimates of o under Hy and H; are given by

62 = %[YTY —YTX)(XTX)"HXTY)] = —RSSy (2.3)

S|

and

1 ~ ~ ~ ~
62 (k,r) = E[YTY — (VT X3 (X X)X, Y)] = =RSSy, (2.4)

S|

—

respectively, where RSSy and RSS; are the residual sum of squares (RSS) under Hy and Hj,

respectively.

2.1 Stationary Predictor

This subsection is devoted to the case when the predictor z; is stationary. That is |p| < 1, where p
is given in (1.2). Let the filtration F; be the o-field generated by {(u;,vi,¢;) : 1 <i <t} and F()

be the distribution function of ¢;. We impose the following assumptions.

Assumption 1 Assume that the process {q:} is a stationary a-mizing process with geometric rate

and |p| < 1, where p is given in (1.2).

Assumption 2 E(u|F;—1) =0 and 0 < E[|| Xyu||?(In || Xyue])?] < 00, where Xy = (1,2,-1)" and

| - || denotes the Euclidean norm.

Assumption 3 F(-) is continuous and strictly increasing and the corresponding density function

18 bounded away from zero and oo over each bounded set.

Assumption 1 implies that {y;} is a stationary a-mixing process with geometric rate and As-

sumption 2 allows that u; is a martingale difference sequence (MDS), and it permits correlation



between innovations u; and v;. For fixed k and r, the GLR-type statistic for testing (2.2) is given
by
GLR;(k,r) =n (In 62 —Iné2(k, ), (2.5)

which is the exact likelihood ratio if the distribution of u; is N(0,0?); see, for example, Berkes et
al. (2011) and Zhu and Ling (2012) for details. Note that GLR,,(k,) in (2.5) can be expressed as
RSSy — RSS; 1) ~n RSSy — RSS;
RSS; - RSS; ’

and by Taylor expansion, it can be approximated by the F-type test statistic, termed as generalized

F-test (GF) in Cai and Tiwari (2000) and Cai et al. (2019); see (2.7) later. Therefore, the GLR

GLRy,(k,7) =nIn (

test is asymptotically equivalent to the GF test. Since the exact values of k and r are unknown
under Hy, it is natural to construct our test by using the maxima of GLR,,(k,r) on the ranges of

k and r. That is, our test statistic is defined as

GLR, = sup sup GLR,(k,r),

0<k<k; r1<r<rg

where —oo < r; <1y < 00, k1 = [nm] with 0 < m < 1, and [nm; ] denotes the integer part of n.
Let I} | = I(qt—1 <r). Then, I} { = [(F(¢-1) < F(r)) = [(Ui—1 < \), where A = F(r) and U;
is the uniformly distributed random variable on [0, 1]. Define \; = F(r1) and A\ = F(r2). Then,

A € [A1, A2). The following theorem gives the limiting distribution of GLR,,.
Theorem 1 If Assumptions 1-3 hold, then under Hy, it follows that

d _
GLR,, — sup sup SIAMW,\%M as n — oo,
0<7m<m A1 <A<

where i> denotes convergence in distribution, My = Sy — 22 180, 2 = E(XtXtT), Yo =

(1 —mE(I; 1 X:X,"), & is a Gaussian process with mean zero and covariance kernel
COV(gﬂAa &r*)\*) = Emax(w,ﬂ*),min(A,A*) - EWAE_IEW*)\*-
If z; and ¢ are independent, then ¥\ = a; 3. Thus, M\ = a;\(1 — ar))¥ and the covariance
kernel of {7 1S [@max(r,r*),min(A*) — @xAa@rx<]2. This is the following corollary.

Corollary 1 Under the assumption of Theorem 1, if x; and q; are independent, then

d g*T *
GLR, —— sup sup ——rA>mA
0<m<m M <A<hs Grx(1 — azxy)

as n — 00, where ayy = (1 —m)A and &, is a Gaussian process with mean zero and covariance

kernel OOU( ;)\75:*)\*) = [amax(ﬂ,ﬂ*),min(/\,)\*) - a‘ﬂ')\aﬂ'*)\*]l2'
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2.2 Unit Root Predictor

This subsection considers the test statistic for (2.2) when x; is unit-root (or integrated or p = 1) and
near-integrated (or local-to-unity or p = p,, = 1 —c/n for some ¢ > 0) predictor. Let w; = (uz, v¢) "

We impose the following maintained conditions on the model.

Assumption 4 E(w|F—1) = 0, E(ww|Fi—1) > 0, Cov(u,v) = 0, supBuf < oo, and
t

sup Evg < oo.
t

Assumption 5 The threshold variable q; is strictly stationary, ergodic, and strong mizring with

mazing coefficients ouy, satisfying Y o4 a,ln/Q r < % for k> 2.

Again, w; in Assumption 4 is a MDS, and it permits correlation between innovations u; and v; so
that it can be used to establish the weak convergence result of the empirical process ZtLZSlJ I ju
as in Caner and Hansen (2001). It can be replaced by the following two assumptions: (i) {u, F:}
is a stationary and ergodic MDS with E(u?|F;—1) = o2, E(u;) = 0, and E(uf) < oo. (ii)
thslj wi/v/n = (Byu(s),By(s))" as n — oo, where (B,(s),B,(s)) is a vector of Brownian
motions with a positive definite long-run covariance matrix and “==" represents weak conver-
gence. Similar assumptions were made by Chen (2015) when studying the robust estimation
and inference of threshold models with integrated regressors. Assumption 5 is very conventional
in the literature of threshold models. As pointed out by Gonzalo and Pitarakis (2012), As-
sumption 4 implies that a functional central limit theorem holds for the joint process wy, i.e.,
ZtLZ‘;J wy//n = (Bu(s), By(s))", with the long-run variance of the bivariate Brownian motion

being given by > 3¢ E(wow, ). Similar to Theorem 1 of Caner and Hansen (2001), we can show

that

! th, ZI | = [Bu(s), oW (s, \)] in D20, 1], (2.6)

where W (s, \) is a two-parameter standard Brownian motion on (s, \) € [0,1]2 and DJ0, 1] denotes
the Skorohod space. The two-parameter Brownian motion is a special tool to derive the limiting
distribution in threshold models.

We define the generalized F-type statistic as follows:

(2.7)

GF, = sup sup GF,(k,r), where GF,(k,r)= n< RSS,

0<k<k1 r1<r<ra

RSSy — RSSl>



from which, we can see that this statistic is equivalent to GLR,,(k,r) in (2.5) in Section 2.1 if z; is
stationary.

First, we consider the case that x; is unit-root, i.e., p = 1, so that
Tt = Ti—1 + vt (2.8)
The following theorem gives the asymptotic behavior of GF,, when x; is a unit-root process.
Theorem 2 If Assumptions 3-5 hold and x; is given by (2.8), then under Hy, it follows that

d T Ar—1
GF, — sup  sup 0N {7
0<m<m A1 <A<

as n — 0o, where NM = A0y — N2 Q0 1, e = f By(s)dW (s, \) — M2 Qy 1f0 (s)dW (s, 1),
and Q. f B,( (s)ds, By(s) = (1,B,(s))".
Next, we consider the case that x; is near-integrated, i.e.,
Ty = ppTi—1 + v, pp=1—c/n, ¢> 0. (2.9)

We also make use of the diffusion process K.(s) = [, =B, (u) with K.(s) such that dK,(s) =
cK.(s) + dBy(s) and K.(0) = 0. Note that we can also write

K.(s) = By(s) + c/o " B, (u)du.

It is obvious that when ¢ = 0, K.(s) becomes to B,(s) given in (2.6). More properties about K.(s)
can be found in Section 3 of Phillips (1988). Under our assumptions, it follows directly from Lemma
3.1 in Phillips (1988) that z|,|/v/n = K.(s). The following theorem establishes the asymptotic

behavior of GF,, when z; is a near-integrated process.
Theorem 3 If Assumptions 3-5 hold and x; is given by (2.9), then under Hy, we have

d T -1
GF,, — sup sup Cw)\Lw)\ (&Y
0<m<m A1 <A<

as n — oo, where LM = \E, — N2E,E 15, G = f; Ko(s)dW (s, \) — \E-E, " fo (s)dW (s, 1),
and Hﬂ—f K( ( Yds, K.(s) = (1,K.(s))".

Remark 1 When ¢ =0, Theorem 3 includes Theorem 2 as a special case. When m = 0, Theorem

3 also includes Proposition 1 in Gonzalo and Pitarakis (2012) as a special case because we have



the same null hypothesis (no threshold and structural change) although the alternative hypothesis
is different. Note that the formulation of our model (2.1) is different from model (1) in Gonzalo
and Pitarakis (2012). Unlike the case with stationary predictor, E(I; X X,") cannot be simplified
to \X, when x; and g are independent. A similar discussion about PR model without structural

change was given by Gonzalo and Pitarakis (2012, p.232).

3 Bootstrapped Critical Values

We have seen in the previous section that structural change or non-stationarity affects the asymp-
totic distributions of the test statistics in complicated ways. Under the null, the test statistic has a
limiting distribution given by a functional of a zero mean Gaussian process whose covariance func-
tion depends on the data generating process (DGP). The asymptotic critical values thus depend
on the DGP and cannot be tabulated. In this section, we use a Bootstrap method to obtain the
critical value for our tests, see Hansen (1996) and Zhu et al. (2014b) in different settings.

We first give some notations. Let z(k,r) = (X', I(q; <t > B)X,))T and ws(0,k,r) = v —
z) (k,7)0. Then,

n
On(k,r) = argminggq Zu?(&, kor) = (X3 Xer) LXLLY,
t=1

where Xj, = (X, Xp) = (21(k,7), ..., zn(k,7))T and © is a compact parameter space of . Assume
that {e:};~, is a sequence of ii.d. N(0,1) random variables. Let @ = (Gi1€1, ..., Unen) |, where

Gy =y — 2 (k,7)0(k,r). By using {@;}, we will construct our Bootstrap statistics in this section.

3.1 Stationary Predictor
Denote T}, = n~/2[X] — X' X(XTX)"'XT]a. For each (k,r), we define the Bootstrap GLR test
statistic as follows:

-1
_ X'X, XIX /XTx\ 'XTx
GLRn(k‘, 7“) _ Tl:;:r { kr<Xkr Ay ( > kr T,jr/(&%
n n n n

Note that T,:T can also be written as

n

XX (xTx\"! . . 1 - 1
- L | Z,(k, ith Z,(k,r) = —=X,0=— k., r)te:.
< n < - > 1o (k,r) wi (k,r) Tn U NG ;zt( T)UEs




Our Bootstrap GLR test statistic is defined as follows:

GLR, = sup  sup @Z(W,)\)E sup  sup ﬁn(k,r). (3.1)
0<m<m1 A1<A<A2 0<k<kir1<r<ro

Before stating our result, we mention the concept ‘weak convergence in probability’, which gen-
eralizes convergence in distribution to allow for conditional (i.e. random) distribution functions.
The asymptotic theory of @n is stated in the following theorem, which says that the conditional

limiting distribution is the same as the null distribution as in Theorem 1.

Theorem 4 If Assumptions 1-3 hold, then under Hy, it follows that
AT D * x d T -1
GLR, |w],...,w;, — sup sup  {a M &na
0<m<m1 A1 <A<

in probability as n — oo, where wi = (Y, ¢, qt),t = 1,...,m.

From Theorem 3, conditional on the data sample {w7, ..., w}, our Bootstrap procedure to obtain
the critical value at significance level « is as follows:
(i) generate i.i.d. N(0,1) samples {e;}"; and calculate GLR,, via (3.1);

7(11),...,@,(;])};
(1)

n

(ii) repeat step (i) J times to get {Cﬁﬁ
— —(J
(iii) choose c; , as the a-th upper percentile of {GLR,, ', ..., GLR,(1 )}.

The critical value for the GLR test is ci’a. The following corollary guarantees that our Bootstrapped
J

n.o 18 asymptotically valid, which is called unconditional Bootstrap validity and its

critical value ¢

proof is similar to that for Corollary 2 in Zhu et al. (2014b) and hence is omitted.

Corollary 2 If Assumptions 1-3 hold, under Hy, we have lim lim P(GLR, > cia) = a.

n—00 J—o00

3.2 Unit Root Predictor

It is well known that standard Bootstrap techniques fail in the context of non-stationary AR models.
One has to employ the subsample Bootstrap method which faces the difficult issue of choosing the
subsample size. To allow not-stationarity or an unknown degree of persistence in the predictors,
Hansen (2000) proposed the fized regressor Bootstrap method to obtain critical value. Georgiev
et al. (2018, 2019) established the validity of this Bootstrap method for test statistics for the
parameter instability in predictive regression models.

Using a similar idea as that in Section 3.1, we construct the Bootstrap GF test as follows:

AT * T p—Llrx /42
GF, = sup sup Ty, R_T}./65,(k,r),
0<k<kiri<r<rz
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where T} = D, X, 1 — DnX,ITXDn (DnXTXDn)_anXTﬁ and Ry, is given in the proof of Theo-
rem 2, i.e., Ry = Dp X, Xpp Dp—Dp X, XDy, (D, X" XD,,) 1D, X " Xy Dy and D,, =diag{1/y/n,1/n}.
To formulate a useful asymptotic result, a weaker convergence mode is required, i.e., the terminol-
ogy of weak convergence of random measures, which is weaker than weak convergence in probability.
It reduces to the latter when the limit distribution is non-random. For the definition of this termi-
nology and its application to Bootstrap, we refer to the paper by Cavaliere and Georgiev (2020).

Following Georgiev et al. (2019), we need to strengthen Assumption 4 as follows:

Assumption 6 Assumption 4 holds together with the following conditions: (a) wy is drawn from

a doubly infinite strictly stationary and ergodic sequence {wy}52 which is a MDS with respect

—0o0
to its own past. (b) {u}C_ is a MDS also with respect to G} V G2, where G} and G? are the
o-algebras generated by {v}3°_ . and {u}3°_ ., respectively, and G} V G2 denotes the smallest

o-algebra containing both gtl and th.

The asymptotic theory of our Bootstrapped statistic GF n is given as follows, which is different

from Theorem 4.

Theorem 5 (a). If Assumptions 3-6 hold and x; is given by (2.8), then under Hy, it follows that
GF,|w], ..., w;, — sup sup nTT/\N;/\ln,r)\ B,
0<m<m1 A1 <A<A2
as n — oo, where wy = (Y, xt,qt), t = 1,...,n and By is given in (2.6). (b) if Assumptions 3-6
hold and x; is given by (2.9), then under Hy, it follows that
GF,|w],...,w; —> sup sup QB\L;;CF,\ B,
0<m<m A1 <A<

as n — o0.

Similar to the Bootstrap procedure in Section 3.1, we first obtain the Bootstrap sample {Wél), ey

J

n,o

WT(LJ) } and then use its a-th upper percentile d; , as the approximating critical value of the GF
test statistic GF,,. The following corollary guarantees that our Bootstrapped critical value d;;a is
asymptotically valid, which is called unconditional Bootstrap validity and its proof is similar to
that for Corollary 1 in Georgiev et al. (2019) and hence is omitted.

Corollary 3 If Assumptions 3-6 hold, under Hy, then lim lim P(GF, > d,‘{b7a|w1‘, W) = .

n—oo J—oo
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4 Simulation Studies

In this section, we report the performances of GLR,, and GF,, in stationary and unit root cases in
the finite sample, respectively.

We first study the size of two tests at the nominal 1% and 5% level, respectively. The data
is generated from the null model (2.1) with (¢0,%1) = (0.1,0.2) and k = n, where the predictor
x¢ is modeled as xy = pxry—1 + 1 with p = 0.2, 0.9, and 1 and v, ~ N(0,1), and the threshold
variable ¢; ~ N(0,1). Based on the Bootstrapped critical values, we consider rejection frequencies
from 5000 replications with the sample sizes 200, 500 and 1000. The results are presented in Table
1. We find that the sizes of the tests are acceptable no matter in stationary or unit root cases.

Additionally, both GLR,, and GF,, perform better when the sample size is not less than 500.

Table 1: Sizes of GLR,, and GF,, under the null model (2.1).

a=0.01 a=0.05

n 200 500 1000 200 500 1000

p=0.2 1.17 090 1.05 5.23 5.12 5.03
stationary case (GLRy,)
p=209 082 1.08 1.04 481 4.92 5.01

unit root case (GF,,) p=1 122 1.07 099 5.20 4.96 5.01

Next, in the stationary cases with p = 0.2 and 0.9, we explore the power of the GLR,, test
against different alternative models, where ¢y and ¢; take values in {—2,—1,-0.6,0.6,1,2}. In
the non-stationary cases with p = 1, the power of GF,, test against different alternative models
is considered, where ¢y and ¢; take values in {—1,—0.6,—0.2,0.2,0.6,1}. At the same time, we
consider whether our tests will be affected by the time of change k* and the true threshold r in
the stationary and non-stationary cases, i.e., (k*,r) = (100,0),(150,0), and (150,0.2). The results
of the stationary and unit root cases are summarized in Table 2 and Table 3, respectively. The
first point we should pay attention is that the farther (¢, ¢1) away from (0, 0), the stronger the
power. But the power is seriously affected by ¢;. This is reasonable since the predictor x; plays an
important in the BR model. The second is that different £* and r do not cause huge differences in

power, which implies that our test is applicable and credible when the time of change and threshold

12



Table 2: Power against model (2.1) with (o, %¢1) = (0.1,0,2) and z; = 0.92¢—1 + v4.

a=0.01 a = 0.05
k*=100,r =0 k*=100,r =0
®o
P1

574 56.3 54.5 54.6 56.7 56.9 -2.0 805 79.0 781 T7.6 79.4 79.9
23.9 204 17.8 169 19.7 24.0 -1.0 46.0 38.6 36.9 379 38.8 45.7
8.4 5.0 4.7 4.3 4.8 8.7 -0.6 17.1 143 13.7 13.5 14.1 16.9
8.6 4.9 4.5 4.2 4.6 8.3 0.6 17.0 14.1 138 13.7 142 17.2
23.6 20.1 169 176 20.2 24.0 1.0 46.2 38.7 373 37.2 389 46.5
57.2 56.2 54.0 54.3 56.7 57.0 2.0 80.2 79.1 780 77.8 79.3 80.0
k*=150,r=0 k*=150,r=0

20 -0 0.6 06 L0 20 ™ 50 10 06 06 10 20

61
57.2 56.2 54.1 54.5 56.8 57.3 2.0 &80.5 787 784 779 79.2 804
-1.0 242 19.7 176 174 20.6 244 -1.0 459 38.8 37.2 38.0 39.2 46.3
-0.6 8.5 4.8 4.7 4.4 4.7 8.5 -0.6 17.2 14.2 136 13.8 139 173
0.6 8.3 4.8 4.5 4.3 4.5 8.7 0.6 17.1 14.0 135 13.6 14.3 17.2
1.0 24.0 203 16.7 179 204 238 1.0 46.2 389 374 374 39.3 46.0
2.0 570 56.4 54.3 544 56.7 57.1 2.0 803 79.0 783 774 79.1 798

k* =150, r = 0.2 k* =150, r = 0.2

20 -0 -06 06 10 20 ™ 50 10 06 06 10 20

o) o1
-2.0 56.5 56.0 53.9 53.7 558 56.3 -2.0 792 778 772 769 780 789
-1.0 23.2 19.0 16.7 15.7 18.6 23.5 -1.0 44.8 374 34.8 35.7 37.8 44.9
-0.6 7.9 4.8 4.4 4.3 4.6 7.8 -0.6 16.0 13.3 124 125 13.8 16.2
0.6 8.0 4.5 4.1 4.0 4.4 7.9 0.6 16.2 134 12.7 128 13.7 16.1
1.0 23.0 19.1 158 15.6 194 23.1 1.0 453 372 354 35.6 374 452
2.0 56.3 56.1 54.0 53.7 56.0 56.4 20 793 776 T77.0 76.8 782 79.0
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Table 3: Power against model (2.1) with (g, 11) = (0.1,0,2) and z; = 241 + v4.

a=0.01 a = 0.05
k*=100,r =0 k*=100,r =0
®o
-10 -06 -02 02 06 1.0 -10 -06 -02 02 06 1.0
P1

85.8 84.9 847 841 846 86.2 -1.0 991 978 973 97.2 98.0 994
53.7 51.9 504 50.1 51.6 54.0 -0.6 732 723 726 717 725 73.1

o

1
D

4.9 3.9 2.5 2.7 3.8 4.7 -0.2 104 9.6 8.5 8.9 9.5 10.7
5.0 4.4 2.4 2.8 3.6 4.9 0.2 10.8 9.7 8.4 8.7 9.6 10.5
53.8 52.6 514 50.6 52.8 534 0.6 73.6 724 719 716 724 73.0
85.6 84.2 84.4 84.6 84.2 &6.8 1.0 993 98.5 972 974 989 99.6
k*=150,r=0 k*=150,r=0
1.0 0.6 -02 02 0.6 10 , " 10 06 02 02 06 L0
1

85.7 85.0 84.5 843 848 86.9 -1.0 99.2 98.7 974 973 988 99.6
53.0 52.6 519 51.2 520 54.6 -0.6 734 725 718 714 726 73.0

1
o

1
D

o

‘.C’
SN

‘.C’

—
(@)

[an)

-0.2 5.0 3.8 2.8 2.6 4.2 4.9 -0.2 10.7 94 8.7 88 9.7 10.6
0.2 5.1 4.0 2.9 2.8 3.9 4.9 0.2 105 9.7 &6 87 9.6 10.8
0.6 53.9 52,5 50.2 50.3 524 54.2 0.6 73.6 721 724 716 728 739
1.0 857 85.6 84.3 845 84.8 86.4 1.0 99.1 989 97.3 97.2 98.8 99.7
k* =150, r = 0.2 k* =150, r = 0.2
QSOLMMMMQQS%LMMMM&
1

83.7 82.6 81.1 809 824 83.6 -1.0 971 96.7 964 96.0 96.5 97.1
51.3 50.5 494 487 506 514 -0.6 720 70.2 69.7 69.4 69.8 72.1

41 30 20 19 29 38 -0.2 93 87 74 78 85 9.2
41 35 21 22 30 38 02 95 86 72 74 88 93
51.8 50.3 48.2 484 50.2 51.6 06 72.0 698 698 69.6 702 T71.9
83.9 82.6 809 80.8 823 83.8 1.0 971 965 956 96.2 964 97.0
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are unknown.

5 A Real Example

In this section, GLR,, and GF,, are applied to test whether commonly used financial variables have
threshold effects and change points with respect to excess stock market returns. We consider the
data sets analyzed in Welch and Goyal (2008) and Kostakis et al. (2015), but the period of data
is 1927-2019, which is updated by Amit Goyal’s Web. Following the setting in Welch and Goyal
(2008), S&P 500 value-weighted log excess returns are used as excess market returns. We consider
the following six variables as predictors: book-to-market value ratio (b/m), T-bill rate (tbl), net
equity expansion (ntis), inflation rate (inf), long-term return (ltr), stock variance (svar), which
are monthly or quarterly.

To determine if we should use GLR, or GF,,, we first perform unit root tests for these six
predictors and the corresponding p—values are presented in Table 4. From Table 4, one can find
that only the monthly or quarterly T-bill rate is a unit root process at the significance level 0.05.
Thus, we use GF,, to test the null in (2.2) when z; is the T-bill rate, and use GLR,, to test for the
null in (2.2) when x; is other five predictors. The results are reported in Table 4, from which, one
can observe that GF,, rejects the null in (2.2) at the level 0.01 and 0.05 when x; is the predictor as
monthly data and at the level 0.01 when x; is the predictor as quarterly data. When the predication
variable x; is book-to-market value ratio or stock variance as both monthly and quarterly data,
GLR,, test rejects the null in (2.2) at both level 0.01 and 0.05. When z; is inflation rate or long-term
return as both monthly and quarterly data, GLR,, cannot reject the null in (2.2) at both level 0.01
and 0.05. When z; is net equity expansion, except for the monthly data at the level 0.01, GLR,,
test cannot reject the null in (2.2). This example illustrates that our test can be used for testing

the change-point and threshold effect in PR model simultaneously.

6 Conclusion

In this paper, two tests, termed as generalized likelihood ratio (GLR) and generalized F (GF), are
proposed to testing structural changes and thresholds in linear predictive regression models. The

former is for the case that regressor is stationary and the latter is for the situation that regressor
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Table 4: GLR,, and GF,, Tests for six predictive regressors.

monthly quarterly
p-value for Q p-value for Q
unit-root test”| 0.01 0.05 unit-root test | 0.01 0.0
b/m (book to market) <0.01 ™ 0.0281 1 1
tbl (T-bill rate) 0.4574 11 0.5293 10
ntis (net equity expansion) < 0.01 1 0 < 0.01 0 0
infl (inflation) < 0.01 0 0 < 0.01 0 0
Itr (long term return) < 0.01 0 0 < 0.01 0 0
svar (stock variance) < 0.01 1 1 < 0.01 1 1

* . . .
alternative hypothesis: stationary

™ ¢1” means reject the null hypothesis in (2.2).

is nonstationary such as unit root process or nearly integrated process. The limiting distribution
of the proposed test statistics are derived under both the null and alternative hypotheses. It turns
out that the limiting distributions are functionals of some Gaussian processes with complicated
covariance structures and depend heavily on the characteristics of regress, in the sense that regressor
is stationary or nonstationary. Due to the complexity of the limiting distributions of the proposed
test statistics, a Bootstrap approach is suggested for computing the critical values of the proposed
tests.

Finally, we note several possible extensions of the present study. For example, it may be of interest
to have some unified testing procedures free of the characteristics of regressor (regardless of the
persistence of regressor). Also, it might allow regressor to have structural changes or thresholds
too. Further, in Assumption 4, if Cov(u,v) # 0, which is the so called “embedded endogeneity”,
then the results for the unit root predictor may be invalid, then we can relax this assumption
by adopting the so called “leads and lags” approach in Section 4 in Chen (2015) or consider the

weighted method in Cai et al. (2020). We leave such extensions as possible future research topics.
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Appendix: Mathematical Proofs

Proof of Theorem 1: Using a two-term Taylor expansion, we have
GLR(k,7) = Sy(k,r) /67 + Sy (k,r) [2n&0 (k, 7),

where S, (k,7) = n(62 — 62(k,r)) and &2(k,r) is between 2 and 62(k,r). By (2.3) and (2.4), we
can show that (for example, see Example 7.1 in Schott (2017))

-1
XTX., XIX /XTXx\ 'XxTx

Sn(k,r):TkTT{ kr ke Zkr ( ) M T (A1)
n n n n

where Ty, = n~V/2[X,] — X,” X(XTX)"'XT]Y. Note that Ty, = n~/2[X] —X] X(XTX)" ' X u
if Ho holds. Re-scale the time axis by setting k = |n7] with 7 € [0,1], and denote X7\ = X |,z r
and 17, = T| x| - Then, it is easy to know that ¥ is invertible, and using arguments similar to (iv)
of Lemma 2.1 in Chan (1990), we can conclude that for every (m, A) € [0, 1] X [A1, A2], M is also
invertible. By the ergodic theorem, we know that X "X /n — ¥ a.s., as n — oo. Using arguments
similar to Lemma 2 in Berkes et al. (2011), we can show that

XX

n

* T ok
X7r>\ X7r)\

n

sup sup — 2

0<r<m1 A <AL

=o0p(1), and sup sup
0<m<my A1 <A<

- E7r>\ - Op(l)'

Thus, we know that

sup  sup
0<7<m1 A1 <AL

* * * _1 *
{XWIX,rA XX (XTX> XTX7,

n n

—1
— M = op(1
n n } TA Op( )7

and

“ _ 1
T = (Ens T B)

1 1
T+ =YX X Tu— —X*u

Vi v

where I is an identity matrix with order 2. Now, applying Theorem 8 in Li et al. (2016), under

sup  sup (X, X5\) Tu

0<m<my Ar<A<Az

sup  sup
0<m<m A1 <A<

= op(1),

Hy, we know that {T7*,} converges weakly to {c&\} in D([0,1] x [—00,00]), where ID(A) is the
space of real-valued functions on the set A, which are right continuous and have left-hand limits
and it is equipped with the Skorohod topology. Using arguments similar to Theorem 1 in Zhu and

Ling (2012), we know that 62 converges to o2 a.s.,

1 S2(k,
sup  sup Sn(k,r)ga2 sup  sup &L\M /\fﬂ and — sup sup a(k,7)

n 5(14:7‘):01)(1)'
0<k<k1 r1<r<rg 0<7<m1 A1 <A<A2 0<k<ki r1<r<re Sp\/v,
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From the previous arguments, it concludes that this theorem holds.

g

Proof of Theorem 2: First we focus on Sy, (k,7) = n(62 — 62(k,r)). As shown in (A.1), we have
Sn(k,7) = T,) R, Ty, with

Tir = Do XY — D, X! XD, (D, X"XD,) 'D,X"Y,

Ry, = DX} X4, Dy — DX, XD, (D, X" XD,) 1D, X" X} Dy,
where D,, =diag{1/y/n,1/n}. If Hyp holds, we have
Tir = Dp Xl u — D, X)) XD, (D, X" XD,) ' D X T

Re-scale the time axis by setting & = [n7| with 7 € [0,1], and note that A = F(r). Following

Assumption 4 and Theorem 3 in Caner and Hansen (2001), we have

l Z i 3/2 Z L@

D, X X, D, = D, X} XD, = "k . ok
3/2 Z I 1w 2 Z Loy
t=k+1 t=k-+1
1 1 1 ¢ 1 <
- tzl Iy ey tzl I i - tzl I 32 tzl I 1w
B IR * 1< 2 - 1 . * 1 - * .2
372 Z I @i 2 Z I 2 YD) Z Iz — Z Iy @i
= t=1 A it
1 'B (8 T T By(s)ds
Y i Bueds | Ji Buts)
Jo Bu(s)ds fo B2(s)ds Jo Bu(s)ds [y B2(s)ds
1—m B,(s)ds 1
— A 1( ) f’; (5) = / Bo(s)B, (5)ds = AQs,
[- By(s)ds [ B2(s)ds m

where B,(s) = (1, B,(s))". Theorem 3 in Caner and Hansen (2001) directly implies that

1 n
1 —75 ) Ti-1 1
n3/2 ; 1 Jo Bu(s)ds

1 ¢ 1 & = 1 -
n3/2 PR 2 > ai Jo Bu(s)ds [y By (s)ds
t=1 t=1

= /01 EU(S)EZ(S)CZS = Q.

D, X"XD, =
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It now follows from the continuous mapping theorem that Ry, = N,). Using Theorems 1 and 2

in Caner and Hansen (2001), we have

n k
1 1
Z I w — th*,lut — ngilut
Dp X u= \Ftkﬂ _| vriE - ‘/ft=1
o . N 1
E Z Iy qxequ " Z—Tt—lﬂft—lut — fo,la:t_lut
t=k-+1 t=1 ni4
., W(1,)) . W(m, \)
[ By(s)dW (s, \) T By (s)dW (s, \)
W1 —m,\) L
=0 ) = 0'/ By, (s)dW (s, \),
fﬂ By (s8)dW (s, \) ™
1 n
. NG D W(1,1) 1
D, X 'u= Lo =1 =0 . = U/ B, (s)dW (s, 1).
— Z Tt_1Ut fO BU(S)dW<8’ 1) 0
n

Thus, we have Ty, = on,). This establishes that S, (k,r) = 0277;/\]\7 o /\17770\. It follows from that

1

1 1
62 =—u'u——u' X(X"X) "' XTu=="u"u- —{uTXD (D, X"XD,) 'D,X"Tu}. (A2
mn

Using a similar argument as for the weak convergence of Tj,., we know that the second term in (A.2)
converges to 0. Furthermore, since u'u/n to o2 a.s., we know that 2 converges to o2 a.s.. Note
that 62(k,r) = 62 — S, (k,7)/n and S, (k,r) weakly converges to a limit. We know that 62 (k,r)
converges to o2 a.s. The theorem follows by standard manipulations.

O
Proof of Theorem 3: The argument is similar to that for Theorem 2. Note that S, (k,r) =
n(62 — 62(k,r)) = T,) R, Ty with
Tir = Dp X u — D, X)) XD, (D, X" XD,) 1D X T,
Ry, = Du X} X1, Dy — D X)) XD, (D, X" XD,) 1D, X" X}, Dy,

where D,, =diag{1/y/n,1/n}. Re-scale the time axis by setting k = |nw| with = € [0, 1], and note

that A = F(r). Following Assumption 4 and Lemma 1 in Gonzalo and Pitarakis (2012), we have

(1—m) f; K (s)ds

Dy Xy XD = Do X, XDy = A | "
[ Ke(s)ds [ K2(s)ds
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= )\/ K( s)ds = \E,,
where K .(s) = (1, K.(s))". Similarly, we have
1
D, X"XD, = / K.(s)K, (s)ds = E,.
0

It now follows from the continuous mapping theorem that Ry, = L;). Using Lemma 1 in Gonzalo

and Pitarakis (2012), we have

T W(l—m,\) 1__
D, X, u =0 :O'/ K (s)dW (s, A),
f K.(s)dW (s, \)
and
T W(l 1) 1
D, X' v =0 :a/ K. (s)dW (s,1).
fO s)dW (s, 1) 0

Thus, we have Ty, = 0(zx. This establishes that S,(k,r) = ¢, )\Lﬂ)\é})\ Using a similar
argument as in (A.2), we can show that 62(k,r) converges to 02 a.s.. Thus, the conclusion holds

by standard manipulations.

O

Proof of Theorem 4: We use the method as the proof of Theorem 2 in Hansen (1996), also see
Theorem 3 in Zhu et al. (2014b). Re-scale the time axis and denote z; (m, A) = z:(k, ), 0} (7, \) =
n

- 1
On(k,7) and Z* (7, \) = NG Z zf (m, \)ugee. First, let W denote the set of samples w for which
n

hm— sup ||z (m, A)||u; < oo A3
Tim ;“M )l (A3)
and
1 n
lim  sup —sz(ﬂ,)\)z;‘—r(w*,)\*)u?—UQE(ZZ‘(W,)\)ZZ‘T(W*,)\*)) — 0 a.s. (A4)
TL—>OO7.‘.7A,T‘.*7)\* n 1

Since sup; ) [|27 (7, A)|| < V2| X¢|| and E(||X;||uf) < oo due to Assumption 2, by the ergodic

theorem we have

lim — Zsup |2 (70, N ||Ju? < h_)m £ Z | X¢|[u? < oo a.s,
n

n—,oo N,
i ™A t=1

i.e., (A.3) holds. By Assumptions 1-2 and similar arguments for Theorem 1, it is not hard to see
that (A.4) holds. Thus, P(W) = 1. Take any w € W. For the remainder of the proof, all operations

are conditionally on w, and hence all of the randomness appears in the i.i.d. N(0,1) variables {e;}.
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Second, define
ZHmA) = Zthr)\utst

Then, using the same argument for Theorem 8 in Li et al. (2016), we have Z, (7w, \) = oG
a.s. as n — oo, where G, is a Gaussian process with zero mean function and covariance kernel
E(zf(m, Nz T (7%, A%)). Note that

sup || Z2 (m, \) — ZE(m, \)|| < sup

Us

Zzt (m, N)zi T, Neg || sup ||[Vn (67 (z, X) — 6°)]],
™A

where 6 is the true value of . Using the same argument for Z*(m, \), we have
- sz(%)\)ZIT(W, Aer = 0 a.s. as n — oo.
n

Using arguments similar to Lemma A.6 in Zhu et al. (2014b), we can show that sup, y ||v/7(60;, (7, A)—
0°)|| = O,(1), then, it follows that Z*(m,\) — Z*(x, \) = 0 in probability as n — co. Thus, we
have Z*(m,\) = 0Gry in probability as n — occ.

Next, we consider the functional

1
L:z(-,-) € D([0,m] x [M1,A2]) = — sup  sup z(m, N T Konz(m, N,
07 0<n<m1 A1 <A<)2

where K, = (—EME_l,IQ)TM;\l(—Zm\E_l, I,). Clearly, L(-) is a continuous functional. By the
continuous mapping theory, it follows that L(Z*(m,\)) = L(6Gxy) in probability as n — oo.

Using the facts that 62 converges to o2 a.s. and

_ T _ -1 _
CXLX (XTX\T L XpXew XX (XTX\ 7' XXy, CXLX (XxTx\7 L
n n ’ n n n n n n ’

converges to Ky uniformly in (7, A), we have that

sup  sup GﬁR;(W, A) = L(ZX(m,\) + 0,(1).

0<m<my A1 <A<
Based on above discussions, we have
7 * x d 3 } T -1
GLR,|wy,...,w;, — sup  sup G \K_{Gry
0<r<m A1 <A<
in probability as n — co. Note that the covariance kernel of (—EME*H I5)Gry is

(S L BB (m )5 (1 A)) (~Zpe e B )T
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by hY - S Y
_ (7270\2_1’]2) TN T*A

DIRSN 2max(w,rr*),min()\,)\*) I

= Cmax(mrt)min(AA) — SrAD T s

Thus, the conclusion holds.

g

The following lemma is a special case of Theorem 3 in Georgiev et al. (2019), which is used for

proving Theorem 5 and stated here for convenience.

Lemma 1 Let é,(t = 1,...,n) be scalar measurable functions of y;, x;,q;(i = 1,...,n) and such that

Z[m] e, i Jo m*(s)ds for r € [0,1], where m(:) is a square-integrable real function on [0,1].
Introduce ey, = éper(t = 1,...,m), and B*( fo (s)dBj(s), where B} is a standard Brownian
motion independent of (By, By). Under Assumptwn 6, the following converge jointly as

[nr] L e " 1
Z ut, \/ﬁth, n;;vsut ( u(r),Bv(r),/O o (5)dBy (s ) ‘Bv,
€ [0,1], in the sense of weak convergence of random measures on D? x R, and
[n7] [n7] n i1 -,
NS I ) I = (B.0.8°0). [ Bo)iE ) |5,

forr € [0,1], in the sense of weak convergence of random measures on D? x R, where DF := Dy[0, 1]
is the space of right continuous with left limit functions from [0,1] to R¥, equipped with the Skorokhod
topology, and D := D'.

Proof of Theorem 5: First we focus on S’n(k:, r) = T,j:Rk 1T* Re-scale the time axis by setting
k = |nn| with 7 € [0,1], and note that A\ = F(r). Since n™3/23" 2, 1 = fo B, (s)ds by
Assumption 4 and the continuous mapping theorem, we have
1
DX, X4y Dyy = Dp X, XD, = A / B,(s)B, (s)ds = A\Qx,
where B,(s) = (1, By(s))". And similarly,

1
D, X'XD, = / Bo(s)B,
0

(s)ds = Q.
It now follows from the continuous mapping theorem again that Ry, = Nj)\.
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Next, it follows from Lemma 1 with é,; = @ that

[nr] [nr] n t—1 1
th, th* Vg, — ZZIt Ty | <Bv(7’),0W(r,1),a/ By(s)dW (s, 1)) B..
t 1s=1 0

where n 12[7“” I 42 = o*W?(r,1) and Var(cW(r,1)) = o?Var(W(r,1)) = o?E(W?3(r,1))
satisfying the framework of Lemma 1. Then,

k

* 1 . * o~ 1 * o
t; Tt ﬁ ZIt_1Ut % ZIt—lut
D, X4 = +1 — t=1 _ t=1
n<tkr 1 n 1 k
ﬁ Z Iy @ity - th*_ll't—lut - Zlg‘_lxt,lﬁt
t=k+1 t=1 ni3
W(1,\) W(w A)
=0 . B,—o B,
Jo Bu(s)dW (s, \) Jo Bu(s)dW (s, \)

W(l—m,A\) 1
. B, = a/ Bv(s)dW(s,)\)’B
[XBy(s)dW (s, \) "
and

R ey

n W(1,1 1_

pxTa-| Vi e MO B=o [ Buls)iw (s,

— Z "Etflﬁt fO BU(S)dW(S7 1) 0
n

t=1

Hence, T}, |w},...,w}, = onzr|By. Thus, S‘n(k,r)\w{,...,w; = 0277;/\]\7;)\117“‘BU. Thus, (a)
holds by standard manipulations. Finally, using Theorem 3 and a similar argument, we can show

that (b) holds.
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