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Abstract

This paper introduces a Stein-like shrinkage method for estimating slope coefficients and

forecasting in first order dynamic regression models under structural breaks. The model allows

for unit root and non-stationary regressors. The proposed shrinkage estimator is a weighted

average of a restricted estimator that ignores the break in the slope coefficients, and an

unrestricted estimator that uses the observations within each regime. The restricted estimator

is the most efficient estimator but inconsistent when there is a break. However, the unrestricted

estimator is consistent but not efficient. Therefore, the proposed shrinkage estimator balances

the trade-off between the bias and variance efficiency of the restricted estimator. The averaging

weight is proportional to the weighted distance of the restricted estimator, and the unrestricted

estimator. We derive the analytical large-sample approximation of the bias, mean squared error,

and risk for the shrinkage estimator, the unrestricted estimator, and the restricted estimator.

We show that the risk of the shrinkage estimator is lower than the risk of the unrestricted

estimator under any break size and break points. Moreover, we extend the results for the model

with a unit root and non-stationary regressors. We evaluate the finite sample performance of

our proposed method via extensive simulation study, and empirically in forecasting output

growth.
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1 Introduction

A sizeable strand of the literature in economics and finance focuses on autoregressive (AR) models.

These models are heavily used in forecasting economic and financial variables and are frequently

considered as benchmarks in forecast competitions, as they are difficult to beat. Nevertheless,

since many time series data in economics and finance are characterized by parameter instability,

which is now widely recognized as an important source of forecast failure as recorded by Stock

and Watson (1996), Hansen (2001), Giacomini and Rossi (2009), Rossi and Sekhposyan (2010),

Inoue and Rossi (2011), Clements and Hendry (2006, 2011), and Rossi (2013) inter alia, there is an

increasing evidence that parameters of AR models in many economic and financial time series are

unstable and subject to structural breaks. For example, Mankiw and Miron (1986) and Mankiw

et al. (1987) considered AR(1) models and find parameter instability in the short-term interest

rate. Phillips et al. (2011) find parameter instability for 1990’s NASDAQ stock prices. See also

Garcia and Perron (1996), and Stock and Watson (1996) who document instability related to the

autoregressive terms in a wide variety of economic time series. This suggests a need to study the

forecasting performance of AR models when they are subject to structural breaks.

This paper considers an ARX model that contains structural breaks, and proposes a Stein-like

shrinkage estimator that exploits observations in neighboring regimes.1 Our proposed estimator

is a weighted average of a restricted estimator (which uses full-sample of observations under the

restriction of no breaks in the parameters) with an unrestricted estimator (which uses observations

within each regime). The restricted estimator is inconsistent when there is a break while it is the

most efficient. On the other hand, the unrestricted estimator is consistent but the consistency comes

at the cost of losing efficiency. Hence, the proposed shrinkage estimator trades off an increased

bias introduced by the restricted estimator against a reduction in error variance resulting from

using a full-sample of observations. The averaging weight depends on the weighted distance of

the restricted and unrestricted estimators, which is similar to the James-Stein weight, cf. Stein

(1956) and James and Stein (1961).2 Therefore, it assigns appropriate weights to each of the

1Over the past decades, a considerable literature on the merits of forecasts averaging obtained from different models
has been developed, reviewed by Clemen (1989), Newbold and Harvey (2002), Stock and Watson (2004), and
Timmerman (2006). Specifically under structural break models, forecast averaging procedures have been shown to
improve forecast performance in the sense of mean squared forecast errors (MSFE), see Pesaran and Timmermann
(2002, 2007), Hansen (2009), Clark and McCracken (2010), Pesaran and Pick (2011), Pesaran et al. (2013), Inoue
et al. (2017), and Lee et al. (2022a, 2022b, 2022c), among others.

2See also Massoumi (1978), Hansen (2016, 2017), and Mehrabani and Ullah (2020) for similar use of the James-Stein
weight in different contexts.
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two estimators by measuring the magnitude of the structural break. We derive the analytical

large-sample approximation of the bias, mean squared error (MSE) and risk for our proposed

shrinkage estimator, the unrestricted estimator, and the restricted estimator.3 We derive the

condition under which the risk of the shrinkage estimator is lower than the risk of the unrestricted

estimator under any break size and break points. We also show how the method can be used in

out-of-sample forecasting. Furthermore, we extend the results to the model with unit root and

non-stationary regressors.

To the best of our knowledge, this is the first paper that analytically derives the asymptotic

approximation of the bias, and risk up to order T−1, and MSE up to order T−2 in ARX models

under structural breaks, where T is the total number of observations. Furthermore, we provide new

results to the model with unit root and non-stationary regressors under structural breaks, which

have not been considered before in the literature. Because of these considerations, we would like

to point out that our results differ from the recent work by Lee et al. (2022a, 2022b, 2022c) who

consider different types of combined estimators to improve forecasts under structural breaks in a

static stationary time series model without lagged dependent variable and using different weights.

For example, in Lee et al. (2022a) the combination weight is different and set to be a constant

between zero and one, Lee et al. (2022b) consider Stein-like combined estimator, however, the

optimal weights in this paper are different due to the presence of lagged dependent variable and

theoretical frameworks. Lee et al. (2022c) consider another type of combined estimators which

assigns a full weight of one to the post-break sample observations and a weight between zero and

one to the pre-break sample observations. In addition, there are three additional main differences

that have not been discussed in the previous works by Lee et al. (2022a, 2022b, 2022c). First, this

paper considers a dynamic ARX model and allows for unit roots (or integrated of higher order) and

non-stationary regressors. Second, in this paper the dominance property of the proposed Stein-like

shrinkage estimator holds for any fixed deviations from the restrictions. This complements the “local

asymptotic” argument discussed in Lee et al. (2022b). Third, we derive the analytical large sample

approximation, using Nagar (1959) method, of the bias and risk up to order T−1, and MSE up

to order T−2 for the proposed shrinkage estimator, the unrestricted estimator, and the restricted

estimator under structural breaks. This allows us to theoretically and numerically compare the

performance of these estimators. Because of the presence of the lagged dependent variable in the

3The bias and MSE of the unrestricted estimator are provided in the Supplementary Online Appendix B. The detailed
derivations of bias and MSE of the restricted estimator are available upon request.
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model considered in this paper, the theoretical results presented here are noticeably different than

those in Lee et al. (2022a, 2022b, 2022c). Even in the special case of no lagged variable, our results

are different with them because the combined estimator in Lee et al. (2022a) has different weights,

and in Lee et al. (2022b, 2022c) they either derive only local asymptotic theory results instead of

large sample approximation results and/or their weights in combined estimator are different.

We present an extensive Monte Carlo simulation study to evaluate the finite sample forecasting

performance of the proposed shrinkage method. The results support our theoretical findings,

and show the outperformance of our shrinkage estimator relative to the unrestricted estimator in

finite sample. In particular, our numerical results show the benefits of exploiting the neighboring

observations in estimation and forecasting relative to using only the observations within each regime.

Furthermore, we undertake an empirical analysis for forecasting the output growth using 131

macroeconomic and financial time series to compare the forecasting performance of the shrinkage

estimator with the unrestricted estimator, the restricted estimator, and a range of alternative

methods existing in the literature. The empirical results suggest the out-performance of our method

relative to the alternative methods, in the sense of mean squared forecast errors (MSFE).

Analysis of AR models subject to structural breaks have been also considered by Clements

and Hendry (1998, 1999) and Pesaran and Timmermann (2005), but they focus on the analysis

of forecast errors decomposition, while the focus of this paper is developing an estimator to deal

with the parameter instability. Specifically, Clements and Hendry (1998, 1999) analyze the forecast

errors from AR models subject to structural change by assuming that the parameters of the AR

models remain unchanged during the estimation period. Pesaran and Timmermann (2005) consider

the small sample properties of forecasts from AR models estimated from windows of different sizes.

See also Banerjee and Urga (2006) for a comprehensive review of developments in the fields of

modelling structural breaks.

The analysis of approximating the moments of estimators in autoregressive models dates back

to Bartlett (1946), who finds a first-order variance approximation in an autoregressive gaussian

process (see also Hurwicz (1950)). White (1961), Shenton and Johnson (1965) give approximations

of the first two moments in the AR(1) model. Kendall (1954) and Marriott and Pope (1954) consider

AR(1) models with intercepts, and find the approximate bias of the least-squares estimator of the

lagged dependent variable coefficient. Recently, a number of papers have studied the small sample

bias of the ordinary least-squares estimator in single dynamic regression models, see for example
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Grubb and Symons (1987), and Kiviet and Phillips (1993). Kiviet and Phillips (1994) extend the

analysis of Kiviet and Phillips (1993) to the higher-order dynamic regression models. More recently,

Kiviet and Phillips (2012) found the higher-order approximate bias of the least-squares estimator of

the slope coefficients in a stable ARX(1) model. Kiviet and Phillips (2005) extend these results to

non-stable ARX(1) models, and examine the moments of the least-squares estimator in the single

normal ARX(1) model with an arbitrary number of exogenous regressors when the true coefficient

of the lagged-dependent variable is unity.

The paper is organized as follows. Section 2 describes the model. For simplicity, we discuss the

problem under a single break, which simplifies the essential idea without complicating notation.

However, the generalization of the method for the multiple breaks is straightforward. In Section

3, we introduce the estimators. We give the bias, MSE, and the risk of the Stein-like shrinkage

estimator using large-sample approximations in Section 4, while those of the unrestricted estimator

are provided in the Supplementary Online Appendix B. We extend the results of Section 4 to a

model where the slope coefficient of the lagged dependent variable is unity in Section 5. Monte

Carlo results are given in Section 6. Results from our empirical example are given in Section 7.

Conclusions are given is section 8. Proofs and detailed calculations are provided in Appendix A.

Notation: Throughout the paper we adopt the following notation. Ip and 0p×q denote the p× p

identity matrix and p × q matrix of zeros, respectively. tr(·) denotes trace, ⊗ denotes Kronecker

products, and 1(·) denotes the indicator function. For an m×n real matrix A = (aij), we write the

transpose A′. We write A = O(b) when the non-zero elements of A are of order b, i.e., aij = O(b).

For a stochastic matrix A, we write A = Op(b) when the non-zero elements of A are of order b, i.e.,

aij = Op(b).

2 The Model

Consider the following first-order linear dynamic regression model (ARX(1) model)4 defined over

the period t = 1, 2, . . . , T , which is subject to a single structural break at time T1

yt =


λ1yt−1 + x′tβ1 + ut, for t ≤ T1

λ2yt−1 + x′tβ2 + ut, for t > T1,

(2.1)

4Our findings can be generalized—though will not yield qualitatively different results as it seems—for models with
higher order lags. For ease of exposition we thus restrict ourselves to the relatively simple ARX(1) model.
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where yt is the dependent variable, xt = (xt,1, . . . , xt,k)
′ is a k × 1 vector of exogenous regressors,

and ut is the unobserved error term.5 The (k+1)×1 vectors of the pre-break and post-break slope

coefficients are denoted by α1 = (λ1, β
′
1)

′, and α2 = (λ2, β
′
2)

′, respectively, which are the parameters

of interest. In a matrix form, the model can be expressed as

y = Zα+ u, (2.2)

where y = (y(1)
′
, y(2)

′
)′ is a T × 1 vector of the dependent variables, y(1) = (y1 , . . . , yT1

)′, y(2) =

(yT1+1 , . . . , yT )
′. The T × 2(k + 1) matrix of observations on the regressors is denoted by Z =

diag(Z1, Z2), where Zi = (y
(i)
−1, Xi) for i = 1, 2, y

(1)
−1 = (y0, . . . , yT1−1)

′, y
(2)
−1 = (yT1

, . . . , yT−1)
′,

X1 = (x1 , . . . , xT1
)′, and X2 = (xT1+1 , . . . , xT )

′. u = (u1 , . . . , uT )
′ is a T × 1 vector of disturbances,

and α = (α′
1, α

′
2)

′ is a 2(k + 1)× 1 vector of the unknown slope coefficients.

Assumption 1 (i) |λi| < 1, for i = 1, 2; (ii) the matrix Z is such that Z ′Z = Op(T ); (iii) the

T × 2(k + 1) matrix Z has rank 2(k + 1) with probability one; (iv) the regressors in X are strongly

exogenous; (v) the disturbances follow u ∼ N(0,Ωu), where Ωu = diag(σ2
1IT1 , σ

2
2IT−T1) with 0 <

σ2
i < ∞; (vi) the start-up value follows y0 = ȳ0 + du0 ∼ N(ȳ0, d

2σ2
1), with 0 ≤ d < ∞; (vii) y0 and

u are mutually independent.

We note that u0 is the start-up error term, i.e., the error term at time 0. d = 0 represents

the fixed start-up, and if d ̸= 0 the start-up is random. Assumption 1(ii) excludes non-stationary

regressors including deterministic or stochastic trends, but the presence of such variables will not

change the approximation bias, MSE, MSFE, and risk formulas in Section 4. Their inclusion only

reduces the order of magnitude of the moments and the order of their remainder terms (for a similar

discussion see Kiviet and Phillips (2012)). We demonstrate in Section 5 that our results are still

applicable under a unit root (relaxing Assumption 1(i)) and non-stationary regressors (relaxing

Assumption 1(ii)). Assumption 1(v) assumes that the error terms are normally distributed and

excludes serial correlation in the errors. This assumption can be relaxed at the expense of extra

terms to be added in the bias and MSE of the estimators. However, since the model in (2.1) has a

dynamic structure, it captures much of the serial correlation.

Remark 1 A main difference between the model considered in (2.1) and those considered in Lee

5For simplicity, we consider a single break in (2.1), however, the extension to multiple breaks is straightforward.
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et al. (2022a, 2022b, 2022c) is that the model considered here is a dynamic ARX, and allows for

a unit root (or higher order integration), and non-stationary regressors.

We analyze the model conditional on the observed matrix X in Section 4. Therefore, in order

to distinguish the fixed and zero mean stochastic elements of the regressor matrix Zi, i = 1, 2, we

decompose Zi = Z̄i + Z̃i, where Z̄i is defined as the expectation of Zi conditional on X and ȳ0. For

notational simplicity, we denote E(·) ≡ E(·|X, ȳ0). Hence,

Z̄i = E(Zi) =
(
E(y (i)

−1) , Xi

)
=

(
ȳ
(i)
−1 , Xi

)
, for i = 1, 2, (2.3)

and

Z̃i = Zi − Z̄i =
(
ỹ−1

(i) , 0Ti×k

)
= ỹ

(i)
−1 ς

′
1, for i = 1, 2, (2.4)

where ς1 = (1, 0, . . . , 0)′ is a vector of (k + 1) × 1, and T2 = T − T1 is the number of post-break

sample observations. Define the Ti × T matrix Λi = (Fi,∆i) for i = 1, 2. Then, we define ȳ
(i)
−1 =

Λi ȳ
∗
−1, where ȳ∗−1 = (ȳ0, x

′
1β1, . . . , x

′
T1
β1, x

′
T1+1

β2, . . . , x
′
T−1

β2)
′, F1 = (1, λ1, . . . , λ

T1−1

1 )′ is T1 × 1,

F2 = (λ
T1
1 , λ

T1
1 λ2, . . . , λ

T1
1 λ

T2−1

2 )′ is T2 × 1, and

∆1 =



0 0 . . . . . . . . . 0

1 0 . . . . . . . . . 0

λ1 1 . . . . . . . . . 0
...

...
...

...
...

...

λ
T1−2

1 λ
T1−3

1 . . . λ1 1 0 . . . 0


,

∆2 =


λ

T1−1

1 . . . λ1 1 0 0 . . . . . . 0

λ
T1−1

1 λ2 . . . λ1λ2 λ2 1 0 . . . . . . 0
...

...
...

...
...

...
...

...
...

λ
T1−1

1 λ
T2−1

2 . . . λ1λ
T2−1

2 λ
T2−1

2 λ
T2−2

2 . . . . . . λ2 1

 ,

are T1 × (T − 1) and T2 × (T − 1), respectively. Moreover, define the (T + 1) × 1 random vector

ν = (u0, u
′)′ = (u0, u1 , . . . , uT )

′ ∼ N(0,Ων), where Ων = diag(σ2
1IT1+1, σ

2
2IT2), and the T × (T + 1)

matrix G = (G′
1, G

′
2)

′, with the Ti×(T+1) matrix Gi = (dFi, Ci), and Ci = (∆i, 0Ti×1), for i = 1, 2.

Then, it can be easily verified that Z̃i = Giνς
′
1 for i = 1, 2. Therefore, we have Z = Z̄ + Z̃, where
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Z̄ = diag(Z̄1, Z̄2), and Z̃ = diag(Z̃1, Z̃2) =
∑2

i=1 LiGνe′1,i, where the 2(k + 1) × 1 vectors e1,1 =

(ς ′1, 01×(k+1))
′ and e1,2 = (01×(k+1), ς

′
1)

′, and L1 =

 IT1 0T1×T2

0T2×T1 0T2×T2

, L2 =

0T1×T1 0T1×T2

0T2×T1 IT2

 ,

are T × T selection matrices.

Remark 2 In our analysis below, we assume that the break point is known. In practice, one has

to estimate the break point from data. There are several methods in the literature that can be used

to estimate the break point, e.g., Bai and Perron (1998, 2003), who also show that the estimated

break fraction converges to its true value at rate T or lower, which is sufficient to establish the

consistency of the estimators. In the simulation study and the empirical example in Sections 6 and

7, initially we have estimated the break point, and then applied our method.6

3 Estimation

Our goal is to estimate the vector of slope parameters, α, in equation (2.2). We consider three

estimators of the slope parameters: (i) an unrestricted least squares estimator that estimates

the slope parameters of each regime only using the observations within the same regime, (ii) a

restricted estimator that shrinks the unrestricted estimator towards a restricted parameters space

which ignores the break in the slope coefficients, and (iii) a Stein-like shrinkage estimator which

is a weighted average of the restricted estimator and the unrestricted estimator, and the averaging

weight is proportional to a weighted quadratic loss function.

3.1 Unrestricted Estimator

If we allow for the structural break in the slope coefficients, the standard estimator of α is an

unrestricted least-squares estimator. The unrestricted estimator, denoted by α̂, is defined as

α̂ = (Z ′Z)−1Z ′y = α+ (Z ′Z)−1Z ′u, (3.1)

6We note that the literature under structural breaks divides into two strands. The first strand of the literature
focuses on break points estimation. There are extensive contributions in this area. The second strand of the
literature focuses on forecast improvement under given structural breaks. This paper falls into the second strand of
the literature. It would be interesting to include the estimation uncertainty of the estimated break point into the
theoretical derivations. This is beyond the scope of this paper due to additional technical challenges that will be
introduced to the model, and we defer such analysis to future research.
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or equivalently,

α̂ =

α̂1

α̂2

 =

α1

α2

+

(Z ′
1Z1)

−1Z ′
1u1

(Z ′
2Z2)

−1Z ′
2u2

 . (3.2)

3.2 Restricted Estimator

Because of a belief that the break in slope parameters may be small, it can be assumed that the

parameter values may be close to a restricted parameter space Ξ0 = {α ∈ R2(k+1) : r(α) = 0}, where

r(α) = Rα : R2(k+1) → Rk+1. Thus, we shrink α̂ towards the restriction space Ξ0. For example, a

restriction matrix R that considers no break in all slope parameters is R = (I(k+1),−I(k+1)).
7 Thus,

the restricted least-squares estimator is obtained as the solution to the following minimization

Minimize
s.t. α

(y − Zα)′(y − Zα) subject to r(α) = 0. (3.3)

Therefore, the restricted least-squares estimator, denoted by α̃, can be formulated as

α̃ = α̂− (Z ′Z)−1R′
[
R(Z ′Z)−1R′

]−1
Rα̂. (3.4)

3.3 Stein-like Shrinkage Estimator

We use the restricted estimator and the unrestricted estimator to construct a Stein-like shrinkage

estimator. Then, we show that the proposed Stein-like shrinkage estimator improves efficiency. The

improved efficiency is a result of making an appropriate trade-off between the bias due to possible

incorrect restrictions and variance efficiency gains from imposing the restrictions.

Our proposed Stein-like shrinkage estimator of the slope coefficients, denoted by ᾰ, is a weighted

7In the case of m breaks in the model of (2.1), a restriction matrix that ignores breaks in all slope parameters takes
the following form

R
m(k+1)×(m+1)(k+1)

=


−Ik+1 Ik+1 0 0 0 0

0 −Ik+1 Ik+1 0 0 0
...

...
0 0 0 −Ik+1 Ik+1 0
0 0 0 0 −Ik+1 Ik+1

 .
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average of the unrestricted estimator and the restricted estimator defined as

ᾰ = ω α̂+ (1− ω) α̃, (3.5)

where the weight takes the form

ω =
(
1− τ

D( α̂ , α̃ )

)
, D( α̂ , α̃ ) = (α̂− α̃)′Z ′Z(α̂− α̃), (3.6)

where D( α̂ , α̃ ) measures the weighted distance between α̂ and α̃, and τ is a positive shrinkage

parameter that controls the degree of shrinkage. We will defer describing the optimal choice for

shrinkage parameter in Section 4. One may consider the positive part version of the weight (ω)+ =

ω 1(ω ≥ 0) which ensures the weight is bounded between zero and one. Let ᾰ+ denotes the Stein-like

shrinkage estimator with the positive part weight. Then as shown by Hansen (2016), the Risk of

ᾰ+ is strictly smaller than that of ᾰ. Hence, in the Monte Carlo simulations and the empirical

study of the paper in Sections 6 and 7, we use the positive part version of the weight.

The shrinkage estimator defined above shrinks the unrestricted estimator towards the restricted

estimator by the ratio τ/D( α̂ , α̃ ). When the difference between these two estimators is small

(D( α̂ , α̃ ) is small, and (1 − ω) is large), the shrinkage estimator gives a larger weight to the

restricted estimator, as it is the most efficient estimator. However, when the difference between

the two estimators is substantial or large (D( α̂ , α̃ ) > τ), the bias of the restricted estimator

could be more than its variance efficiency gain. Thus, the shrinkage estimator becomes a weighted

average of the restricted estimator and the unrestricted estimator, while giving a larger weight to

the unrestricted estimator. Therefore, the shrinkage estimator prevails regardless of the break size.8

We also show this theoretically in the following section.

4 Large-Sample Approximation of the Shrinkage Estimator

We employ the large-sample approximation method developed by Nagar (1959), to analyze the

bias, MSE, and risks of the shrinkage estimator (conditional on X) under Assumption 1. To find

8We note that if there is no structural breaks but a structural break is assumed, the Stein-like shrinkage estimator
assigns a large weight to the restricted estimator and a small weight to the unrestricted estimator. At the same
time, since D(α̂, α̃) is very small in this case, the weight is likely to be negative, hence the weight assigned to the
unrestricted estimator is zero (using the positive part weight), while a full weight of one is assigned to the restricted
estimator. On the other hand, if there is no structural breaks and no structural break is assumed, then the restricted
estimator, the unrestricted estimator, and the Stein-like shrinkage estimator are all the same.
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moment approximations using the Nagar approach, we begin by expressing the estimation error in

term of stochastic components which are of decreasing order of magnitude in terms of the sample

size.9

Theorem 1 Under Assumption 1, the bias of the Stein-like shrinkage estimator up to order T−1

is

Bias(ᾰ) = E(ᾰ− α) = Θ− τ

ϕ
P̄α, (4.1)

where ϕ = α′P̄ ′Q−1P̄α = O(T ), P̄ = QR′(RQR′)−1R = O(1), Q = [E(Z ′Z)]−1 = O(T−1),

and the first term above is the bias of the unrestricted estimator up to order O(T−1) which is

Θ = −Q
∑2

i=1

[
Z̄ ′LiCΩuZ̄Qe1,i + e1,i tr(QZ̄ ′LiCΩuZ̄) + 2e1,ie

′
1,iQe1,i tr(LiGΩνG

′LiCΩu)
]
, C =

(C ′
1, C

′
2)

′, and the MSE of the Stein-like shrinkage estimator up to order T−2 is

MSE (ᾰ) = E
[
(ᾰ− α)(ᾰ− α)′

]
= MSE (α̂) +

τ2

ϕ2
P̄αα′P̄ ′ − τ

ϕ

[
P̄QΣ+ ΣQP̄ ′ +Θα′P ′ + P̄αΘ′

+Ψ+Ψ′
]
+

2τ

ϕ2

[
P̄αα′P̄ ′Q−1

[
P̄QΣ+Ψ

]
+
[
ΣQP̄ ′ +Ψ′

]
Q−1P̄αα′P̄ ′

]
+

τ

ϕ2

[
P̄αα′P̄ ′Φ+ Φ′P̄αα′P̄ ′

]
, (4.2)

where Ψ = (P̄ − I)QΦ, Φ =
∑2

i=1 e
′
1,iP̄αZ̄ ′LiCΩuZ̄Q +

∑2
i=1 e1,iα

′P̄ ′Z̄ ′LiCΩuZ̄Q +

2
∑2

i=1

∑2
j=1 σ

2
j e1,ie

′
1,jQ tr(GΩνG

′LiCLj)e
′
1,iP̄α, and MSE (α̂) is given in equation (B.20) in the

Supplementary Online Appendix B.

Further, for any fixed symmetric positive definite weight matrix W of order O(T ), the risk of the

Stein-like shrinkage estimator up to order T−1 is

Risk (ᾰ) = E
[
(ᾰ− α)′W (ᾰ− α)

]
= Risk (α̂) +

τ2

ϕ2
α′P̄ ′WP̄α− 2τ

ϕ

[
tr(WP̄QΣ) + α′P̄ ′WΘ+ tr(WΨ)

]
+

2τ

ϕ2

[
2α′P̄ ′Q−1P̄QΣWP̄α+ 2α′P̄ ′Q−1ΨWP̄α+ α′P̄ ′ΦWP̄α

]
,

(4.3)

where Σ = diag(σ2
1Ik+1, σ

2
2Ik+1), and Risk (α̂) = tr(MSE (α̂)W ).

9For example, for an estimator â of the unknown parameter a, we determine a positive constant g such that we have
T g(â−a) = ε0+T−1/2ε1+T−1ε2+T−3/2ε3+ · · ·+T−r/2εr +Op(T

−(r+1)/2), where εj for j = 0, . . . , r are all Op(1)
as T → ∞. The value of g for least-squares estimators in stationary models is 1/2, but it may take other values in
non-stationary models (e.g., see Remarks 5–6).
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Proof: See Appendix A, page 29.

Theorem 1 gives the bias, MSE, and Risk of the Stein-like shrinkage estimator. The bias and

MSE of the unrestricted estimator is given in Lemma B.3 in the Supplementary Online Appendix.

We note that the risk of the Stein-like shrinkage estimator is generalized to allow for any positive

definite weight matrix, W, of order O(T ). Two arbitrary choices of W are TI2(k+1), and Wf defined

in Section 4.1, where the former provides an unweighted mean squared error, and the latter gives

the mean squared forecast error studied in the next section.

Remark 3 The large sample approximations of the bias and MSE of the unrestricted estimator are

provided in the Supplementary Online Appendix B. To the best of our knowledge, this is the first

paper that provides these theoretical results under structural breaks.10

In the following Corollary we show the dominance conditions of the Stein-like shrinkage

estimator relative to the unrestricted estimator. Let ϕW = α′P̄ ′WP̄α, µ = tr(WP̄QΣ)+α′P̄ ′WΘ+

tr(WΨ), and η = 2α′P̄ ′Q−1P̄QΣWP̄α+ 2α′P̄ ′Q−1ΨWP̄α+ α′P̄ ′ΦWP̄α.

Corollary 1.1 Under Assumption 1, if µ > 1
ϕη, and 0 < τ ≤ 2ϕ

ϕ
W

(
µ − 1

ϕη
)
, then the risk of the

Stein-like shrinkage estimator up to order T−1 is

Risk (ᾰ) < Risk (α̂). (4.4)

In addition, the optimal shrinkage parameter, denoted by τopt, that minimizes the risk of the

Stein-like shrinkage estimator up to order T−1, is

τopt =
ϕ

ϕW

(
µ− 1

ϕ
η
)
. (4.5)

Therefore, the risk of the optimal Stein-like shrinkage estimator up to order T−1 is11

Risk (ᾰopt) = Risk (α̂)− 1

ϕW

(µ− 1

ϕ
η)2. (4.6)

Proof: See Appendix A, page 33.

10The detailed derivations of large sample approximations of bias and MSE of the restricted estimator are also
available upon request.

11The Stein-like shrinkage estimator defined in (3.5) using the optimal shrinkage parameter, τopt.
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Corollary 1.1 shows that the proposed shrinkage estimator dominates the unrestricted estimator

in terms of having a smaller risk when the shrinkage parameter satisfies the condition 0 < τ ≤
2ϕ
ϕ
W

(
µ − 1

ϕη
)
. In addition, as the choice of the shrinkage parameter is user-specified, its optimal

value and our ideal choice that minimizes the risk of the Stein-like shrinkage estimator up to O(T−1),

is τopt. This implies that the Stein-like shrinkage estimator always performs better or performs equal

to the unrestricted estimator which is one of the common methods of estimating the coefficients

under structural breaks.12

Since τopt depends on σ2
1, σ

2
2, Q, Z̄, C, G, ω, α, and ȳ0, which are unobserved, we consider the

estimated optimal shrinkage parameter, denoted by τ̂opt, defined as

τ̂opt =
ϕ̂

ϕ̂W

(
µ̂− 1

ϕ̂
η̂
)
+
. (4.7)

In equation (4.7), µ̂, η̂, ϕ̂ and ϕ̂W correspond to µ, η, ϕ and ϕW respectively, after replacing

(σ2
i , α,Q, Z̄, C, G) with their estimates, denoted by (σ̂2

i , α̂, Q̂, Ẑ, Ĉ, Ĝ), where α̂ and σ̂2
i are the

unrestricted estimators, Q̂ = (Z ′Z)−1, Ẑ = diag(Ẑ1, Ẑ2), with Ẑi = (F̂iy0 + ĈiXiβ̂i, Xi), Ĉ and F̂

correspond to C = (C ′
1, C

′
2)

′ and F = (F ′
1, F

′
2)

′ after replacing λ1, and λ2 by λ̂1, and λ̂2. Similarly,

Θ̂, Ψ̂, and P̂ correspond to Θ, Ψ, and P̄ after replacing the unobserved parameters with their

estimates. Since we define the Stein-like shrinkage estimator with positive shrinkage parameter in

(3.5), we set τ̂opt to zero when the condition µ̂ > 1
ϕ̂
η̂ does not hold. In this case, the Stein-like

shrinkage estimator assigns a weight one to the unrestricted estimator and a zero weight to the

restricted estimator.

In the following corollary, we show that the estimated optimal shrinkage parameter, τ̂opt, is an

unbiased estimator of the infeasible optimal shrinkage parameter τopt up to order T−1. Hence, when

the sample size is large enough the risk of the Stein-like shrinkage estimator using the estimated

optimal shrinkage parameter is smaller than the risk of the unrestricted estimator.

12We note that since the model in (2.1) includes dynamic structures, the unrestricted estimator is biased and the
terms that contribute to the bias will contribute to the risk of the Stein-like shrinkage estimator as well. Thus, the
dominance condition, τ > 0, or equivalently µ > η/ϕ, is more mathematically involved compared to the models
without the dynamic structures (classical models). If the dynamic structure of the model is excluded, it can be
easily verified that the proposed Stein-like shrinkage estimator dominates the unrestricted estimator in terms of
having a smaller risk when the number of restrictions is more than 2 (which is the same as the classical Stein
dominance condition).

13



Corollary 1.2 Under Assumption 1, if µ > 1
ϕη, we have

E(τ̂opt) = τopt +O(T−1). (4.8)

Proof: See Appendix A, page 33.

Remark 4 The risk of the Stein-like shrinkage estimator presented in Theorem 1 is noticeably

different from the risk of the proposed estimators derived in Lee et al. (2022a), Lee et al. (2022b),

and Lee et al. (2022c). In this paper, we derive the large sample approximation of risk for any break

size, while Lee et al. (2022b) derive the asymptotic risk for their proposed combined estimator under

local-to-zero asymptotic framework. Also, we consider a dynamic regression model, while the model

considered in Lee et al. (2022a) and Lee et al. (2022c) is a static stationary model. Furthermore,

we allow for non-stationary regressors and unit roots (discussed in Section 5) which have not been

considered in Lee et al. (2022a), Lee et al. (2022b), and Lee et al. (2022c).

4.1 Forecasting under Structural Instability

In this section, we explain how the proposed shrinkage estimator can be used for the out-of-sample

forecasting. The true parameters that enter the forecasting period are the coefficients in the most

recent regime. Thus, we define a selection matrix S = [0(k+1)×(k+1), Ik+1] to select the post-break

slope parameters. By pre-multiplying the selection matrix to the shrinkage estimator, we get

Sᾰ = ω Sα̂ + (1 − ω) Sα̃, where for example ᾰ2 = Sᾰ denotes the estimated post-break slope

parameters of the shrinkage estimator.

We define the one-step-ahead mean squared forecast error (MSFE) of the shrinkage estimator

as

MSFE(ᾰ2) = E
[
(ᾰ− α)′Wf (ᾰ− α)

]
, (4.9)

where Wf = TS′z′
2,T+1

z2,T+1S, where z2,T+1 = (yT , x
′
T+1). Since Wf contains lagged dependent

variables and is random, we give the MSFE in the following theorem.

Theorem 2 Under Assumption 1, the MSFE of the Stein-like shrinkage estimator up to order T−1

14



is

MSFE(ᾰ2) = MSFE(α̂2) +
τ2

ϕ2
α′P̄ ′W̄f P̄α− 2τ

ϕ

[
tr(W̄f P̄QΣ) + α′P̄ ′W̄fΘ+ tr(W̄fΨ)

+ α′P̄ ′Υ1 + α′P̄ ′Υ3 + tr(P̄Υ2) + tr
(
(P̄ − I2(k+1))QΥ4

)]
+

2τ

ϕ2

[
2α′P̄ ′Q−1P̄QΣW̄f P̄α+ 2α′P̄ ′Q−1ΨW̄f P̄α+ α′P̄ ′ΦW̄f P̄α

+ α′P̄ ′Υ4P̄α+ 2α′P̄ ′Q−1P̄Υ2P̄α+ 2α′P̄ ′Q−1(P̄ − I2(k+1))QΥ4P̄α

]
,

(4.10)

where W̄f = T E(S′z′
2,T+1

z2,T+1S), and the expressions for Υ1–Υ4 are given in equations

(A.19)–(A.22).

Proof: See Appendix A, page 34.

The following Corollary shows the conditions under which the MSFE of the Stein-like shrinkage

estimator is less than the MSFE of the post-break unrestricted estimator (α̂2 = Sα̂). Before stating

the Corollary, we define some notations. Let ϕ
f
= α′P̄ ′W̄f P̄α, µf = tr(W̄f P̄QΣ) + α′P̄ ′W̄fΘ +

tr(W̄fΨ) + α′P̄ ′Υ1 + α′P̄ ′Υ3 + tr(P̄Υ2) + tr((P̄ − I2(k+1))QΥ4), and ηf = 2α′P̄ ′Q−1P̄QΣW̄f P̄α+

2α′P̄ ′Q−1ΨW̄f P̄α+α′P̄ ′ΦW̄f P̄α+α′P̄ ′Υ4P̄α+2α′P̄ ′Q−1P̄Υ2P̄α+2α′P̄ ′Q−1(P̄−I2(k+1))QΥ4P̄α.

Corollary 2.1 Under Assumption 1, if µf > 1
ϕηf , and 0 < τ ≤ 2ϕ

ϕf

(
µf − 1

ϕηf
)
, then the MSFE of

the Stein-like shrinkage estimator up to order T−1 is

MSFE(ᾰ2) < MSFE(α̂2). (4.11)

In addition, the optimal shrinkage parameter, denoted by τ fopt, that minimizes the MSFE of the

Stein-like shrinkage estimator up to order T−1, is

τ fopt =
ϕ

ϕf

(
µf − 1

ϕ
ηf
)
. (4.12)

Proof: See Appendix A, page 37.

We note that the optimal shrinkage parameter is data dependent. Therefore, when it is used

for forecast evaluations, it needs to be calculated for each estimation window of the sample (rolling

or recursive window).

15



4.2 Non-Stationary Regressors

Our analysis can also allow for the unit root and non-stationary regressors. It is possible for the

yt process to contain a unit root (be integrated of order 1, I(1)) or be integrated of higher order

in both of the regimes. In this section, we demonstrate the results of Theorem 1 while we relax

Assumption 1(ii) on the stationarity of the exogenous regressors. We extend the results of Theorem

1 by relaxing Assumptions 1(i)–(ii) on the stability, and the stationarity of the exogenous regressors

in Section 5.

Following Kiviet and Phillips (2005), we rescale the regressors and the coefficients so that all

elements of the estimation error vector are of the same stochastic magnitude. We assume that for

j = 1, . . . , k + 1, the series of real positive constants gj is given, such that Ż
′
Ż = Op(T ), where

Ż = Z N , and N = I2 ⊗ diag(T−g1 , . . . , T−g
k+1 ). In practice, one needs to determine the orders of

integration. The Augmented Dickey-Fuller test statistic is a commonly used method to determine

the order of integration of a time series. The basic idea is to test for the level of difference at which

the series is stationary. For more discussion and alternative approaches, we refer the readers to

chapter 14 of Gourieroux and Monfort (1997), and Smeekes and Wijler (2020).

Remark 5 Non-Stationary Regressors: In the model of equation (2.1), if Assumption 1(i)

holds but the lth column of exogenous regressors is a linear trend or an I(1) process while others

are stationary, then we have g1 = 1, and g
l+1

= 1, while gj = 0 for j = 2, . . . , l, l + 2, . . . , k + 1.

Remark 6 Unit Root, and Non-Stationary Regressors: In the unit root model of equation

(2.1) (i.e. λ1 = λ2 = 1), if the exogenous regressors are stationary, then we have g1 = 1, and

gj = 0, for j = 2, . . . , k + 1. When the lth column of X is a linear trend or an I(1) process, then

g1 = 2 because of the unit root, g
l+1

= 1, and gj = 0 for j = 2, . . . , l, l + 2, . . . , k + 1.

Using the rescaled regressors, we write the model in (2.2) as

y = ZN(N−1α) + u, (4.13)

where N−1α, are the rescaled coefficients. Moreover, the rescaled unrestricted estimator can be

formulated as

N−1(α̂− α) = (Ż
′
Ż)−1Ż ′u = N−1(Z ′Z)−1Z ′u, (4.14)
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the rescaled restricted estimator can be formulated as

N−1(α̃− α) = N−1(α̂− α)− (Ż
′
Ż)−1R′

[
R(Ż

′
Ż)−1R′

]−1
RN−1α̂

= N−1(α̂− α)−N−1(Z ′Z)−1R′
[
R(Z ′Z)−1R′

]−1
Rα̂,

(4.15)

and the rescaled Stein-like shrinkage estimator is

N−1(ᾰ− α) = ω N−1(α̂− α) + (1− ω) N−1(α̃− α). (4.16)

Therefore, in order to find the bias and MSE of the Stein-like shrinkage estimator, we need to

pre-multiply the bias of the estimator in Theorem 1 by N, and pre- and post- multiply the MSE

of the estimator by N.

Theorem 3 The bias and MSE formulas of the Stein-like shrinkage estimator in Theorem 1 also

apply when the exogenous regressors contain non-stationary components. However, the jth element

of bias is approximated up to order T−1−gj , and the (j, l)th element of MSE is approximated up to

order T−2−gj−gl .

Proof: The proof follows from proof of Theorem 1, and we omit it for brevity.

5 Unit Root

In this section, we extend the results of Theorem 1 by relaxing Assumption 1(i)–(ii) on the stability,

and the stationarity of the exogenous regressors. We assume that for j = 1, . . . , k + 1, the series

of real positive constants gj is given, such that Ż
′
Ż = Op(T ), where Ż = Z N , and N = I2 ⊗

diag(T−g1 , . . . , T−g
k+1 ).

Theorem 4 Under Assumption 1(iii)–(vii), when the coefficients of the lagged dependent variable

is equal to unity, the bias of the rescaled Stein-like shrinkage estimator up to order T−1 is

Bias( ˘̇α) = E( ˘̇α− α̇) = Θ̇− τ

ϕ̇

¯̇Pα̇, (5.1)

where ϕ̇ = α̇′ ¯̇P ′Q̇−1 ¯̇Pα̇ = O(T ), ¯̇P = Q̇R′(RQ̇R′)−1R = O(1), Q̇ = [E(Ż ′)E(Ż)]−1 = O(T−1),

and the first term above is the bias of the unrestricted estimator up to order T−1 which is Θ̇ =
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−Q̇
∑2

i=1

[
¯̇Z ′LiĊΩu

¯̇ZQ̇Ne1,i + Ne1,i tr(Q
¯̇Z ′LiĊΩu

¯̇Z)

]
, and Ċ has zeroes on and above its main

diagonal and components unity below. Also, the MSE of the rescaled Stein-like shrinkage estimator

up to order T−2 is

MSE ( ˘̇α) = E
[
( ˘̇α− α̇)( ˘̇α− α̇)′

]
= MSE (̂̇α) + τ2

ϕ̇2

¯̇Pα̇α̇′ ¯̇P ′ − τ

ϕ̇

[
¯̇PQ̇Σ+ ΣQ̇ ¯̇P ′ + Θ̇α̇′Ṗ

′
+ ¯̇Pα̇Θ̇′

+ Ψ̇ + Ψ̇′
]
+

2τ

ϕ̇2

[
¯̇Pα̇α̇′ ¯̇P ′Q̇−1

[
¯̇PQ̇Σ+ Ψ̇

]
+
[
ΣQ̇ ¯̇P ′ + Ψ̇′

]
Q̇−1 ¯̇Pα̇α̇′ ¯̇P ′

]
+

τ

ϕ̇2

[
¯̇Pα̇α̇′ ¯̇P ′Φ̇ + Φ̇′ ¯̇Pα̇α̇′ ¯̇P ′

]
, (5.2)

where Ψ̇ and Φ̇ are given in equations (A.35)–(A.36), and MSE (̂̇α) is given in equation (C.5) in

the Supplementary Online Appendix C.

Further, for the fixed symmetric positive definite weight matrix W of order O(T ), the risk of the

Stein-like shrinkage estimator up to order T−1 is

Risk ( ˘̇α) = E
[
( ˘̇α− α̇)′W ( ˘̇α− α̇)

]
= Risk (̂̇α) + τ2

ϕ̇2
α̇′ ¯̇P ′W ¯̇Pα̇− 2τ

ϕ̇

[
tr(W ¯̇PQ̇Σ) + α̇′ ¯̇P ′W Θ̇ + tr(W Ψ̇)

]
+

2τ

ϕ̇2

[
2α̇′ ¯̇P ′Q̇−1 ¯̇PQ̇ΣW ¯̇Pα̇+ 2α̇′ ¯̇P ′Q̇−1Ψ̇W ¯̇Pα̇+ α̇′ ¯̇P ′Φ̇W ¯̇Pα̇

]
,

(5.3)

where Σ = diag(σ2
1Ik+1, σ

2
2Ik+1), and Risk (̂̇α) = tr(MSE (̂̇α)W ).

Proof: See Appendix A, page 37.

Remark 7 We note that the bias and MSE of the Stein-like shrinkage estimator can be obtained

using the bias and MSE of the rescaled Stein-like shrinkage estimator as follows:

Bias(ᾰ) = E(ᾰ− α) = NBias( ˘̇α),

MSE (ᾰ) = E
[
(ᾰ− α)(ᾰ− α)′

]
= N MSE ( ˘̇α)N,

where the jth element of bias is approximated up to order T−1−gj , and the (j, l)th element of MSE

is approximated up to order T−2−gj−gl .

Similar to Section 4.1, we define the one-step-ahead mean squared forecast error (MSFE) of the
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shrinkage estimator as

MSFE(ᾰ2) = E
[
(ᾰ− α)′Wf (ᾰ− α)

]
= E

[
( ˘̇α− α̇)′Ẇf ( ˘̇α− α̇)

]
, (5.4)

where Ẇf = NWfN = Op(T ). In the following Theorem, we give the MSFE of the Stein-like

shrinkage estimator when the model contains a unit root.

Theorem 5 Under Assumption 1(iii)–(vii), when the coefficients of the lagged dependent variable

is equal to unity, the MSFE of the Stein-like shrinkage estimator up to order T−1 is

MSFE(ᾰ2) = MSFE(α̂2) +
τ2

ϕ2
α′P̄ ′W̄f P̄α− 2τ

ϕ

[
tr(W̄f P̄QΣ) + α′P̄ ′W̄fΘ+ tr(W̄fΨ) + α′P̄ ′Ῡ

]
+

2τ

ϕ2

[
2α′P̄ ′Q−1P̄QΣW̄f P̄α+ 2α′P̄ ′Q−1ΨW̄f P̄α+ α′P̄ ′ΦW̄f P̄α

]
,

(5.5)

where W̄f = T E(S′z′
2,T+1

)E(z2,T+1S), and the expression for Ῡ = N−1Υ̇ with Υ̇ given in equation

(A.40).

Proof: See Appendix A, page 41.

6 Monte Carlo Simulation

In this section, we report the finite sample performance of our proposed Stein-like shrinkage

estimator. We compare the forecasting performance of the shrinkage estimator with those of the

unrestricted estimator and the restricted estimator. We consider the following data generating

process (DGP)

yt =


a1 + λ1yt−1 + x′tβ1 + σ1ϵt, for t ≤ T1

a2 + λ2yt−1 + x′tβ2 + σ2ϵt, for t > T1,

(6.1)

where a1 = (1−λ1) is the intercept in the first regime, xt follows a multivariate normal distribution

with mean zero and unit variance, and ϵt ∼ i.i.d. N(0, 1).13 β1 is a k × 1 unit vector of slope

parameters of the exogenous regressors. We consider T = 100, b1 ≡ T1/T ∈ {0.2, 0.4, 0.6, 0.8}, and
13We also consider the case where the error term is distributed from a non-normal distribution. These simulation
results are reported in Appendix D of the Supplementary Online Appendix, and are consistent with the results
reported here under normal distributions.
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k ∈ {3, 5, 8}, where the results for k ∈ {3, 8} are available in the Supplementary Online Appendix

D. The break size in the slope coefficients of the exogenous regressors, διk ≡ β1−β2, takes values of

δ ∈ {0, 0.25, 0.5, 0.75, 1}, where ιk is a k × 1 vector of ones, and the intercept in the second regime

is a2 = (1 + δ)(1 − λ2).
14 For the initial observation, y0, we consider a fixed start-up by setting

d = 0, and ȳ0 = a1/(1− λ1).

For the break in the autoregressive slope coefficients, we study different experiments summarized

in Table 1. Experiment 1 considers no break in the autoregressive parameters. Small breaks,

moderate breaks, and large breaks in the autoregressive slope coefficients in either direction are

considered in Experiments 2–7. Higher post break volatility (σ2 > σ1) and lower post-break

volatility (σ2 < σ1) are considered in Experiments 8 and 9. Experiments 10–12 consider a unit root

process (λ1 = λ2 = 1) with no break in the error variance, higher post break volatility, and lower

post break volatility, respectively. In all simulations, we estimate the unknown parameters, such

as the break point, and the break size in the slope coefficients and in the error variance.
Table 1: Break specifications

Experiments λ1 λ2 σ1 σ2

#1 : No break 0.9 0.9 1 1

#2 : Small break in λ 0.8 0.9 1 1

#3 : Small break in λ (decline) 0.9 0.8 1 1

#4 : Moderate break in λ 0.3 0.6 1 1

#5 : Moderate break in λ (decline) 0.6 0.3 1 1

#6 : Large break in λ 0.2 0.8 1 1

#7 : Large break in λ (decline) 0.8 0.2 1 1

#8 : Higher post-break volatility 0.9 0.9 0.5 1

#9 : Lower post-break volatility 0.9 0.9 1 0.5

#10 : Unit root 1 1 1 1

#11 : Unit root with higher post-break volatility 1 1 0.5 1

#12 : Unit root with lower post-break volatility 1 1 1 0.5

The results of 5000 Monte Carlo simulations are reported in Table 2. The first column in each

table represents the experiment number based on Table 1, the second column shows the break size

in the slope coefficients (δ), and the rest report the relative mean squared forecast error (RMSFE)

of the post-break slope coefficients of the shrinkage estimator, and the restricted estimator for

14The intercepts in both regimes are set equal to zero in the presence of unit roots in yt, to avoid the possibility of
generating linear trends.
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different break points. Thus, the RMSFE of the shrinkage estimator, and the restricted estimator

are denoted by RMSFE(ᾰ2) = MSFE(ᾰ2)/MSFE(α̂2), and RMSFE(α̃2) = MSFE(α̃2)/MSFE(α̂2),

respectively.

The Monte Carlo results support our theoretical findings presented in Section 4. The results

show that the RMSFE of our proposed shrinkage estimator is uniformly less than or equal to that

of the unrestricted estimator over different break sizes and break points. This shows the superiority

of the shrinkage estimator relative to the unrestricted estimator. For small break sizes in the slope

coefficients (small δ), the restricted estimator performs better than the unrestricted estimator. This

is expected, because under small breaks, the bias of the restricted estimator will be dominated by

its variance efficiency. In this case, the shrinkage estimator tends to gain more from the efficiency

of the restricted estimator by assigning a larger weight to this estimator, and therefore remains one

of the best choices. When there is a large break in the slope coefficients, the shrinkage estimator

performs much better than the restricted estimator, and remains close to the unrestricted estimator.

This happens because under a large break, the restricted estimator has a large bias, so the shrinkage

estimator assigns more weight to the unrestricted estimator.

When the break occurs towards the end of the sample (e.g., b1 = 0.8), there are a few

observations in the post-break sample, which results in a poor performance of the unrestricted

estimator as it uses fewer observations. consequently, in this case, the RMSFE(α̃2) tends to be

smaller relative to the case where the break occurs towards the beginning of the sample (e.g.,

b1 = 0.2). However, since the shrinkage estimator is a weighted average of the restricted and

unrestricted estimators, it prevails.

When the pre-break sample is less volatile compared to the post-break sample (σ1 < σ2),

the shrinkage estimator gains from exploiting the less volatile pre-break sample observations.

Therefore, the shrinkage estimator provides a better estimation of the post-break slope coefficients

and outperforms the unrestricted estimator. On the other hand, when σ1 > σ2, the gain obtained

from exploiting the pre-break sample observations decrease as the pre-break sample is more volatile.

In this case, the shrinkage estimator gives a larger weight to the unrestricted estimator. We also

find that as the number of regressors increases, the shrinkage estimator performs better. A similar

results hold when the dependent variable follows a unit root process in Experiments 10–12.

Furthermore, the results show that for a high degree of dependence or persistency (e.g.,

experiments #2 and #3 in which we also have a small break in the autoregressive slope coefficients

21



λ), the gain obtained by using the Stein-like shrinkage estimator over the unrestricted estimator is

around 10%–23.5% for a small to moderate break in the slope coefficients of the exogenous regressors

(δ ≤ 0.5), i.e., the MSFE decreases around 10%–23.5% by using the Stein-like shrinkage estimator

relative to the unrestricted estimator. On the other hand, when there is a large break in the slope

coefficients of the exogenous regressors (δ > 0.5), this gain is almost less than 5%. However, it

is worth mentioning that the Stein-like shrinkage estimator never under-performs the unrestricted

estimator. We see a similar pattern when the coefficient in one of the regime is persistent (e.g.,

experiments #6 and #7 in which we also have a large break in the autoregressive slope coefficients

λ). When we have a unit root (e.g., experiments #10, #11, and #12), the gain obtained by using

the Stein-like shrinkage estimator over the unrestricted estimator is around 7%–15% for a small

to moderate break in the slope coefficients of the exogenous regressors. Under these experiments,

when there is a large break in the slope coefficients of the exogenous regressors, the Stein-like

shrinkage estimator performs equivalent to the unrestricted estimator. This is expected since for a

large break size, the bias created by the restricted estimator is greater than its variance efficiency.

Thus, the Stein-like shrinkage estimator assigns a weight one to the unrestricted estimator and a

zero weight to the restricted estimator. In general, we find that the shrinkage estimator performs

well under any break sizes and break points.

7 Empirical Analysis

In this section, we present an empirical application that highlights the utility of the proposed

shrinkage estimator in forecasting. In particular, we provide empirical analysis of forecasting the

output growth using 131 macroeconomic and financial time series from the St. Louis Federal Reserve

(FRED-MD) database. The 131 series are split into 8 groups: output and income, labor market,

consumption and orders, orders and inventories, money and credit, interest rates and exchange

rates, prices and stock market.

We use the monthly data from January 1959 up to March 2020. The data are described by

McCracken and Ng (2016), who suggest various transformations to render the series stationary and

to deal with missing values. Since the number of macroeconomic and financial variables is large, to

reduce dimension, we estimate static factors by principal component analysis adapted to allow for

missing values, see McCracken and Ng (2016). We select the number of significant factors using

a generalization of the Mallow’s Cp criteria for large dimensional panels developed in Bai and Ng
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(2002). The criterion finds eight factors which can be interpreted as real activity/employment,

term spreads, inflation, housing, interest rate variables, stock market variables, and output and

inventories factors.

We adopt the following h-step ahead forecasting equation

yt+h = λhyt + f̂t
′βh + ut+h, t = 1, . . . , T, (7.1)

where the dependent variable is the output growth over the next h months, that is, yt+h =

(1200/h) ln(IPt+h/IPt), IPt denotes index of industrial production in levels, and f̂t is the estimated

eight factors at time t.

In order to evaluate the performance of our proposed estimator, we compute h-step-ahead

forecasts using the shrinkage estimator and compare it with those from the existing methods: the

unrestricted estimator (labeled “Unrest.” in tables), the restricted estimator (“Rest.”), the method

proposed by Pesaran et al. (2013) (“PPP”), the methods used in Pesaran and Timmermann (2007),

namely, “Troff”, “Pooled”, “WA”, “CV”, and the average window forecast proposed by Pesaran

and Pick (2011) (“AveW”). The forecasts employ a recursive (or expanding) estimation window.

Each time that we expand the estimation window, we apply the Schwarz’s Bayesian Information

Criteria (BIC) to select among the nine predictors except the lag dependent variable (so the model

is dynamic). We estimate the break point using Bai and Perron (1998, 2003) method, by setting

the significance level at 5% and trimming rate at 0.2.

Table 3 reports the MSFEs for different methods. The first column in this table shows the

forecast horizon, h = 1, 6, and 12. For comparison, we report the MSFE for different methods with

estimated break date under the label estimated break dates in columns 2–9 of Table 3. Besides,

as the “CV”, “WA” and “Pooled” methods can also be implemented without an estimation of

the break date, we report the MSFE of these methods without estimating the break date. The

results without estimating break date, treating the break date as unknown, are reported under

the label unknown break dates in columns 10–13 of Table 3. We consider different out-of-sample

forecast periods (Panels A–D in Table 3) running from 1980:01-2020:03 to 2005:01-2020:03 to see

the performmance of different methods with this choice.

We test for equal forecast performance of different methods compared to the unrestricted

forecast using the Diebold and Mariano (1995) test. Table 3 also shows the results for the Diebold
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and Mariano test statistic, indicated by asterisks. The 5% and 10% significance levels are denoted

by ∗∗ and ∗, respectively. Based on the results, the shrinkage forecasts perform better than the

unrestricted forecasts in the sense of MSFE, over different forecast horizons, and over different

out-of-sample forecast periods. The improvement is statistically significant at 5% or 10% levels.

The forecast improvement ranges from 2 to 5.3 percent. The other alternative methods often

outperform the unrestricted forecast, however, their out-performance is not statistically significant

which might be a sign of having high variations. Besides, there are some cases that the alternative

methods under-perform the unrestricted forecast.15

8 Conclusion

We introduce a method of estimation and forecasting in ARX(1) models under structural breaks.

The theoretical results can be generalized to models with higher order lags, however, it will not yield

qualitatively different results. The proposed method has four main advantages relative to the other

model averaging and shrinkage estimation methods existing in the literature. First, our method

allows for a unit root and non-stationary exogenous regressors. This is important because it can be

used in a large class of economic empirical applications. Second, the dominance and optimality of

the shrinkage estimator is not limited to MSE and holds for any weighted quadratic loss function

where the weight is positive definite and symmetric. This allows to use the proposed Stein-like

shrinkage method for out-of-sample forecasting by choosing an appropriate weight. Third, the

averaging weight is proportional to the reciprocal of the weighted distance of the restricted estimator

and the unrestricted estimator, which provides a shrinkage estimator with a uniformly lower MSE

than the unrestricted estimator. Lastly, we provide the large-sample analytical approximations of

the bias, MSE and risk of the Stein-like shrinkage estimator, the unrestricted estimator, and the

restricted estimator. We also evaluate the performance of our estimator in Monte Carlo simulations,

and in an empirical application of forecasting output growth using macroeconomic and financial

variables, and show that the Stein-like shrinkage estimator performs well relative to alternative

methods.

15We also calculated the equal forecast performance of the Stein-like shrinkage estimator compared to the unrestricted
estimator using the Clark and West (2007) statistic. We found that the statistical significance results are similar to
those obtained using the Diebold and Mariano test, i.e., the Stein-like shrinkage estimator significantly out-performs
the unrestricted estimator at 5% or 10% significance levels.
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A Appendix A

Proof of Theorem 1:

From the proof of Lemma B.3 in the Supplementary Online Appendix, we have

α̂− α = (Z ′Z)−1Z ′u = ξ− 1
2
+ ξ−1 + ξ− 3

2
+Op(T

−2), (A.1)

where ξ− 1
2
, ξ−1, and ξ− 3

2
are defined below, and the suffixes show the order of magnitude in

probability,

ξ− 1
2
= Q

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= Op(T

− 1
2 ),

ξ−1 = −Q(A+B)
[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= Op(T

−1),

ξ− 3
2
= Q(A+B)2

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= Op(T

− 3
2 ).

Also, let WD ≡ Z ′Z = W̄D + W̃D, where W̄D = E(Z ′Z) = Z̄ ′Z̄ + E(Z̃ ′Z̃) = Z̄ ′Z̄ +∑2
i=1 tr(G

′LiGΩν)e1,ie
′
1,i = Op(T ), and W̃D = Z̄ ′Z̃ + Z̃ ′Z̄ +

(
Z̃ ′Z̃ − E(Z̃ ′Z̃)

)
= (A + B)Q−1 =

Op(T
1
2 ), where A and B are given in Lemma B.2 in the Supplementary Online Appendix.

Using equation (A.1) in the inverse of equation (3.6), we have

1

D(α̂, α̃)
=

[
(α̂− α̃)′WD(α̂− α̃)

]−1

=

[
α̂′ P ′WD P α̂

]−1

=

[(
α+ ξ− 1

2
+Op(T

−1)
)′[

P̄ + P̃− 1
2
+Op(T

−1)
]′
(W̄D + W̃D)

[
P̄ + P̃− 1

2
+Op(T

−1)
](

α+ ξ− 1
2
+Op(T

−1)
)]−1

=

[
ϕ+ ϕ̃ 1

2
+ 2α′P̄ ′W̄DP̄ ξ− 1

2
+ 2α′P̄ ′W̄DP̃− 1

2
α+Op(1)

]−1

=
1

ϕ

[
1 +

1

ϕ
ϕ̃ 1

2
+

2

ϕ
α′P̄ ′W̄DP̄ ξ− 1

2
+

2

ϕ
α′P̄ ′W̄DP̃− 1

2
α+Op(T

−1)

]−1

=
1

ϕ

[
1− 1

ϕ
ϕ̃ 1

2
− 2

ϕ
α′P̄ ′W̄DP̄ ξ− 1

2
− 2

ϕ
α′P̄ ′W̄DP̃− 1

2
α

]
+Op(T

−2)

≡ 1

ϕ︸︷︷︸
Op(T−1)

− 1

ϕ2
D 1

2︸ ︷︷ ︸
Op(T

− 3
2 )

+Op(T
−2), (A.2)

where D 1
2

= ϕ̃ 1
2
+ 2

[
α′P̄ ′W̄DP̄ ξ− 1

2
+ α′P̄ ′W̄DP̃− 1

2
α
]

= Op(T
1
2 ), ϕ = α′P̄ ′W̄DP̄α = O(T ),
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ϕ̃ 1
2
= α′P̄ ′W̃DP̄α = O(T 1/2), and the last equality above holds by using the standard geometric

expansion. The terms with order Op(T
−2) and smaller are dropped, because they will not enter

in the calculation of the bias and MSE of the Stein-like shrinkage estimator up to the orders of

interest.

Employing equations (A.1)–(A.2) in equation (3.5), we obtain

ᾰ− α = (α̂− α)− τ
[ 1
ϕ
− 1

ϕ2
D 1

2
+Op(T

−2)
][
P̄ + P̃− 1

2
+Op(T

−1)
]
α̂

= ζ− 1
2
+ ζ−1 + ζ− 3

2
+Op(T

−2),

(A.3)

where ζ− 1
2
, ζ−1 and ζ− 3

2
are defined below

ζ− 1
2
= ξ− 1

2
= Op(T

− 1
2 ),

ζ−1 = ξ−1 −
τ

ϕ
P̄α = Op(T

−1),

ζ− 3
2
= ξ− 3

2
− τ

ϕ
P̄ ξ− 1

2
− τ

ϕ
P̃− 1

2
α+

τ

ϕ2
D 1

2
P̄α = Op(T

− 3
2 ).

The bias of the Stein-like shrinkage estimator using the approximations in equation (A.3) up

to order O(T−1) is

E(ᾰ− α) = E(ζ− 1
2
+ ζ−1) = E(ξ− 1

2
) + E(ξ−1)−

τ

ϕ
P̄α = Θ− τ

ϕ
P̄α, (A.4)

where the last equality holds because of (B.24) and (B.25) in Lemma B.3.

The MSE of the Stein-like shrinkage estimator up to order O(T−2) is

E
[
(ᾰ− α)(ᾰ− α)′

]
= E(Γ−1 + Γ− 3

2
+ Γ−2), (A.5)

where Γ−1, Γ− 3
2
and Γ−2 are

Γ−1 = ζ− 1
2
ζ ′− 1

2

,

Γ− 3
2
= ζ− 1

2
ζ ′−1 + ζ−1ζ

′
− 1

2

,

Γ−2 = ζ− 1
2
ζ ′− 3

2

+ ζ− 3
2
ζ ′− 1

2

+ ζ−1ζ
′
−1,

and we derive their expectations in the rest of the proof using Lemma B.1 and Lemma B.3.

E(Γ−1) = E(ζ− 1
2
ζ ′− 1

2

) = E(ξ− 1
2
ξ′− 1

2

) = QΣ, (A.6)
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where the last equality holds because of (B.27) in Lemma B.3.
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2
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2
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2
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where the last equality holds by (B.24), and E(ξ−1ξ
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2

) is given in (B.28). Also, we have
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E(ξ−1) = Θ, by (B.25), and E(ξ−1ξ
′
−1) is given in (B.29). Also,
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where E(ξ− 3
2
ξ′− 1

2

) is given in (B.30), and the last equality above holds by using

E(D 1
2
P̄αξ′− 1

2

) = 2P̄αα′P̄ ′W̄D E
[(

P̄ ξ− 1
2
+ P̃− 1

2
α
)
ξ′− 1

2

]
+ P̄αα′P̄ ′ E

(
W̃DP̄αξ′− 1

2

)
= 2P̄αα′P̄ ′W̄DP̄QΣ+ 2P̄αα′P̄ ′W̄D E(P̃− 1

2
αξ′− 1

2

) + P̄αα′P̄ ′ E
(
W̃DP̄αξ′− 1

2

)
,

(A.12)
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and using equation (B.27). Moreover, we find that

E(P̃− 1
2
αξ′− 1

2

) = E
{(

P̄ − I
)
Q(A+B)Q−1P̄α

[
ν ′(0, IT )

′Z̄ +

2∑
i=1

ν ′Hiνe
′
1,i

]
Q

}

=
(
P̄ − I

)
Q

{ 2∑
i=1

e′1,iP̄αZ̄ ′LiCΩuZ̄Q+
2∑

i=1

e1,iα
′P̄ ′Z̄ ′LiCΩuZ̄Q

+ 2
2∑

i=1

2∑
j=1

σ2
j e1,ie

′
1,jQ tr(GΩνG

′LiCLj)e
′
1,iP̄α

}
≡ Ψ,

(A.13)

and

E(W̃DP̄αξ′− 1
2

) = E

[ 2∑
l=1

(
Z̄ ′
lLlGνe′1,l + e1,lν

′G′LlZ̄l

)
+

2∑
l=1

(
ν ′G′LlGν − tr(G′LlGΩν)

)
e1,le

′
1,l

]
P̄α

[
ν ′(0, IT )

′Z̄ +
2∑

i=1

ν ′Hiνe
′
1,i

]
Q


=

2∑
l=1

[
(e′1,lP̄α)Z̄ ′LlCΩuZ̄Q+ e1,lα

′P̄ ′Z̄ ′LlCΩuZ̄Q

]

+ 2

2∑
i=1

2∑
l=1

(e′1,lP̄α)e1,le
′
1,iQ tr(C ′LlGΩνG

′LiΩu) ≡ Φ.

(A.14)

By employing the results of equations (A.6),(A.7) and (A.9), in equation (A.5), we obtain the

MSE of the Stein-like shrinkage estimator up to order O(T−2), as

MSE (ᾰ) = MSE (α̂) +
τ2

ϕ2
P̄αα′P̄ ′ − τ

ϕ

[
P̄QΣ+ ΣQP̄ ′ +Θα′P ′ + P̄αΘ′ +Ψ+Ψ′

]
+

2τ

ϕ2

[
P̄αα′P̄ ′W̄D

[
P̄QΣ+Ψ

]
+
[
ΣQP̄ ′ +Ψ′

]
W̄DP̄αα′P̄ ′

]
+

τ

ϕ2

[
P̄αα′P̄ ′Φ+ Φ′P̄αα′P̄ ′

]
.

(A.15)

Further, the risk of the Stein-like shrinkage estimator up to order O(T−1), can be written as

Risk (ᾰ) = E
[
(ᾰ− α)′W (ᾰ− α)

]
= tr

[
W E

[
(ᾰ− α)(ᾰ− α)′

]]
= tr

[
W MSE (ᾰ)

]
= Risk (α̂) +

τ2

ϕ2
α′P̄ ′WP̄α− 2τ

ϕ

[
tr(WP̄QΣ) + α′P̄ ′WΘ+ tr(WΨ)

]
+

4τ

ϕ2

[
α′P̄ ′W̄DP̄QΣWP̄α+ α′P̄ ′W̄DΨWP̄α

]
+

2τ

ϕ2
α′P̄ ′ΦWP̄α.

(A.16)
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This completes the proof of Theorem 1.

Proof of Corollary 1.1:

We note that from Theorem 1, we have

Risk (ᾰ) = Risk (α̂) +
ϕW

ϕ2

(
τ2 − 2τ

ϕ

ϕW
(µ− 1

ϕ
η)

)
< Risk (α̂),

where the last inequality holds, since µ > 1
ϕη, and 0 < τ ≤ 2ϕ

ϕ
W

(
µ− 1

ϕη
)
.

In addition, since the shrinkage parameter τ in the risk of the Stein-like shrinkage estimator

appears as a quadratic expression, there is a unique choice that minimizes the risk which is equal

to τopt =
ϕ

ϕ
W

(
µ− 1

ϕη
)
.

Proof of Corollary 1.2:

From Lemma B.2 in the Supplementary Online Appendix and the proof of Theorem 1, we have the

followings

ϕ̂ = ϕ+ ϕ̂ 1
2
+Op(1),where ϕ̂ 1

2
= 2α′P̃ ′

− 1
2

W̄DP̄α+ α′P̄ ′W̃DP̄α+ 2ξ′− 1
2

P̄ ′W̄DP̄α,

ϕ̂W = ϕW + ϕ̂W 1
2

+Op(1),where ϕ̂W 1
2

= 2α′P̃ ′
− 1

2

WP̄α+ 2ξ′− 1
2

P̄ ′WP̄α.

Therefore, we have

τ̂opt =
1

ϕW

ϕ+ ϕ̂ 1
2
−

ϕϕ̂W 1
2

ϕW

+Op(1)


µ̂− 1

ϕ

1− ϕ̂ 1
2

ϕ
+Op(T

−1)

 η̂

 . (A.17)

Using the proof of Lemma B.2 and Lemma B.3 in the Supplementary Online Appendix, it can

be easily verified that E(ϕ̂ 1
2
) = E(ϕ̂W 1

2

) = 0. To complete the proof, we need to show that (i)

µ̂ = µ+ µ̂− 1
2
+Op(T

−1) where E(µ̂− 1
2
) = 0 and (ii) η̂ = η + η̂− 1

2
+Op(T

−1) where E(η̂− 1
2
) = 0.

Let µ̂1 = tr(WP (Z ′Z)−1Σ̂) be the first term of µ̂. Then, we have

µ̂1 = tr(WP̄QΣ) + tr(WP̃− 1
2
QΣ+WP̄QΣ− 1

2
+WP̄Q− 3

2
Σ) +Op(T

−1),
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where Q− 3
2
= −Q(A + B), and Σ− 1

2
= Σ̂ − Σ. It can be easily verified that the expected value of

µ̂1 up to order T−1 is E(µ̂1) = tr(WP̄QΣ) +O(T−1).

Let µ̂2 = α̂′P ′W Θ̂ be the second term of µ̂. Using Theorem 3.1 in Kiviet and Phillips (2003),

we have

µ̂2 = α′P̄ ′WΘ+ α′P̃ ′
1
2

WΘ+ α′P̄ ′WΘ− 3
2
+ ξ′− 1

2

P̄ ′WΘ+Op(T
−1),

where Θ− 3
2
= Θ̂−Θ. It can be easily verified that E(µ̂2) = α′P̄ ′WΘ+O(T−1).

Let µ̂3 = tr(W Ψ̂) be the third term of µ̂. Using the results in Appendix D of Kiviet and Phillips

(2003), it readily follows that E(µ̂3) = tr(WΨ)+O(T−1). This completes the proof of (i). Similarly,

using the results in Appendix D of Kiviet and Phillips (2003), (ii) can be easily verified.

Proof of Theorem 2:

Note that z2,T+1S = (0, yT , x
′
T+1) ≡ zT+1, and zT+1 = z̄T+1 + z̃T+1, and similar to the arguments

in section 2, we write z̄T+1 = E(zT+1) = (0, ȳ−1,T , x
′
T ), ȳ−1,T = (fT , cT )ȳ

∗
−1,T , where fT = λT1

1 λT2
2 ,

cT = (λT1−1
1 λT2

2 , . . . , λ1λ
T2
2 , λT2

2 , λT2−1
2 , . . . , λ2, 1), ȳ

∗
−1,T = (ȳ0, x

′
1β1, . . . , x

′
T1
β1, x

′
T1+1β2, . . . , x

′
Tβ2)

′,

and z̃T+1 = gνe′1,2, with g = (dfT , cT ). Let Wf = Tz′T+1zT+1 = W̄f + W̃f , where W̄f =

T E(z′T+1zT+1) = T z̄′T+1z̄T+1 + T E(z̃′T+1z̃T+1) = Op(T ), and W̃f = T z̄′T+1gνe
′
1,2 + Te1,2ν

′g′z̄T+1 +

T (ν ′g′gν − tr(g′gΩν))e1,2e
′
1,2 = Op(T ). The one-step ahead MSFE of the Stein-like shrinkage
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estimator up to order O(T−1) is

MSFE(ᾰ2) = E
[
(ᾰ− α)′Wf (ᾰ− α)

]
= tr

[
W̄f MSE (α̂)

]
+ tr

[
E(Γ−1W̃f ) + E(Γ− 3

2
W̃f ) + E(Γ−2W̃f )

]
= MSFE(α̂2) +

τ2

ϕ2
α′P̄ ′W̄f P̄α− 2τ

ϕ

[
tr(W̄f P̄QΣ) + α′P̄ ′W̄fΘ+ tr(W̄fΨ)

]
+

4τ

ϕ2

[
α′P̄ ′W̄DP̄QΣW̄f P̄α+ α′P̄ ′W̄DΨW̄f P̄α

]
+

2τ

ϕ2
α′P̄ ′ΦW̄f P̄α

− 2τ

ϕ
tr
[
E(W̃fξ− 1

2
)α′P̄ ′

]
− 2τ

ϕ
tr
[
E(W̃fξ−1)α

′P̄ ′
]
− 2τ

ϕ
tr
[
P̄ E(ξ− 1

2
ξ′− 1

2

W̃f )
]

− 2τ

ϕ
tr
[
E(P̃− 1

2
αξ′− 1

2

W̃f )
]
+

2τ

ϕ2
tr
[
E(D 1

2
P̄αξ′− 1

2

W̃f )
]

= MSFE(α̂2) +
τ2

ϕ2
α′P̄ ′W̄f P̄α− 2τ

ϕ

[
tr(W̄f P̄QΣ) + α′P̄ ′W̄fΘ+ tr(W̄fΨ)

]
+

4τ

ϕ2

[
α′P̄ ′W̄DP̄QΣW̄f P̄α+ α′P̄ ′W̄DΨW̄f P̄α

]
+

2τ

ϕ2
α′P̄ ′ΦW̄f P̄α

− 2τ

ϕ
tr
[
Υ1α

′P̄ ′
]
− 2τ

ϕ
tr
[
Υ3α

′P̄ ′
]
− 2τ

ϕ
tr
[
P̄Υ2

]
− 2τ

ϕ
tr
[
(P̄ − I2(k+1))QΥ4

]
+

2τ

ϕ2
tr
[
P̄αα′P̄ ′Υ4 + 2P̄αα′P̄ ′W̄DP̄Υ2 + 2P̄αα′P̄ ′W̄D(P̄ − I2(k+1))QΥ4

]
.

(A.18)

Now, we give the expressions for the expectations of the above equation in the rest of the proof.

E(W̃fξ− 1
2
) = T E

[Z̄ ′
T+1gνe

′
1,2 + e1,2ν

′g′Z̄T+1 +
(
ν ′g′gν − tr(g′gΩν)

)
e1,2e

′
1,2

]

Q

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= T

Z̄ ′
T+1cTΩuZ̄Qe1,2 + e1,2 tr(QZ̄ ′Ωuc

′
T Z̄T+1) + 2(e′1,2Qe1,2)e1,2 tr(c

′
T gΩνG

′L2Ωu)


≡ Υ1.

(A.19)

E(ξ− 1
2
ξ′− 1

2

W̃f ) = T E

Q[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

][
ν ′(0, IT )

′Z̄ +

2∑
i=1

ν ′Hiνe
′
1,i

]
Q

[
Z̄ ′
T+1gνe

′
1,2 + e1,2ν

′g′Z̄T+1 +
(
ν ′g′gν − tr(g′gΩν)

)
e1,2e

′
1,2

]
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= T

2QZ̄ ′Ωuc
′
T cTΩuZ̄Qe1,2e

′
1,2 +

2∑
i=1

QZ̄ ′[ΩuC
′LiΩuc

′
T +ΩuLiGΩνg

′]Z̄T+1Qe1,ie
′
1,2

+ (e′1,2Qe1,2)QZ̄ ′[ΩuC
′L2Ωuc

′
T +ΩuL2GΩνg

′]Z̄T+1

+

2∑
i=1

Qe1,ie
′
1,2

[
tr(Z̄QZ̄ ′

T+1gΩνG
′LiΩu) + tr(Z̄QZ̄ ′

T+1cTΩuLiCΩu)
]

+

2∑
i=1

Qe1,ie
′
1,2QZ̄ ′

[
ΩuC

′LiΩuc
′
T +ΩuLiGΩνg

′
]
Z̄T+1

+ 2
2∑

i=1

(e′1,2Qe1,2)Qe1,ie
′
1,2

[
tr(gΩνG

′L2ΩuC
′LiΩuc

′
T ) + tr(cTΩuL2GΩνG

′LiΩuc
′
T )

+ tr(gΩνG
′LiΩuC

′L2Ωuc
′
T ) + tr(g′gΩνG

′LiΩuL2GΩν)
] ≡ Υ2. (A.20)

E(W̃fξ−1) = −T E

[Z̄ ′
T+1gνe

′
1,2 + e1,2ν

′g′Z̄T+1 +
(
ν ′g′gν − tr(g′gΩν)

)
e1,2e

′
1,2

]

Q(A+B)

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= −T

 2∑
i=1

(e′1,iQe1,i)Z̄
′
T+1

[
gΩνG

′LiΩuC
′ + cTΩuLiGΩνG

′
]
LiZ̄Qe1,2

+
2∑

i=1

(e′1,iQe1,i)e1,2

[
tr(Z̄T+1QZ̄ ′LiGΩνG

′LiΩuc
′
T ) + tr(Z̄T+1QZ̄ ′LiCΩuLiGΩνg

′)
]

+
2∑

i=1

(e′1,2Qe1,2)Z̄
′
T+1

[
gΩνG

′LiΩuC
′ + cTΩuLiGΩνG

′
]
L2Z̄Qe1,i

+

2∑
i=1

2∑
j=1

e1,2e
′
1,iQZ̄ ′

T+1

[
gΩνG

′LjΩuC
′ + cTΩuLjGΩνG

′
]
LiZ̄Qe1,j

+ 2
2∑

i=1

e1,2e
′
1,2QZ̄ ′LiGΩνg

′cTΩuZ̄Qe1,i + 2(e′1,2Qe1,2)e1,2 tr(c
′
T gΩνG

′L2Z̄QZ̄ ′Ωu)

+ 2(e′1,2Qe1,2)Z̄
′
T+1gΩνG

′L2CΩuZ̄Qe1,2 + 2
2∑

i=1

e1,2e
′
1,iQZ̄ ′ΩuC

′LiGΩνg
′Z̄T+1Qe1,i

+ 4(e′1,2Qe1,2)
2e1,2

[
tr(c′T gΩνG

′L2GΩνG
′L2Ωu) + tr(g′gΩνG

′L2CΩuL2GΩν)
] ≡ Υ3.

(A.21)

36



E
(
(A+B)Q−1P̄αξ′− 1

2

W̃f

)
= T E

(A+B)Q−1P̄α

[
ν ′(0, IT )

′Z̄ +

2∑
i=1

ν ′Hiνe
′
1,i

]
Q

[
Z̄ ′
T+1gνe

′
1,2 + e1,2ν

′g′Z̄T+1 +
(
ν ′g′gν − tr(g′gΩν)

)
e1,2e

′
1,2

]
= T

2 2∑
i=1

(e′1,iP̄α)Z̄ ′LiGΩνg
′cTΩuZ̄Qe1,2e

′
1,2 + 2

2∑
i=1

e1,iα
′P̄ ′Z̄ ′LiGΩνg

′cTΩuZ̄Qe1,2e
′
1,2

+
2∑

i=1

2∑
j=1

(e′1,iP̄α)Z̄ ′Li

[
GΩνG

′LjΩuc
′
T + CΩuLjGΩνg

′
]
Z̄T+1Qe1,je

′
1,2

+

2∑
i=1

2∑
j=1

(e′1,iP̄α)(e′1,jQe1,2)Z̄
′Li

[
GΩνG

′LjΩuc
′
T + CΩuLjGΩνg

′
]
Z̄T+1

+
2∑

i=1

2∑
j=1

e1,ie
′
1,2

(
e′1,jQZ̄ ′

T+1

[
gΩνG

′LjΩuC
′ + cTΩuLjGΩνG

′
]
LiZ̄P̄α

)

+

2∑
i=1

(e′1,2Qe1,2)e1,iα
′P̄ ′Z̄ ′Li

[
GΩνG

′L2Ωuc
′
T + CΩuL2GΩνg

′
]
Z̄T+1

+ 2
2∑

i=1

(e′1,iP̄α)e1,ie
′
1,2 tr(G

′LiCΩuZ̄QZ̄ ′
T+1gΩν) + 2

2∑
i=1

(e′1,iP̄α)e1,ie
′
1,2QZ̄ ′ΩuC

′LiGΩνg
′Z̄T+1

+ 4
2∑

i=1

(e′1,iP̄α)(e′1,2Qe1,2)e1,ie
′
1,2

[
tr(c′T gΩνG

′LiGΩνG
′L2Ωu) + tr(g′gΩνG

′LiCΩuL2GΩν)
] ≡ Υ4.

(A.22)

This completes the proof of Theorem 2.

Proof of Corollary 2.1:

The proof follows readily from the proof of Corollary 1.1, so it is omitted.

Proof of Theorem 4:

From the proof of Lemma C.2 in the Supplementary Online Appendix, we have

̂̇α− α̇ = (Ż ′Ż)−1Ż ′u = ξ̇− 1
2
+ ξ̇−1 + ξ̇− 3

2
+Op(T

−2), (A.23)
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where ξ̇− 1
2
, ξ̇−1, and ξ̇− 3

2
are defined below, and the suffixes show the order of magnitude in

probability,

ξ̇− 1
2
= Q̇ ¯̇Z ′(0, IT )ν = Op(T

− 1
2 ),

ξ̇−1 = Q̇
2∑

i=1

ν ′ḢiνNe1,i − Q̇Ȧ ¯̇Z ′(0, IT )ν = Op(T
−1),

ξ̇− 3
2
= −Q̇Ȧ

2∑
i=1

ν ′ḢiνNe1,i − Q̇Ḃ ¯̇Z ′(0, IT )ν + Q̇Ȧ2 ¯̇Z ′(0, IT )ν = Op(T
− 3

2 ),

where Ḣ = Ġ′Li(0, IT ). Also, let ẆD ≡ Ż ′Ż = ¯̇WD+ ˜̇WD+ ˜̇Z ′ ˜̇Z, where ¯̇WD = E(Ż)′ E(Ż) = ¯̇Z ′ ¯̇Z =

Op(T ),
˜̇WD = ¯̇Z ′ ˜̇Z + ˜̇Z ′ ¯̇Z = ȦQ̇−1 = Op(T

1
2 ), and ˜̇Z ′ ˜̇Z = Op(1), with Ȧ defined in Lemma C.1 in

the Supplementary Online Appendix.

Using equation (A.23) in equation (3.6), we have

1

D(̂̇α, ˜̇α) =

[
(̂̇α− ˜̇α)′ẆD(̂̇α− ˜̇α)]−1

=

[̂̇α′
Ṗ

′
ẆD Ṗ ̂̇α]−1

=
1

ϕ̇

[
1− 1

ϕ̇

˜̇
ϕ 1

2
− 2

ϕ̇
α̇′ ¯̇P ′ ¯̇WD

¯̇P ξ̇− 1
2
− 2

ϕ̇
α̇′ ¯̇P ′ ¯̇WD

˜̇P− 1
2
α̇

]
+Op(T

−2)

≡ 1

ϕ̇︸︷︷︸
Op(T−1)

− 1

ϕ̇2
Ḋ 1

2︸ ︷︷ ︸
Op(T

− 3
2 )

+Op(T
−2), (A.24)

where Ḋ 1
2

=
˜̇
ϕ 1

2
+ 2

[
α̇′ ¯̇P ′ ¯̇WD

¯̇P ξ̇− 1
2
+ α̇′ ¯̇P ′ ¯̇WD

˜̇P− 1
2
α̇
]

= Op(T
1
2 ), ϕ̇ = α̇′ ¯̇P ′ ¯̇WD

¯̇Pα̇ = O(T ),

˜̇
ϕ 1

2
= α̇′ ¯̇P ′ ˜̇WD

¯̇Pα̇ = O(T 1/2), and the last equality above holds by using the standard geometric

expansion. The terms with order Op(T
−2) and smaller are dropped, because they will not enter

in the calculation of the bias and MSE of the Stein-like shrinkage estimator up to the orders of

interest.

Employing equations (A.23)–(A.24) in equation (4.16), we obtain

˘̇α− α̇ = (̂̇α− α̇)− τ
[ 1
ϕ̇
− 1

ϕ̇2
Ḋ 1

2
+Op(T

−2)
][

¯̇P + ˜̇P− 1
2
+Op(T

−1)
]̂̇α

= ζ̇− 1
2
+ ζ̇−1 + ζ̇− 3

2
+Op(T

−2),

(A.25)

where ζ̇− 1
2
, ζ̇−1 and ζ̇− 3

2
are defined below

ζ̇− 1
2
= ξ̇− 1

2
= Op(T

− 1
2 ),
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ζ̇−1 = ξ̇−1 −
τ

ϕ̇

¯̇Pα̇ = Op(T
−1),

ζ̇− 3
2
= ξ̇− 3

2
− τ

ϕ̇

¯̇P ξ̇− 1
2
− τ

ϕ̇

˜̇P− 1
2
α̇+

τ

ϕ̇2
Ḋ 1

2

¯̇Pα̇ = Op(T
− 3

2 ).

The bias of the Stein-like shrinkage estimator using the approximations in equation (A.25) up

to order O(T−1) is

E( ˘̇α− α̇) = E(ζ̇− 1
2
+ ζ̇−1) = E(ξ̇− 1

2
) + E(ξ̇−1)−

τ

ϕ̇

¯̇Pα̇ = Θ̇− τ

ϕ̇

¯̇Pα̇, (A.26)

where the last equality holds because of (C.8) and (C.9) in Lemma C.2 of the Supplementary Online

Appendix.

The MSE of the Stein-like shrinkage estimator up to order O(T−2) is

E
[
( ˘̇α− α̇)( ˘̇α− α̇)′

]
= E(Γ̇−1 + Γ̇− 3

2
+ Γ̇−2), (A.27)

where Γ̇−1, Γ̇− 3
2
and Γ̇−2 are

Γ̇−1 = ζ̇− 1
2
ζ̇ ′− 1

2

,

Γ̇− 3
2
= ζ̇− 1

2
ζ̇ ′−1 + ζ̇−1ζ̇

′
− 1

2

,

Γ̇−2 = ζ̇− 1
2
ζ̇ ′− 3

2

+ ζ̇− 3
2
ζ̇ ′− 1

2

+ ζ̇−1ζ̇
′
−1,

and we derive their expectations in the rest of the proof using Lemma B.1 and Lemma D.2.

E(Γ̇−1) = E(ζ̇− 1
2
ζ̇ ′− 1

2

) = E(ξ̇− 1
2
ξ̇′− 1

2

) = Q̇Σ, (A.28)

where the last equality holds because of (D.12) in Lemma D.2.

E(Γ̇− 3
2
) = E(ζ̇− 1

2
ζ̇ ′−1) + E(ζ̇−1ζ̇

′
− 1

2

) = E(ξ̇−1ξ̇
′
− 1

2

) + E(ξ̇− 1
2
ξ̇′−1), (A.29)

because

E(ζ̇−1ζ̇
′
− 1

2

) = E
[(

ξ̇−1 −
τ

ϕ̇

¯̇Pα̇
)
ξ̇′− 1

2

]
= E(ξ̇−1ξ̇

′
− 1

2

)− τ

ϕ̇

¯̇Pα̇E(ξ̇′− 1
2

) = E(ξ̇−1ξ̇
′
− 1

2

), (A.30)

where the last equality holds by (D.8), and E(ξ̇−1ξ̇
′
− 1

2

) is given in (D.12). Also, we have

E(Γ̇−2) = E(ζ̇− 1
2
ζ̇ ′− 3

2

) + E(ζ̇− 3
2
ζ̇ ′− 1

2

) + E(ζ̇−1ζ̇
′
−1)
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= E(ξ̇− 3
2
ξ̇′− 1

2

) + E(ξ̇− 1
2
ξ̇′− 3

2

) + E(ξ̇−1ξ̇
′
−1) +

τ2

ϕ̇2

¯̇Pα̇α̇′ ¯̇P ′ − τ

ϕ̇

[
Θ̇α̇′ ¯̇P ′ + ¯̇Pα̇Θ̇′

]
− τ

ϕ̇

[
¯̇PQ̇Σ+ ΣQ̇ ¯̇P ′ + E( ˜̇P− 1

2
α̇ξ̇′− 1

2

) + E( ˜̇P− 1
2
α̇ξ̇′− 1

2

)′
]
+

2τ

ϕ̇2

[
¯̇Pα̇α̇′ ¯̇P ′ ¯̇WD

¯̇PQ̇Σ

+ ΣQ̇ ¯̇P ′ ¯̇WD
¯̇Pα̇α̇′ ¯̇P ′ + ¯̇Pα̇α̇′ ¯̇P ′ ¯̇WD E( ˜̇P− 1

2
α̇ξ̇′− 1

2

) + E( ˜̇P− 1
2
α̇ξ̇′− 1

2

)′ ¯̇WD
¯̇Pα̇α̇′ ¯̇P ′

]
+

τ

ϕ̇2

[
¯̇Pα̇α̇′ ¯̇P ′ E

(
˜̇WD

¯̇Pα̇ξ̇′− 1
2

)
+ E

(
ξ̇− 1

2
α̇′ ¯̇P ′ ˜̇WD

)
¯̇Pα̇α̇′ ¯̇P ′

]
, (A.31)

where

E(ζ̇−1ζ̇
′
−1) = E(ξ̇−1ξ̇

′
−1)−

τ

ϕ̇
E(ξ̇−1α̇

′ ¯̇P ′)− τ

ϕ̇
E( ¯̇Pα̇ξ̇′−1) +

τ2

ϕ̇2

¯̇Pα̇α̇′ ¯̇P ′

= E(ξ̇−1ξ̇
′
−1)−

τ

ϕ̇

[
E(ξ̇−1)α̇

′ ¯̇P ′ + ¯̇Pα̇E(ξ̇′−1)
]
+

τ2

ϕ̇2

¯̇Pα̇α̇′ ¯̇P ′,

(A.32)

E(ξ̇−1) = Θ̇, by (D.9), and E(ξ̇−1ξ̇
′
−1) is given in (D.13). Also,

E(ζ̇− 3
2
ζ̇ ′− 1

2

) = E(ξ̇− 3
2
ξ̇′− 1

2

)− τ

ϕ̇

¯̇P E(ξ̇− 1
2
ξ̇′− 1

2

)− τ

ϕ̇
E( ˜̇P− 1

2
α̇ξ̇′− 1

2

) +
τ

ϕ̇2
E(Ḋ 1

2

¯̇Pα̇ξ̇′− 1
2

)

= E(ξ̇− 3
2
ξ̇′− 1

2

)− τ

ϕ̇

[
¯̇PQ̇Σ+ E( ˜̇P− 1

2
α̇ξ̇′− 1

2

)
]
+

2τ

ϕ̇2

¯̇Pα̇α̇′ ¯̇P ′ ¯̇WD

[
¯̇PQ̇Σ+ E( ˜̇P− 1

2
α̇ξ̇′− 1

2

)
]

+
τ

ϕ̇2

¯̇Pα̇α̇′ ¯̇P ′ E
(
˜̇WD

¯̇Pα̇ξ̇′− 1
2

)
,

(A.33)

where E(ξ̇− 3
2
ξ̇′− 1

2

) is given in (D.14), and the last equality above holds by using

E(Ḋ 1
2

¯̇Pα̇ξ̇′− 1
2

) = 2 ¯̇Pα̇α̇′ ¯̇P ′ ¯̇WD E
[(

¯̇P ξ̇− 1
2
+ ˜̇P− 1

2
α̇
)
ξ̇′− 1

2

]
+ ¯̇Pα̇α̇′ ¯̇P ′ E

(
˜̇WD

¯̇Pα̇ξ̇′− 1
2

)
= 2 ¯̇Pα̇α̇′ ¯̇P ′ ¯̇WD

¯̇PQ̇Σ+ 2 ¯̇Pα̇α̇′ ¯̇P ′ ¯̇WD E( ˜̇P− 1
2
α̇ξ̇′− 1

2

) + ¯̇Pα̇α̇′ ¯̇P ′ E
(
˜̇WD

¯̇Pα̇ξ̇′− 1
2

)
,

(A.34)

and using equation (D.11). Moreover, we find that

E( ˜̇P− 1
2
α̇ξ̇′− 1

2

) = E
{(

¯̇P − I
)
Q̇ȦQ̇−1 ¯̇Pα̇ν ′(0, IT )

′ ¯̇ZQ̇

}
=

(
¯̇P − I

)
Q̇

{ 2∑
i=1

e′1,iN
¯̇Pα̇ ¯̇Z ′LiĊΩu

¯̇ZQ̇+
2∑

i=1

Ne1,iα̇
′ ¯̇P ′ ¯̇Z ′LiĊΩu

¯̇ZQ̇

}
≡ Ψ̇,

(A.35)

and

E( ˜̇WD
¯̇Pα̇ξ̇′− 1

2

) = E

[ 2∑
l=1

(
¯̇Z ′
lLlĠνe′1,lN +Ne1,lν

′Ġ′Ll
¯̇Zl

)]
¯̇Pα̇

[
ν ′(0, IT )

′ ¯̇Z +

2∑
i=1

ν ′Ḣiνe
′
1,iN

]
Q̇


=

2∑
l=1

[
(e′1,lN

¯̇Pα̇) ¯̇Z ′LlĊΩu
¯̇ZQ̇+Ne1,lα̇

′ ¯̇P ′ ¯̇Z ′LlĊΩu
¯̇ZQ̇

]
≡ Φ̇.
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(A.36)

By employing the results of equations (A.28),(A.29) and (A.31), in equation (A.27), we obtain

the MSE of the Stein-like shrinkage estimator up to order O(T−2), as

MSE (˘̇α) = MSE (̂̇α) + τ2

ϕ̇2

¯̇Pα̇α̇′ ¯̇P ′ − τ

ϕ̇

[
¯̇PQ̇Σ+ ΣQ̇ ¯̇P ′ + Θ̇α̇′Ṗ ′ + ¯̇Pα̇Θ̇′ + Ψ̇ + Ψ̇′

]
+

2τ

ϕ̇2

[
¯̇Pα̇α̇′ ¯̇P ′ ¯̇WD

[
¯̇PQ̇Σ+ Ψ̇

]
+
[
ΣQ̇ ¯̇P ′ + Ψ̇′

]
¯̇WD

¯̇Pα̇α̇′ ¯̇P ′
]

+
τ

ϕ̇2

[
¯̇Pα̇α̇′ ¯̇P ′Φ̇ + Φ̇′ ¯̇Pα̇α̇′ ¯̇P ′

]
.

(A.37)

Further, the risk of the Stein-like shrinkage estimator up to order O(T−1), can be written as

Risk (˘̇α) = E
[
( ˘̇α− α̇)′W ( ˘̇α− α̇)

]
= tr

[
W E

[
( ˘̇α− α̇)( ˘̇α− α̇)′

]]
= tr

[
W MSE (˘̇α)

]
= Risk (̂̇α) + τ2

ϕ̇2
α̇′ ¯̇P ′W ¯̇Pα̇− 2τ

ϕ̇

[
tr(W ¯̇PQ̇Σ) + α̇′ ¯̇P ′W Θ̇ + tr(W Ψ̇)

]
+

4τ

ϕ̇2

[
α̇′ ¯̇P ′ ¯̇WD

¯̇PQ̇ΣW ¯̇Pα̇+ α̇′ ¯̇P ′ ¯̇WDΨ̇W ¯̇Pα̇

]
+

2τ

ϕ̇2
α̇′ ¯̇P ′Φ̇W ¯̇Pα̇.

(A.38)

This completes the proof of Theorem 4.

Proof of Theorem 5:

Let żT+1 = zT+1N , similar to the arguments in the proof of Lemma D.1, we write żT+1 =

¯̇zT+1 + ˜̇zT+1 where ¯̇zT+1 = E(żT+1) = E(zT+1)N, and ˜̇zT+1 = (żT+1 − ¯̇ZT+1) = ġνe′1,2N , with

ġ defined as g after replacing λ1 = 1 and λ2 = 1. Let Ẇf = T ż′T+1żT+1 = ¯̇Wf + ˜̇Wf , where

¯̇Wf = T E(żT+1)
′ E(żT+1) = T ¯̇z′T+1

¯̇zT+1 = Op(T ), and
˜̇Wf = T ¯̇z′T+1ġνe

′
1,2N + TNe1,2ν

′ġ′ ¯̇zT+1 +

T (ν ′ġ′ġν − tr(ġ′ġΩν))Ne1,2e
′
1,2N = Op(T

1/2) +Op(1).

The one-step ahead MSFE of the Stein-like shrinkage estimator up to order O(T−1) is

MSFE(˘̇α2) = E
[
( ˘̇α− α̇)′Ẇf ( ˘̇α− α̇)

]
= tr

[
¯̇Wf MSE (ˆ̇α)

]
+ tr

[
E(Γ̇−1

˜̇Wf ) + E(Γ̇− 3
2

˜̇Wf ) + E(Γ̇−2
˜̇Wf )

]
= MSFE(ˆ̇α2) +

τ2

ϕ̇2
α̇′ ¯̇P ′ ¯̇Wf

¯̇Pα̇− 2τ

ϕ̇

[
tr( ¯̇Wf

¯̇PQ̇Σ) + α̇′ ¯̇P ′ ¯̇Wf Θ̇ + tr( ¯̇Wf Ψ̇)

]
+

4τ

ϕ̇2

[
α̇′ ¯̇P ′ ¯̇WD

¯̇PQ̇Σ ¯̇Wf
¯̇Pα̇+ α̇′ ¯̇P ′ ¯̇WDΨ̇

¯̇Wf
¯̇Pα̇

]
+

2τ

ϕ̇2
α̇′ ¯̇P ′Φ̇ ¯̇Wf

¯̇Pα̇
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− 2τ

ϕ̇
tr
[
E( ˜̇Wf ξ̇− 1

2
)α̇′ ¯̇P ′

]
= MSFE(ˆ̇α2) +

τ2

ϕ̇2
α̇′ ¯̇P ′ ¯̇Wf

¯̇Pα̇− 2τ

ϕ̇

[
tr( ¯̇Wf

¯̇PQ̇Σ) + α̇′ ¯̇P ′ ¯̇Wf Θ̇ + tr( ¯̇Wf Ψ̇)

]
+

4τ

ϕ̇2

[
α̇′ ¯̇P ′ ¯̇WD

¯̇PQ̇Σ ¯̇Wf
¯̇Pα̇+ α̇′ ¯̇P ′ ¯̇WDΨ̇

¯̇Wf
¯̇Pα̇

]
+

2τ

ϕ̇2
α̇′ ¯̇P ′Φ̇ ¯̇Wf

¯̇Pα̇− 2τ

ϕ̇
tr
[
Υ̇α̇′ ¯̇P ′

]
,

(A.39)

where

Υ̇ ≡ E( ˜̇Wf ξ̇− 1
2
) = T E

[ ¯̇Z ′
T+1ġνe

′
1,2N +Ne1,2ν

′ġ′ ¯̇ZT+1

]
Q̇ ¯̇Z ′(0, IT )ν

+ op(1)

= T

 ¯̇Z ′
T+1ċTΩu

¯̇ZQ̇Ne1,2 +Ne1,2 tr(Q̇
¯̇Z ′Ωuċ

′
T
¯̇ZT+1)

+ op(1).

(A.40)

This completes the proof of Theorem 5.
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Table 2: Simulation results with k = 5

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2) RMSFE(α̃2) RMSFE(ᾰ2) RMSFE(α̃2) RMSFE(ᾰ2) RMSFE(α̃2) RMSFE(ᾰ2) RMSFE(α̃2)

#1

0.000 0.794 0.439 0.796 0.445 0.797 0.447 0.788 0.443

0.250 0.816 0.529 0.841 0.647 0.828 0.650 0.839 0.665

0.500 0.887 1.045 0.902 1.776 0.876 1.818 0.855 1.222

0.750 0.966 2.225 0.966 4.248 0.943 4.704 0.907 2.814

1.000 0.988 3.602 0.984 7.454 0.971 8.720 0.948 5.231

#2

0.000 0.802 0.460 0.799 0.435 0.790 0.392 0.788 0.357

0.250 0.824 0.577 0.836 0.675 0.818 0.651 0.827 0.609

0.500 0.890 1.125 0.907 1.921 0.879 1.938 0.865 1.278

0.750 0.964 2.310 0.967 4.401 0.945 4.803 0.916 2.900

1.000 0.989 3.744 0.984 7.615 0.972 8.864 0.951 5.356

#3

0.000 0.819 0.505 0.814 0.499 0.786 0.438 0.765 0.396

0.250 0.847 0.628 0.851 0.753 0.827 0.740 0.817 0.663

0.500 0.904 1.172 0.924 2.140 0.892 2.237 0.856 1.440

0.750 0.970 2.337 0.971 4.600 0.952 5.350 0.914 3.268

1.000 0.988 3.707 0.985 7.906 0.975 9.589 0.952 5.932

#4

0.000 0.862 0.644 0.858 0.646 0.837 0.549 0.824 0.472

0.250 0.879 0.802 0.878 0.974 0.852 0.893 0.837 0.684

0.500 0.931 1.424 0.938 2.390 0.911 2.543 0.882 1.637

0.750 0.975 2.531 0.971 4.818 0.954 5.596 0.928 3.556

1.000 0.989 3.948 0.984 8.214 0.974 10.038 0.955 6.404

#5

0.000 0.858 0.682 0.853 0.746 0.811 0.629 0.779 0.520

0.250 0.887 0.904 0.889 1.264 0.854 1.241 0.818 0.903

0.500 0.943 1.633 0.949 2.966 0.923 3.344 0.880 2.164

0.750 0.979 2.783 0.977 5.679 0.962 6.835 0.932 4.493

1.000 0.989 4.237 0.987 9.376 0.978 11.665 0.960 7.700

#6

0.000 0.944 1.114 0.959 1.313 0.955 1.194 0.933 0.753

0.250 0.953 1.326 0.959 1.689 0.956 1.617 0.941 1.002

0.500 0.973 1.952 0.969 3.038 0.963 3.251 0.953 1.991

0.750 0.986 2.944 0.979 5.365 0.972 6.172 0.964 3.776

1.000 0.992 4.312 0.986 8.670 0.980 10.370 0.972 6.342

Note: This table reports the results of the RMSFE where the benchmark model is the unrestricted
estimator. The first column shows the experiment numbers which represent the break specifications
based on Table 1, and the second column is the break size in the slope coefficients. In the heading
of the table, RMSFE(ᾰ2) = MSFE(ᾰ2)/MSFE(α̂2) shows the RMSFE of the shrinkage estimator, and
RMSFE(α̃2) = MSFE(α̃2)/MSFE(α̂2) is the RMSFE of the restricted estimator.
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Table 2: Simulation results with k = 5 (Cont.)

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2) RMSFE(α̃2) RMSFE(ᾰ2) RMSFE(α̃2) RMSFE(ᾰ2) RMSFE(α̃2) RMSFE(ᾰ2) RMSFE(α̃2)

#7

0.000 0.964 2.279 0.964 3.096 0.928 2.529 0.849 1.267

0.250 0.981 2.670 0.980 4.032 0.956 3.738 0.898 2.042

0.500 0.989 3.412 0.989 5.946 0.976 6.274 0.939 3.688

0.750 0.994 4.541 0.993 8.895 0.986 10.178 0.963 6.238

1.000 0.996 6.074 0.996 12.909 0.992 15.417 0.977 9.744

#8

0.000 0.749 0.339 0.745 0.287 0.732 0.220 0.717 0.197

0.250 0.783 0.404 0.802 0.436 0.809 0.460 0.820 0.534

0.500 0.877 0.888 0.913 1.626 0.898 1.758 0.870 1.232

0.750 0.973 2.108 0.978 4.110 0.960 4.601 0.925 2.933

1.000 0.992 3.476 0.990 7.304 0.980 8.664 0.958 5.396

#9

0.000 0.931 0.865 0.963 0.959 0.952 0.914 0.905 0.761

0.250 0.965 1.250 0.969 1.560 0.954 1.446 0.933 1.021

0.500 0.995 3.354 0.997 6.920 0.988 7.162 0.954 2.892

0.750 1.000 7.611 1.000 16.127 0.997 18.475 0.986 8.864

1.000 1.001 12.939 1.001 28.858 0.998 34.304 0.993 17.941

#10

0.000 0.875 0.577 0.873 0.569 0.879 0.578 0.874 0.574

0.250 0.886 0.664 0.885 0.754 0.882 0.802 0.907 0.833

0.500 0.922 1.249 0.933 2.277 0.918 2.529 0.912 1.689

0.750 0.974 2.660 0.982 5.566 0.970 6.706 0.960 4.385

1.000 0.991 4.375 0.995 9.757 0.987 12.200 0.988 8.386

#11

0.000 0.857 0.495 0.853 0.404 0.830 0.324 0.820 0.304

0.250 0.859 0.520 0.861 0.556 0.868 0.624 0.890 0.726

0.500 0.918 1.136 0.943 2.232 0.929 2.587 0.915 1.792

0.750 0.984 2.571 0.985 5.441 0.974 6.666 0.954 4.653

1.000 0.995 4.262 0.993 9.659 0.987 12.150 0.976 8.595

#12

0.000 0.991 0.908 0.997 0.976 0.993 0.950 0.986 0.837

0.250 0.995 1.287 0.999 1.702 0.998 1.669 0.992 1.168

0.500 1.000 3.850 1.001 8.888 1.003 10.062 1.000 4.404

0.750 1.000 9.250 1.000 21.014 1.002 25.997 1.003 14.672

1.000 1.000 15.912 1.000 37.792 1.000 47.839 1.002 29.821

Note: See the notes to Table 2.
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B Appendix B

Lemma B.1 Let A1, A2, A3, and A4 be symmetric T × T matrices and B1, B2, and B3

be arbitrary T × T matrices. If the random vector u be such that u ∼ N(0,Ω), where Ω is

T × T, then the following results hold:

E
2∏

i=1

(u′Biu) = tr(B1Ω) tr(B2Ω) + tr(B1ΩB2Ω) + tr(B1ΩB
′
2Ω); (B.1)

E
[
u′A1u− tr(A1Ω)

]
(u′B1u) = 2 tr(A1ΩB1Ω); (B.2)

E(uu′B1uu
′) = tr(B1Ω)Ω + ΩB1Ω + ΩB′

1Ω; (B.3)

E
3∏

i=1

(u′Biu) = tr(B1Ω) tr(B2Ω) tr(B3Ω) + tr(B1Ω)
[
tr(B2ΩB3Ω) + tr(B2ΩB

′
3Ω)
]

+ tr(B2Ω)
[
tr(B1ΩB3Ω) + tr(B1ΩB

′
3Ω)
]
+ tr(B3Ω)[tr(B1ΩB2Ω)

+ tr(B1ΩB
′
2Ω)] + tr(B1ΩB2ΩB3Ω) + tr(B1ΩB2ΩB

′
3Ω) + tr(B1ΩB

′
2ΩB3Ω)

+ tr(B1ΩB
′
2ΩB

′
3Ω) + tr(B1ΩB

′
3ΩB

′
2Ω) + tr(B1ΩB3ΩB

′
2Ω)

+ tr(B1ΩB
′
3ΩB2Ω) + tr(B1ΩB3ΩB2Ω);

(B.4)

E
[
u′A1u− tr(A1Ω)

] 2∏
i=1

(u′Biu) = 2 tr(B1Ω) tr(A1ΩB2Ω) + 2 tr(B2Ω) tr(A1ΩB1Ω)

+ 2 tr(A1ΩB2ΩB1Ω) + 2 tr(A1ΩB
′
2ΩB1Ω)

+ 2 tr(A1ΩB1ΩB2Ω) + 2 tr(A1ΩB1ΩB
′
2Ω);

(B.5)
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E
2∏

i=1

(u′Biu)uu
′ = Ω tr(B1Ω) tr(B2Ω) + Ω tr(B1ΩB2Ω) + Ω tr(B1ΩB

′
2Ω)

+ tr(B1Ω)Ω[B2 +B′
2]Ω + tr(B2Ω)Ω[B1 +B′

1]Ω + ΩB1ΩB2Ω

+ ΩB1ΩB
′
2Ω + ΩB′

1ΩB2Ω + ΩB′
1ΩB

′
2Ω + ΩB2ΩB1Ω + ΩB′

2ΩB1Ω

+ ΩB2ΩB
′
1Ω + ΩB′

2ΩB
′
1Ω;

(B.6)

E
[
u′A1u− tr(A1Ω)

]
(uu′B1uu) = 2 tr(A1ΩB1Ω)Ω + 2 tr(B1Ω)ΩA1Ω + 2ΩA1ΩB1Ω

+ 2ΩB1ΩA1Ω + 2ΩA1ΩB
′
1Ω + ΩB′

1ΩA1Ω;

(B.7)

E
2∏

i=1

[
u′Aiu− tr(AiΩ)

]
(u′B1u) = 2 tr(B1Ω) tr(A1ΩA2Ω) + 4 tr(A1ΩA2ΩB1Ω)

+ 4 tr(A1ΩA2ΩB
′
1Ω); (B.8)

E
2∏

i=1

[
u′Aiu− tr(AiΩ)

]
uu′ = 2Ω tr(A1ΩA2Ω) + 4ΩA1ΩA2Ω + 4ΩA2ΩA1Ω; (B.9)

E
2∏

i=1

(u′Aiu)(u
′Biu) =

2∏
i=1

tr(AiΩ) tr(BiΩ) + 2 tr(A1Ω)
[
tr(A2ΩB1ΩB2Ω) + tr(A2ΩB1ΩB

′
2Ω)

+ tr(A2ΩB2ΩB1Ω) + tr(A2ΩB
′
2ΩB1Ω)

]
+ 2 tr(A2Ω)

[
tr(A1ΩB1ΩB2Ω)

+ tr(A1ΩB1ΩB
′
2Ω) + tr(A1ΩB2ΩB1Ω) + tr(A1ΩB

′
2ΩB1Ω)

]
+ 4 tr(B1Ω)

[
tr(A1ΩA2ΩB2Ω) + tr(A1ΩA2ΩB

′
2Ω)
]

+ 4 tr(B2Ω)
[
tr(A1ΩA2ΩB1Ω) + tr(A1ΩA2ΩB

′
1Ω)
]

+ 2 tr(A1ΩA2Ω)
[
tr(B1ΩB2Ω) + tr(B1ΩB

′
2Ω)
]
+ 4 tr(A1ΩB1Ω) tr(A2ΩB2Ω)

+ 4 tr(A1ΩB2Ω) tr(A2ΩB1Ω) + tr(A1Ω) tr(A2Ω)
[
tr(B1ΩB2Ω) + tr(B1ΩB

′
2Ω)
]
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+ 2 tr(A1Ω) tr(B1Ω) tr(A2ΩB2Ω) + 2 tr(A1Ω) tr(B2Ω) tr(A2ΩB1Ω)

+ 2 tr(A2Ω) tr(B1Ω) tr(A1ΩB2Ω) + 2 tr(A2Ω) tr(B2Ω) tr(A1ΩB1Ω)

+ 2 tr(B1Ω) tr(B2Ω) tr(A1ΩA2Ω) + 4 tr(A1ΩA2ΩB1ΩB2Ω)

+ 4 tr(A1ΩA2ΩB1ΩB
′
2Ω) + 4 tr(A1ΩB

′
2ΩB1ΩA2Ω) + 4 tr(A1ΩB2ΩB1ΩA2Ω)

+ 4 tr(A1ΩA2ΩB2ΩB1Ω) + 4 tr(A1ΩA2ΩB2ΩB
′
1Ω) + 4 tr(A1ΩB

′
1ΩB2ΩA2Ω)

+ 4 tr(A1ΩB1ΩB2ΩA2Ω) + 4 tr(A1ΩB1ΩA2ΩB2Ω) + 4 tr(A1ΩB1ΩA2ΩB
′
2Ω)

+ 4 tr(A1ΩB
′
2ΩA2ΩB1Ω) + 4 tr(A1ΩB2ΩA2ΩB1Ω); (B.10)

E
2∏

i=1

[
u′Aiu− tr(AiΩ)

]
(u′Biu) = 4 tr(B1Ω)

[
tr(A1ΩA2ΩB2Ω) + tr(A1ΩA2ΩB

′
2Ω)
]

+ 4 tr(B2Ω)
[
tr(A1ΩA2ΩB1Ω) + tr(A1ΩA2ΩB

′
1Ω)
]

+ 2 tr(A1ΩA2Ω)
[
tr(B1ΩB2Ω) + tr(B1ΩB

′
2Ω)
]

+ 4 tr(A1ΩB1Ω) tr(A2ΩB2Ω) + 4 tr(A1ΩB2Ω) tr(A2ΩB1Ω)

+ 2 tr(B1Ω) tr(B2Ω) tr(A1ΩA2Ω) + 4 tr(A1ΩA2ΩB1ΩB2Ω)

+ 4 tr(A1ΩA2ΩB1ΩB
′
2Ω) + 4 tr(A1ΩB

′
2ΩB1ΩA2Ω)

+ 4 tr(A1ΩB2ΩB1ΩA2Ω) + 4 tr(A1ΩA2ΩB2ΩB1Ω)

+ 4 tr(A1ΩA2ΩB2ΩB
′
1Ω) + 4 tr(A1ΩB

′
1ΩB2ΩA2Ω)

+ 4 tr(A1ΩB1ΩB2ΩA2Ω) + 4 tr(A1ΩB1ΩA2ΩB2Ω)

+ 4 tr(A1ΩB1ΩA2ΩB
′
2Ω) + 4 tr(A1ΩB

′
2ΩA2ΩB1Ω)

+ 4 tr(A1ΩB2ΩA2ΩB1Ω); (B.11)
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E
3∏

i=1

[
u′Aiu− tr(AiΩ)

]
(u′B1u) = 8 tr(B1Ω) tr(A1ΩA2ΩA3Ω) + 4 tr(A1ΩA2Ω) tr(A3ΩB1)

+ 4 tr(A1ΩA3Ω) tr(A2ΩB1) + 4 tr(A1ΩB1Ω) tr(A2ΩA3Ω)

+ 8 tr(A1ΩA2ΩA3ΩB1Ω) + 8 tr(A1ΩA2ΩA3ΩB
′
1Ω)

+ 8 tr(A1ΩA2ΩB1ΩA3Ω) + 8 tr(A1ΩA3ΩB1ΩA2Ω)

+ 8 tr(A1ΩA3ΩA2ΩB1Ω) + 8 tr(A1ΩA3ΩA2ΩB
′
1Ω);

(B.12)

E
3∏

i=1

[
u′Aiu− tr(AiΩ)

]
= 8 tr(A1ΩA2ΩA3Ω); (B.13)

E
4∏

i=1

[
u′Aiu− tr(AiΩ)

]
= 4 tr(A1ΩA2Ω) tr(A3ΩA4Ω) + 4 tr(A1ΩA3Ω) tr(A2ΩA4Ω)

+ 4 tr(A1ΩA4Ω) tr(A2ΩA3Ω) + 16 tr(A1ΩA2ΩA3ΩA4Ω)

+ 16 tr(A1ΩA2ΩA4ΩA3Ω) + 16 tr(A1ΩA3ΩA2ΩA4Ω);

(B.14)

Proof: The proof of (B.1), (B.4), and (B.10) for symmetric matrices are proved in

Magnus (1978) and Ullah (2004).1 Our results for arbitrary matrices B1, B2, and B3 follow

by noting that for example u′B1u = 1
2
u′(B1 + B′

1)u = u′B̄1u, where B̄1 = 1
2
(B1 + B′

1) is

symmetric. Hence, the results of (B.1), (B.4), and (B.10) can be easily verified. (B.2)

follows from (B.1) and using E(u′B1u) = tr(B1Ω).

For (B.3), consider its (i, j)th element which is E(uiu
′B1uuj). Let ei be the ith column of

1Some terms for the moment of fourth order products of quadratic forms were missing in Ullah (2004)
which are corrected in Bao and Ullah (2010) erratum.
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IT . Then, ui = e′iu, and

E(uiu
′B1uuj) = E(u′eje

′
iuu

′B1u) = e′iΩej tr(B1Ω) + e′iΩB1Ωej + e′iΩB
′
1Ωej,

where the last equality above holds by (B.1). Now, (B.3) can be easily verified. In a similar

way, (B.6) can be verified from (B.4).

(B.5) follows directly from (B.1) and (B.4). (B.7) follows from (B.6) and (B.3). (B.8)

can be easily verified from (B.1), (B.4), and using E(u′B1u) = tr(B1Ω). (B.9) follows directly

from (B.6), (B.3), and noting that E(uu′) = Ω. (B.11) and (B.12) are derived from (B.1),

(B.4), and (B.10). (B.13) is derived from (B.9), and (B.11). Lastly, (B.14) is derived from

(B.12) and (B.13).

Lemma B.2 Under the model defined in Section 2 of the paper, it can be verified that

E(Z ′Z) = Z̄ ′Z̄ +
2∑

i=1

tr(G′LiGΩν)e1ie
′
1i, (B.15)

Z ′u = Z̄ ′(0T×1, IT )ν +
2∑

i=1

ν ′Hiνe1,i = Op(T
1
2 ), (B.16)

(Z ′Z)−1 = Q−QA−QB +Q(A+B)2 + op(T
−2), (B.17)

P = P̄ + P̃− 1
2
+Op(T

−1), (B.18)

where Q = [E(Z ′Z)]−1 = O(T−1), P̄ = QR′(RQR′)−1R, P = (Z ′Z)−1R′(R(Z ′Z)−1R′)−1R,

Hi = G′Li(0, IT ), A = (Z̄ ′Z̃+Z̃ ′Z̄)Q =
[
Z̄ ′∑2

i=1 LiGνe′1,i+
∑2

i=1 e1,iν
′G′LiZ̄

]
Q = Op(T

− 1
2 ),

B =
(
Z̃ ′Z̃ − E(Z̃ ′Z̃)

)
Q =

∑2
i=1

[
ν ′G′LiGν − tr(G′LiGΩν)

]
e1,ie

′
1,iQ = Op(T

− 1
2 ), and P̃− 1

2
=

[P̄ − I2(k+1)]Q(A+B)R′(RQR′)−1R = Op(T
− 1

2 ). Further, we note that (0, IT )ΩνG
′ = ΩuC

′,

tr(HiΩν) = tr(ΩuC
′Li) = 0, tr(HiΩνHjΩν) = tr(ΩuC

′LiΩuC
′Lj) = 0, because the diagonal

elements of C are zeros, and tr(HiΩνH
′
jΩν) = σ2

i tr(G
′
iGiΩν) if i = j, and is equal to 0, if
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i ̸= j.

Proof: It can be easily verified, and we omit it.

Lemma B.3 Under Assumption 1, the bias of the unrestricted estimator up to order T−1

is

Bias(α̂) = E(α̂− α) = −Q

2∑
i=1

[
Z̄ ′LiCΩuZ̄Qe1,i + e1,i tr(QZ̄ ′LiCΩuZ̄)

+ 2σ2
i e1,ie

′
1,iQe1,i tr(LiGΩνG

′LiC)
]
≡ Θ,

(B.19)

where P̄ = QR′(RQR′)−1R = O(1), Q = [E(Z ′Z)]−1 = O(T−1), C = (C ′
1, C

′
2)

′, and the MSE

of the unrestricted estimator up to order T−2 is

MSE (α̂) = QΣ (B.20)

+
2∑

i=1

2∑
j=1

QZ̄ ′
[
σ2
iLiGΩνG

′Lj − σ2
jLiCLjCΩu − 2ΩuC

′LiLjCΩu − ΩuC
′LiΩuC

′Lj

]
Z̄Qe1,ie

′
1,jQ

+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′

[
σ2
jLiGΩνG

′Lj − σ2
jLiCLjCΩu − 2ΩuC

′LiLjCΩu − σ2
iΩuC

′LiC
′Lj

]
Z̄Q

+
2∑

i=1

e′1iQe1iQZ̄ ′
[
σ2
iLiGΩνG

′Li − σ2
iLiCLiCΩu − σ2

iΩuC
′LiC

′Li

]
Z̄Q

+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQ

[
σ2
i tr(QZ̄ ′LiGΩνG

′LjZ̄) + tr(QZ̄ ′LiCΩuZ̄) tr(QZ̄ ′LjCΩuZ̄)
]

+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQ

[
tr(QZ̄ ′LiCΩuZ̄QZ̄ ′LjCΩuZ̄)− 2 tr(QZ̄ ′LiCΩuLjCΩuZ̄)

]
+

2∑
i=1

e′1,iQe1,iQZ̄ ′
[
LiCΩu + ΩuC

′Li

]
Z̄Q tr(QZ̄ ′LiCΩuZ̄)

+
2∑

i=1

e′1,iQZ̄ ′LiCΩuZ̄Qe1,iQZ̄ ′
[
LiCΩu + ΩuC

′Li

]
Z̄Q

+
2∑

i=1

2∑
j=1

QZ̄ ′LiCΩuZ̄Qe1,je
′
1,iQZ̄ ′

[
LjCΩu + ΩuC

′Lj

]
Z̄Q
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+
2∑

i=1

2∑
j=1

[
QZ̄ ′LiCΩuZ̄Qe1,ie

′
1,jQZ̄ ′ΩuC

′LjZ̄Q+QZ̄ ′ΩuC
′LjZ̄Qe1,ie

′
1,jQZ̄ ′ΩuC

′LiZ̄Q
]

+
2∑

i=1

e′1,iQe1,iQZ̄ ′LiCΩuZ̄QZ̄ ′LiCΩuZ̄Q+
2∑

i=1

e′1,iQe1,iQZ̄ ′ΩuC
′LiZ̄QZ̄ ′ΩuC

′LiZ̄Q

+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′

[
ΩuC

′Lj + LiCΩu

]
Z̄Q tr(QZ̄ ′LiCΩuZ̄)

+
2∑

i=1

2∑
j=1

QZ̄ ′
[
LiCΩu + ΩuC

′Lj

]
Z̄Qe1,ie

′
1,jQ tr(QZ̄ ′LjCΩuZ̄)

+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′

[
LiCΩu + ΩuC

′Li

]
Z̄QZ̄ ′LjCΩuZ̄Q

+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQ

[
Z̄ ′ΩuC

′LiZ̄QZ̄ ′ΩuC
′LjZ̄Q+ Z̄ ′ΩuC

′LjZ̄QZ̄ ′LiCΩuZ̄Q
]

+
2∑

i=1

2∑
j=1

QZ̄ ′
[
LiCΩu + ΩuC

′Li

]
Z̄QZ̄ ′LjCΩuZ̄Qe1,ie

′
1,jQ

+
2∑

i=1

2∑
j=1

QZ̄ ′ΩuC
′LiZ̄QZ̄ ′

[
LjCΩu + ΩuC

′Lj

]
Z̄Qe1,je

′
1,iQ

+ 2
2∑

i=1

2∑
j=1

e′1,iQe1,i

[
QZ̄ ′LjCΩuZ̄Qe1je

′
1iQ tr(LiGΩνG

′LiCΩu)

+QZ̄ ′LiCΩuZ̄Qe1ie
′
1jQ tr(LjGΩνG

′LiCΩu) +QZ̄ ′LiCΩuZ̄Qe1je
′
1jQ tr(LiGΩνG

′LjCΩu)
]

+ 6
2∑

i=1

e′1,iQe1,iQZ̄ ′ΩuC
′LiZ̄Qe1,ie

′
1,iQ tr(LiGΩνG

′LiCΩu)

+ 2
2∑

i=1

2∑
j=1

e′1,iQe1,i

[
Qe1,je

′
1,jQZ̄ ′ΩuC

′LjZ̄Q tr(LiGΩνG
′LiCΩu)

+Qe1,je
′
1,jQZ̄ ′ΩuC

′LiZ̄Q tr(LiGΩνG
′LjCΩu) +Qe1,je

′
1,iQZ̄ ′ΩuC

′LiZ̄Q tr(LjGΩνG
′LiCΩu)

]
+ 6

2∑
i=1

e′1,iQe1,iQe1,ie
′
1,iQZ̄ ′LiCΩuZ̄Q tr(LiGΩνG

′LiCΩu)

+ 2
2∑

i=1

(e′1,iQe1,i)
2QZ̄ ′

[
ΩuC

′Li + LiCΩu

]
Z̄Q tr(LiGΩνG

′LiCΩu)

+
2∑

i=1

2∑
j=1

[
2e′1,iQZ̄ ′LiCΩuZ̄Qe1,j tr(LiGΩνG

′LjCΩu) + 4e′1,iQZ̄ ′LiCΩuZ̄Qe1,i tr(LjGΩνG
′LiCΩu)

]
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[
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

]
+

2∑
i=1

2∑
j=1

tr(QZ̄ ′LiCΩuZ̄)

{[
2e′1,jQe1,j tr(LjGΩνG

′LjCΩu)

+ 2e′1,iQe1,i tr(LjGΩνG
′LiCΩu)

][
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

]}
− 2

2∑
i=1

2∑
j=1

e′1,iQe1,i tr(G
′LiGΩνG

′LjGΩν)
[
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

]
+ 6

2∑
i=1

e′1,iQe1,i tr(G
′LiGΩνG

′LiGΩν)Qe1,ie
′
1,iQ

− 2
2∑

i=1

2∑
j=1

σ2
i σ

2
j e

′
1,iQe1,i

[
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

][
tr(GΩνG

′LiCLiCLj) + tr(GΩνG
′LiCLjCLi)

]
− 2

2∑
i=1

2∑
j=1

σ2
i σ

2
j e

′
1,iQe1,i tr(GΩνG

′LiC
′LiCLj)

[
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

]
+

2∑
i=1

2∑
j=1

{
4e′1,iQe1,ie

′
1,jQe1,j

[
tr(LiGΩνG

′LjCΩu) tr(LjGΩνG
′LiCΩu) + tr(LiGΩνG

′LiCΩu)

tr(LjGΩνG
′LjCΩu)

]
Qe1,ie

′
1,jQ+ 8(e′1,iQe1,i)

2 tr(LjGΩνG
′LiCΩu) tr(LiGΩνG

′LiCΩu)[
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

]}
, (B.21)

where Σ = diag(σ2
1Ik+1, σ

2
2Ik+1).

Proof: Using the results of Lemma B.2 in equation (2.2) of the paper, we have

α̂− α = (Z ′Z)−1Z ′u = ξ− 1
2
+ ξ−1 + ξ− 3

2
+Op(T

−2), (B.22)

where ξ− 1
2
, ξ− 1

2
, and ξ− 3

2
are defined below, and the suffixes show the order of magnitude in

probability,

ξ− 1
2
= Q

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= Op(T

− 1
2 ),

ξ−1 = −Q(A+B)
[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= Op(T

−1),

ξ− 3
2
= Q(A+B)2

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]
= Op(T

− 3
2 ).
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The bias of the unrestricted estimator using the approximations in equation (B.22) up to

order T−1 is

E(α̂− α) = E(ξ− 1
2
) + E(ξ−1) = −Q

2∑
i=1

[
Z̄ ′LiCΩuZ̄Qe1,i + e1,i tr(QZ̄ ′LiCΩuZ̄)

+ 2σ2
i e1,ie

′
1,iQe1,i tr(LiGΩνG

′LiC)

]
,

(B.23)

where the last equality holds because

E(ξ− 1
2
) =

2∑
i=1

Qe1,i E(ν ′Hiν) =
2∑

i=1

Qe1,i tr(LiCΩu) = 0, (B.24)

as the diagonal elements of C are zero, and by using (B.2) in Lemma B.1, E(ξ−1) is

E(ξ−1) = −QE
{
(A+B)

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

]}

= −Q
2∑

i=1

[
Z̄ ′LiCΩuZ̄Qe1,i + e1,i tr(QZ̄ ′LiCΩuZ̄) + 2σ2

i e1,ie
′
1,iQe1,i tr(LiGΩνG

′LiC)

]
.

(B.25)

The MSE up to order T−2 is

E
[
(α̂− α)(α̂− α)′

]
= E(ξ− 1

2
ξ′− 1

2
+ ξ− 1

2
ξ′−1 + ξ−1ξ

′
− 1

2
+ ξ− 1

2
ξ′− 3

2
+ ξ− 3

2
ξ′− 1

2
+ ξ−1ξ

′
−1).

(B.26)

We derive the expectations of the terms in (B.26) in the rest of the proof. Using (B.1) in

Lemma B.1, we obtain

E(ξ− 1
2
ξ′− 1

2
) = E

{
Q
[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

][
ν ′(0, IT )

′Z̄ +
2∑

i=1

ν ′Hiνe
′
1,i

]
Q

}

= QZ̄ ′ΩuZ̄Q+Q

2∑
i=1

e1,ie
′
1,i tr(HiΩνH

′
iΩν)Q
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= QZ̄ ′ΩuZ̄Q+Q
2∑

i=1

σ2
i e1,ie

′
1,i tr(GiG

′
iΩν)Q

= QΣ, (B.27)

where the last equality holds because QZ̄ ′ΩuZ̄ = Σ−Q
∑2

i=1 σ
2
i e1,ie

′
1,i tr(GiG

′
iΩν).

Using (B.1), (B.3), and (B.5) in Lemma B.1, we obtain

E(ξ−1ξ
′
− 1

2
) = −QE

{
(A+B)

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

][
ν ′(0, IT )

′Z̄ +
2∑

i=1

ν ′Hiνe
′
1,i

]}
Q

= −Q
2∑

i=1

2∑
j=1

σ2
j Z̄

′
[
LiGΩνG

′Lj + LiCLjCΩu

]
Z̄Qe1,ie

′
1,jQ

−Q
2∑

i=1

σ2
i e

′
1,iQe1,iQZ̄ ′

[
LiGΩνG

′Li + LiCLiCΩu

]
Z̄Q

−Q
2∑

i=1

2∑
j=1

σ2
j e1,ie

′
1,jQ

[
tr(QZ̄ ′LiGΩνG

′LjZ̄) + tr(QZ̄ ′LiCLjCΩuZ̄)
]

−Q
2∑

i=1

2∑
j=1

σ2
j e1,ie

′
1,jQZ̄ ′

[
LiGΩνG

′Lj + LiCLjCΩu

]
Z̄Q

− 2Q
2∑

i=1

e1,ie
′
1,iQZ̄ ′ΩuC

′LiCΩuZ̄Q− 2Q
2∑

i=1

2∑
j=1

e1,ie
′
1,iQe1,ie

′
1,jQ

[
σ2
i σ

2
j tr(GΩνG

′LiCLiCLj)

+ σ2
i σ

2
j tr(GΩνG

′LiCLjCLi) + σ2
i tr(G

′LiGΩνG
′LjGΩν) + σ2

i σ
2
j tr(GΩνG

′LiC
′LiCLj)

]
.

(B.28)

Using (B.1), (B.3), and (B.5)–(B.9) in Lemma B.1, we obtain

E(ξ−1ξ
′
−1) = QE

{
(A+B)

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

][
ν ′(0, IT )

′Z̄ +
2∑

i=1

ν ′Hiνe
′
1,i

]
(A+B)′

}
Q

=
2∑

i=1

σ2
i e

′
1,iQe1,iQZ̄ ′LiGΩνG

′LiZ̄Q+
2∑

i=1

2∑
j=1

QZ̄ ′LiCΩuZ̄Qe1,je
′
1,iQZ̄ ′ΩuC

′LjZ̄Q

+
2∑

i=1

2∑
j=1

QZ̄ ′LiCΩuZ̄Qe1,ie
′
1,jQZ̄ ′ΩuC

′LjZ̄Q+
2∑

i=1

2∑
j=1

QZ̄ ′LiCΩuZ̄Qe1,ie
′
1,jQ tr(QZ̄ ′LjCΩuZ̄)
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+
2∑

i=1

2∑
j=1

QZ̄ ′LiCΩuZ̄QZ̄ ′LjCΩuZ̄Qe1,ie
′
1,jQ+

2∑
i=1

2∑
j=1

σ2
iQZ̄ ′LiGΩνG

′LjZ̄Qe1,ie
′
1,jQ

+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′ΩuC

′LjZ̄Q tr(QZ̄ ′LiCΩuZ̄) +
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′ΩuC

′LiZ̄QZ̄ ′ΩuC
′LjZ̄Q

+
2∑

i=1

2∑
j=1

σ2
jQe1,ie

′
1,jQZ̄ ′LiGΩνG

′LjZ̄Q+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQ[

tr(QZ̄ ′LiCΩuZ̄) tr(QZ̄ ′LjCΩuZ̄) + σ2
i tr(QZ̄ ′LiGΩνG

′LjZ̄) + tr(QZ̄ ′LiCΩuZ̄QZ̄ ′LjCΩuZ̄)
]

+ 2
2∑

i=1

2∑
j=1

e′1,jQe1,j tr(LjGΩνG
′LjCΩu)

[
QZ̄ ′LiCΩuZ̄Qe1,ie

′
1,jQ+Qe1,je

′
1,iQZ̄ ′ΩuC

′LiZ̄Q
]

+ 2
2∑

i=1

2∑
j=1

e′1,iQe1,i tr(LiGΩνG
′LjCΩu)

[
QZ̄ ′LiCΩuZ̄Qe1,je

′
1,jQ+Qe1,je

′
1,jQZ̄ ′ΩuC

′LiZ̄Q
]

+ 2
2∑

i=1

2∑
j=1

e′1,jQe1,j tr(QZ̄ ′LiCΩuZ̄) tr(LjGΩνG
′LjCΩu)

[
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

]
+ 2

2∑
i=1

2∑
j=1

e′1,iQZ̄ ′LiCΩuZ̄Qe1,j tr(LiGΩνG
′LjCΩu)

[
Qe1,ie

′
1,jQ+Qe1,je

′
1,iQ

]
(B.29)

+ 2
2∑

i=1

σ2
i e

′
1,iQe1,iQe1,ie

′
1,iQ tr(G′LiGΩνG

′LiGΩν) + 4
2∑

i=1

2∑
j=1

e′1,iQe1,ie
′
1,jQe1,jQe1,ie

′
1,jQ[

tr(LiGΩνG
′LjCΩu) tr(LjGΩνG

′LiCΩu) + tr(LiGΩνG
′LiCΩu) tr(LjGΩνG

′LjCΩu)
]
+ o(T−2).

Also, Using (B.3), and (B.5)–(B.9) in Lemma B.1, we obtain

E(ξ− 3
2
ξ′− 1

2
) = QE

{
(A+B)2

[
Z̄ ′(0, IT )ν +

2∑
i=1

ν ′Hiνe1,i

][
ν ′(0, IT )

′Z̄ +
2∑

i=1

ν ′Hiνe
′
1,i

]}
Q

=
2∑

i=1

2∑
j=1

e′1,iQZ̄ ′LjCΩuZ̄Qe1,jQZ̄ ′LiCΩuZ̄Q+
2∑

i=1

2∑
j=1

σ2
jQZ̄ ′LiGΩνG

′LjZ̄Qe1,ie
′
1,jQ

+
2∑

i=1

2∑
j=1

QZ̄ ′LiCΩuZ̄Qe1,je
′
1,iQZ̄ ′LjCΩuZ̄Q+

2∑
i=1

e′1,iQe1,iQZ̄ ′LiCΩuZ̄Q tr(QZ̄ ′LiCΩuZ̄)

+
2∑

i=1

σ2
i e

′
1,iQe1,iQZ̄ ′LiGΩνG

′LiZ̄Q+
2∑

i=1

e′1,iQe1,iQZ̄ ′LiCΩuZ̄QZ̄ ′LiCΩuZ̄Q

+
2∑

i=1

2∑
j=1

σ2
jQe1,ie

′
1,jQ tr(QZ̄ ′LjGΩνG

′LiZ̄) +
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′ΩuC

′LiZ̄QZ̄ ′LjCΩuZ̄Q
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+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′ΩuC

′LjZ̄QZ̄ ′LiCΩuZ̄Q+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′LiCΩνZ̄Q tr(QZ̄ ′LjCΩuZ̄)

+
2∑

i=1

2∑
j=1

σ2
jQe1,ie

′
1,jQZ̄ ′LiGΩνG

′LjZ̄Q+
2∑

i=1

2∑
j=1

Qe1,ie
′
1,jQZ̄ ′LiCΩuZ̄QZ̄ ′LjCΩuZ̄Q

+ 2
2∑

i=1

σ2
i e

′
1,iQe1,iQe1,ie

′
1,iQ tr(G′LiGΩνG

′LiGΩν)

+ 8
2∑

i=1

2∑
j=1

(e′1,iQe1,i)
2Qe1,ie

′
1,jQ tr(LiGΩνG

′LiCΩu) tr(LjGΩνG
′LiCΩu)

+ 2
2∑

i=1

2∑
j=1

e′1,iQe1,iQZ̄ ′LiCΩuZ̄Qe1,ie
′
1,jQ tr(LjGΩνG

′LiCΩu)

+ 4
2∑

i=1

2∑
j=1

Qe1,ie
′
1,iQZ̄ ′LiCΩuZ̄Qe1,ie

′
1,jQ tr(LjGΩνG

′LiCΩu)

+ 2
2∑

i=1

(e′1,iQe1,i)
2QZ̄ ′LiCΩuZ̄Q tr(LiGΩνG

′LiCΩu)

+ 6
2∑

i=1

e′1,iQe1,iQe1,ie
′
1,iQZ̄ ′LiCΩuZ̄Q tr(LiGΩνG

′LiCΩu) (B.30)

+ 2
2∑

i=1

2∑
j=1

e′1,iQe1,iQe1,ie
′
1,jQ tr(QZ̄ ′LiCΩuZ̄) tr(LjGΩνG

′LiCΩu) + o(T−2).

By employing the results of equations (B.27)–(B.30) in equation (B.26), we obtain the

MSE of the estimator up to order T−2. This completes the proof of Lemma B.3.

C Appendix C

Lemma C.1 Under Assumption 1 (iii)–(vii), when the coefficients of the lagged dependent

variable in the model (2.1) is equal to unity (be integrated of order 1, I(1)) or be integrated

of higher order in both of the regimes, and the exogenous regressors contain non-stationary
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components, it can be verified that

(Ż ′Ż)−1 = Q̇[I2(k+1) + Ȧ+ Ḃ]−1 = Q̇− Q̇Ȧ− Q̇Ḃ + Q̇Ȧ2 + op(T
−2), (C.1)

Ż ′u = ¯̇Z ′u+ ˜̇Z ′
u = Op(T

1/2) +Op(1), (C.2)

Ṗ = ¯̇P + ˜̇P− 1
2
+ op(T

−1/2), (C.3)

where Q̇ ≡ ( ¯̇Z ′ ¯̇Z)−1 = Op(T
−1), Ȧ ≡ ( ¯̇Z ′ ˜̇Z + ˜̇Z ′ ¯̇Z)Q̇ = Op(T

−1/2), and Ḃ ≡ ( ˜̇Z ′ ˜̇Z)Q̇ =

Op(T
−1), with ¯̇Z = E(Ż), and ˜̇Z =

∑2
i=1 LiĠνe′1,iN, and Ġ is defined as G after setting

λ1 = 1, and λ2 = 1. Also, Ṗ = (Ż ′Ż)−1R′
(
R(Ż ′Ż)−1R′

)−1

R, where ¯̇P = Q̇R′(RQ̇R′)−1R,

and ˜̇P− 1
2
= ( ¯̇P − I2(k+1))Q̇ȦQ̇−1Ṗ.

Proof: Similar to Section 2 of the paper, we decompose Ż = ¯̇Z + ˜̇Z, where ¯̇Z = E(Ż) =

E(Z)N = Z̄N, and ˜̇Z = Ż − ¯̇Z = (Z − Z̄)N = Z̃N =
∑2

i=1 LiĠνe′1,iN. Hence, we have

Ż ′Ż = ¯̇Z ′ ¯̇Z + ¯̇Z ′ ˜̇Z + ˜̇Z ′ ¯̇Z + ˜̇Z ′ ˜̇Z,
where ¯̇Z ′ ¯̇Z = Op(T ),

¯̇Z ′ ˜̇Z + ˜̇Z ′ ¯̇Z = Op(T
1/2), and ˜̇Z ′ ˜̇Z = Op(1). Using this expansion, the

results of Lemma C.1 can be verified easily.

Lemma C.2 Under Assumption 1 (iii)–(vii), when the coefficients of the lagged dependent

variable in the model (2.1) is equal to unity (be integrated of order 1, I(1)) or be integrated

of higher order in both of the regimes, and the exogenous regressors contain non-stationary

components, the bias of the rescaled unrestricted estimator up to order T−1 is

Bias(̂̇α) = E(̂̇α− α̇) = −Q̇
2∑

i=1

[
¯̇Z ′LiĊΩu

¯̇ZQ̇Ne1,i +Ne1,i tr(Q
¯̇Z ′LiĊΩu

¯̇Z)

]
≡ Θ̇, (C.4)

where Ċ is defined as C after replacing λ1 and λ2 with one. The MSE of the rescaled



15

unrestricted estimator up to order T−2 is

MSE (̂̇α) = Q̇Σ +
2∑

i=1

Q̇Ne1,ie
′
1,iNQ̇σ2

i tr(ĠiĠ
′
iΩν)

+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′
[
σ2
iLiĠΩνĠ

′Lj − σ2
jLiĊLjĊΩu − 2ΩuĊ

′LiLjĊΩu − ΩuĊ
′LiΩuĊ

′Lj

]
¯̇ZQ̇Ne1,ie

′
1,jNQ̇

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′

[
σ2
jLiĠΩνĠ

′Lj − σ2
jLiĊLjĊΩu − 2ΩuĊ

′LiLjĊΩu − σ2
iΩuĊ

′LiĊ
′Lj

]
¯̇ZQ̇

+
2∑

i=1

e′1iNQ̇Ne1iQ̇
¯̇Z ′
[
σ2
iLiĠΩνĠ

′Li − σ2
iLiĊLiĊΩu − σ2

iΩuĊ
′LiĊ

′Li

]
¯̇ZQ̇

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇

[
σ2
i tr(Q̇

¯̇Z ′LiĠΩνĠ
′Lj

¯̇Z) + tr(Q̇ ¯̇Z ′LiĊΩu
¯̇Z) tr(Q̇ ¯̇Z ′LjĊΩu

¯̇Z)
]

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇

[
tr(Q̇ ¯̇Z ′LiĊΩu

¯̇ZQ̇ ¯̇Z ′LjĊΩu
¯̇Z)− 2 tr(Q̇ ¯̇Z ′LiĊΩuLjĊΩu

¯̇Z)
]

+
2∑

i=1

e′1,iNQ̇Ne1,iQ̇
¯̇Z ′
[
LiĊΩu + ΩuĊ

′Li

]
¯̇ZQ̇ tr(Q̇ ¯̇Z ′LiĊΩu

¯̇Z)

+
2∑

i=1

e′1,iNQ̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇Ne1,iQ̇

¯̇Z ′
[
LiĊΩu + ΩuĊ

′Li

]
¯̇ZQ̇

+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇Ne1,je

′
1,iNQ̇ ¯̇Z ′

[
LjĊΩu + ΩuĊ

′Lj

]
¯̇ZQ̇

+
2∑

i=1

2∑
j=1

[
Q̇ ¯̇Z ′LiĊΩu

¯̇ZQ̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇+ Q̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇Ne1,ie

′
1,jNQ̇ ¯̇Z ′ΩuĊ

′Li
¯̇ZQ̇
]

+
2∑

i=1

e′1,iNQ̇Ne1,iQ̇
¯̇Z ′LiĊΩu

¯̇ZQ̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇+

2∑
i=1

e′1,iNQ̇Ne1,iQ̇
¯̇Z ′ΩuĊ

′Li
¯̇ZQ̇ ¯̇Z ′ΩuĊ

′Li
¯̇ZQ̇

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′

[
ΩuĊ

′Lj + LiĊΩu

]
¯̇ZQ̇ tr(Q̇ ¯̇Z ′LiĊΩu

¯̇Z)

+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′
[
LiĊΩu + ΩuĊ

′Lj

]
¯̇ZQ̇Ne1,ie

′
1,jNQ̇ tr(Q̇ ¯̇Z ′LjĊΩu

¯̇Z)

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′

[
LiĊΩu + ΩuĊ

′Li

]
¯̇ZQ̇ ¯̇Z ′LjĊΩu

¯̇ZQ̇

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇

[
¯̇Z ′ΩuĊ

′Li
¯̇ZQ̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇+ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇ ¯̇Z ′LiĊΩu

¯̇ZQ̇
]
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+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′
[
LiĊΩu + ΩuĊ

′Li

]
¯̇ZQ̇ ¯̇Z ′LjĊΩu

¯̇ZQ̇Ne1,ie
′
1,jNQ̇

+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′ΩuĊ
′Li

¯̇ZQ̇ ¯̇Z ′
[
LjĊΩu + ΩuĊ

′Lj

]
¯̇ZQ̇Ne1,je

′
1,iNQ̇

− Q̇
2∑

i=1

Ne1,ie
′
1,iNQ̇ ¯̇Z ′Ωu

¯̇ZQ̇− Q̇

2∑
i=1

¯̇Z ′Ωu
¯̇ZQ̇Ne1,ie

′
1,iNQ̇, (C.5)

where Σ = diag(σ2
1Ik+1, σ

2
2Ik+1).

Proof: Using Lemma C.1, we have

˜̇α− α̇ = (Ż ′Ż)−1Ż ′u = ξ̇− 1
2
+ ξ̇−1 + ξ̇− 3

2
+Op(T

−2), (C.6)

where ξ̇− 1
2
, ξ̇− 1

2
, and ξ̇− 3

2
are defined below, and the suffixes show the order of magnitude in

probability,

ξ̇− 1
2
= Q̇ ¯̇Z ′(0, IT )ν = Op(T

− 1
2 ),

ξ̇−1 = Q̇
2∑

i=1

ν ′ḢiνNe1,i − Q̇Ȧ ¯̇Z ′(0, IT )ν = Op(T
−1),

ξ̇− 3
2
= −Q̇Ȧ

2∑
i=1

ν ′ḢiνNe1,i − Q̇Ḃ ¯̇Z ′(0, IT )ν + Q̇Ȧ2 ¯̇Z ′(0, IT )ν = Op(T
− 3

2 ),

where Ḣ = Ġ′Li(0, IT ).

The bias of the unrestricted estimator using the approximations in equation (C.6) up to

order T−1 is

E(̂̇α− α̇) = E(ξ̇− 1
2
) + E(ξ̇−1) = −Q̇

2∑
i=1

[
¯̇Z ′LiĊΩu

¯̇ZQ̇e1,i + e1,i tr(Q̇
¯̇Z ′LiĊΩu

¯̇Z)

]
, (C.7)

where the last equality holds because

E(ξ̇− 1
2
) = 0, (C.8)
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and by using Lemma B.1, E(ξ̇−1) is

E(ξ̇−1) =
2∑

i=1

Q̇Ne1,i E(ν ′Ḣiν)− Q̇E
{
Ȧ ¯̇Z ′(0, IT )ν

}
=

2∑
i=1

Q̇Ne1,i tr(LiĊΩu)− Q̇
2∑

i=1

[
¯̇Z ′LiĊΩu

¯̇ZQ̇Ne1,i +Ne1,i tr(QZ̄ ′LiCΩuZ̄)

]

= −Q̇

2∑
i=1

[
¯̇Z ′LiĊΩu

¯̇ZQ̇Ne1,i +Ne1,i tr(Q
¯̇Z ′LiĊΩu

¯̇Z)

]
≡ Θ̇,

(C.9)

where Ċ has zeroes on and above its main diagonal and components unity below. Since the

diagonal elements of Ċ are zero, tr(LiĊΩu) = 0.

The MSE up to order T−2 is

E
[
(̂̇α− α̇)(̂̇α− α̇)′

]
= E(ξ̇− 1

2
ξ̇′− 1

2
+ ξ̇− 1

2
ξ̇′−1 + ξ̇−1ξ̇

′
− 1

2
+ ξ̇− 1

2
ξ̇′− 3

2
+ ξ̇− 3

2
ξ̇′− 1

2
+ ξ̇−1ξ̇

′
−1).

(C.10)

We derive the expectations of the terms in (C.10) in the rest of the proof using Lemma B.1.

We obtain

E(ξ̇− 1
2
ξ̇′− 1

2
) = E

{
Q̇ ¯̇Z ′(0, IT )νν

′(0, IT )
′ ¯̇ZQ̇

}
= Q ¯̇Z ′Ωu

¯̇ZQ̇ = Q̇Σ, (C.11)

where the last equality holds because Q̇ ¯̇Z ′Ωu
¯̇Z = Q̇ ¯̇Z ′ ¯̇ZΣ = Σ.

E(ξ̇−1ξ̇
′
− 1

2
) = E

{
Q̇

2∑
i=1

ν ′ḢiνNe1,iν
′(0, IT )

′ ¯̇ZQ̇

}
− Q̇E

{
Ȧ ¯̇Z ′(0, IT )νν

′(0, IT )
′ ¯̇Z

}
Q̇ = 0.

(C.12)

E(ξ̇−1ξ̇
′
−1) = Q̇E

{[ 2∑
i=1

ν ′ḢiνNe1,i − Ȧ ¯̇Z ′(0, IT )ν
][
e′1,iN

2∑
i=1

ν ′Ḣiν − ν ′(0, IT )
′ ¯̇ZȦ

]}
Q̇
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=
2∑

i=1

Q̇Ne1,ie
′
1,iNQ̇σ2

i tr(ĠiĠ
′
iΩν)

− Q̇
2∑

i=1

2∑
j=1

σ2
j
¯̇Z ′
[
LiĠΩνĠ

′Lj + LiĊLjĊΩu

]
¯̇ZQ̇Ne1,ie

′
1,jNQ̇

− Q̇

2∑
i=1

2∑
j=1

σ2
jNe1,ie

′
1,jNQ̇

[
tr(Q̇ ¯̇Z ′LiĠΩνĠ

′Lj
¯̇Z) + tr(Q̇ ¯̇Z ′LiĊLjĊΩu

¯̇Z)
]

−

(
Q̇

2∑
i=1

2∑
j=1

σ2
j
¯̇Z ′
[
LiĠΩνĠ

′Lj + LiĊLjĊΩu

]
¯̇ZQ̇Ne1,ie

′
1,jNQ̇

)′

−

(
Q̇

2∑
i=1

2∑
j=1

σ2
jNe1,ie

′
1,jNQ̇

[
tr(Q̇ ¯̇Z ′LiĠΩνĠ

′Lj
¯̇Z) + tr(Q̇ ¯̇Z ′LiĊLjĊΩu

¯̇Z)
])′

+
2∑

i=1

σ2
i e

′
1,iNQ̇Ne1,iQ̇

¯̇Z ′LiĠΩνĠ
′Li

¯̇ZQ̇+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇Ne1,je

′
1,iNQ̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇

+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇Ne1,ie

′
1,jNQ̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇+

2∑
i=1

2∑
j=1

Q̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇Ne1,ie

′
1,jNQ̇ tr(Q̇ ¯̇Z ′LjĊΩu

¯̇Z)

+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇ ¯̇Z ′LjĊΩu

¯̇ZQ̇Ne1,ie
′
1,jNQ̇+

2∑
i=1

2∑
j=1

σ2
i Q̇

¯̇Z ′LiĠΩνĠ
′Lj

¯̇ZQ̇Ne1,ie
′
1,jNQ̇

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇ tr(Q̇ ¯̇Z ′LiĊΩu

¯̇Z)

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′ΩuĊ

′Li
¯̇ZQ̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇

+
2∑

i=1

2∑
j=1

σ2
j Q̇Ne1,ie

′
1,jNQ̇ ¯̇Z ′LiĠΩνĠ

′Lj
¯̇ZQ̇+

2∑
i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ (C.13)

[
tr(Q̇ ¯̇Z ′LiĊΩu

¯̇Z) tr(Q̇ ¯̇Z ′LjĊΩu
¯̇Z) + σ2

i tr(Q̇
¯̇Z ′LiĠΩνĠ

′Lj
¯̇Z) + tr(Q̇ ¯̇Z ′LiĊΩu

¯̇ZQ̇ ¯̇Z ′LjĊΩu
¯̇Z)
]
.

Also, by Lemma B.1, we obtain

E(ξ̇− 3
2
ξ̇′− 1

2
) = Q̇E

{[
− Ȧ

2∑
i=1

ν ′ḢiνNe1,i − Ḃ ¯̇Z ′(0, IT )ν + Ȧ2 ¯̇Z ′(0, IT )ν
]
ν ′(0, IT )

′ ¯̇Z

}
Q̇

= −Q̇
2∑

i=1

σ2
i e

′
1,iNQ̇Ne1,iQ̇

¯̇Z ′
[
LiĠΩνĠ

′Li + LiĊLiĊΩu

]
¯̇ZQ̇
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− Q̇
2∑

i=1

2∑
j=1

σ2
jNe1,ie

′
1,jNQ̇ ¯̇Z ′

[
LiĠΩνĠ

′Lj + LiĊLjĊΩu

]
¯̇ZQ̇

− 2Q̇
2∑

i=1

Ne1,ie
′
1,iNQ̇ ¯̇Z ′ΩuĊ

′LiĊΩu
¯̇ZQ̇− Q̇

2∑
i=1

Ne1,ie
′
1,iNQ̇ ¯̇Z ′Ωu

¯̇ZQ̇

+
2∑

i=1

2∑
j=1

e′1,iNQ̇ ¯̇Z ′LjĊΩu
¯̇ZQ̇Ne1,jQ̇

¯̇Z ′LiĊΩu
¯̇ZQ̇+

2∑
i=1

2∑
j=1

σ2
j Q̇

¯̇Z ′LiĠΩνĠ
′Lj

¯̇ZQ̇Ne1,ie
′
1,jNQ̇

+
2∑

i=1

2∑
j=1

Q̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇Ne1,je

′
1,iNQ̇ ¯̇Z ′LjĊΩu

¯̇ZQ̇+
2∑

i=1

e′1,iNQ̇Ne1,iQ̇
¯̇Z ′LiĊΩu

¯̇ZQ̇ tr(Q̇ ¯̇Z ′LiĊΩu
¯̇Z)

+
2∑

i=1

σ2
i e

′
1,iNQ̇Ne1,iQ̇

¯̇Z ′LiĠΩνĠ
′Li

¯̇ZQ̇+
2∑

i=1

e′1,iNQ̇Ne1,iQ̇
¯̇Z ′LiĊΩu

¯̇ZQ̇ ¯̇Z ′LiĊΩu
¯̇ZQ̇

+
2∑

i=1

2∑
j=1

σ2
j Q̇Ne1,ie

′
1,jNQ̇ tr(Q̇ ¯̇Z ′LjĠΩνĠ

′Li
¯̇Z) +

2∑
i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′ΩuĊ

′Li
¯̇ZQ̇ ¯̇Z ′LjĊΩu

¯̇ZQ̇

+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′ΩuĊ

′Lj
¯̇ZQ̇ ¯̇Z ′LiĊΩu

¯̇ZQ̇+
2∑

i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′LiĊΩν

¯̇ZQ̇ tr(Q̇ ¯̇Z ′LjĊΩu
¯̇Z)

+
2∑

i=1

2∑
j=1

σ2
j Q̇Ne1,ie

′
1,jNQ̇ ¯̇Z ′LiĠΩνĠ

′Lj
¯̇ZQ̇+

2∑
i=1

2∑
j=1

Q̇Ne1,ie
′
1,jNQ̇ ¯̇Z ′LiĊΩu

¯̇ZQ̇ ¯̇Z ′LjĊΩu
¯̇ZQ̇.

(C.14)

By employing the results of equations (C.11)–(C.14) in equation (C.10), we obtain the

MSE of the estimator up to order T−2. This completes the proof of Lemma C.2.

Remark C.3 We note that the bias and MSE of the unrestricted estimator can be obtained

using the bias and MSE of the rescaled unrestricted estimator as follows:

Bias(α̂) = E(α̂− α) = NBias(̂̇α),
MSE (α̂) = E

[
(α̂− α)(α̂− α)′

]
= N MSE (̂̇α)N,

where the jth element of bias is approximated up to order T−1−gj , and the (j, l)th element of

MSE is approximated up to order T−2−gj−gl .
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D Appendix D

This section contains further simulation results of the paper when k = 3, and k = 8, and

the simulation results for k ∈ {3, 5, 8} when ϵt
i.i.d.∼ (χ2(2) − 2)/2, where χ2(2) denotes the

chi-squared distribution with two degrees of freedom.



21

Table D1: Simulation results with k = 3

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#1

0.000 0.806 0.391 0.810 0.392 0.813 0.406 0.808 0.410
0.250 0.826 0.454 0.854 0.558 0.862 0.611 0.877 0.670
0.500 0.864 0.742 0.897 1.265 0.884 1.330 0.892 1.049
0.750 0.932 1.614 0.957 3.380 0.937 3.664 0.918 2.283
1.000 0.969 2.875 0.983 6.264 0.970 7.220 0.952 4.554

#2

0.000 0.805 0.397 0.814 0.393 0.819 0.376 0.814 0.375
0.250 0.832 0.482 0.842 0.544 0.851 0.584 0.867 0.598
0.500 0.875 0.796 0.894 1.354 0.883 1.412 0.897 1.074
0.750 0.930 1.650 0.955 3.486 0.937 3.745 0.925 2.371
1.000 0.968 2.956 0.982 6.410 0.970 7.322 0.955 4.678

#3

0.000 0.860 0.516 0.852 0.495 0.829 0.448 0.830 0.458
0.250 0.882 0.599 0.884 0.694 0.868 0.697 0.878 0.710
0.500 0.915 0.956 0.920 1.630 0.900 1.743 0.899 1.273
0.750 0.956 1.868 0.968 3.870 0.949 4.455 0.928 2.892
1.000 0.985 3.158 0.988 6.908 0.977 8.359 0.962 5.654

#4

0.000 0.900 0.645 0.903 0.671 0.904 0.652 0.914 0.649
0.250 0.902 0.716 0.905 0.868 0.894 0.850 0.905 0.753
0.500 0.926 1.134 0.938 1.999 0.923 2.156 0.920 1.520
0.750 0.962 2.050 0.971 4.188 0.956 4.881 0.944 3.406
1.000 0.985 3.332 0.985 7.201 0.974 8.813 0.966 6.361

#5

0.000 0.896 0.686 0.890 0.778 0.871 0.735 0.871 0.706
0.250 0.910 0.845 0.911 1.208 0.889 1.243 0.892 1.046
0.500 0.943 1.442 0.950 2.769 0.930 3.183 0.916 2.189
0.750 0.973 2.504 0.979 5.410 0.965 6.722 0.951 4.672
1.000 0.991 3.940 0.990 8.983 0.981 11.423 0.975 8.453

#6

0.000 0.947 1.011 0.972 1.338 0.974 1.351 0.963 1.006
0.250 0.954 1.161 0.969 1.583 0.970 1.607 0.965 1.184
0.500 0.970 1.649 0.974 2.696 0.972 2.932 0.970 2.072
0.750 0.983 2.483 0.982 4.677 0.977 5.404 0.976 3.740
1.000 0.990 3.635 0.988 7.558 0.982 9.028 0.980 6.207

Note: This table reports the results of the RMSFE where the benchmark model is the
unrestricted estimator. The first column shows the experiment numbers which represent the break
specifications based on Table 1, and the second column is the break size in the slope coefficients. In
the heading of the table, RMSFE(ᾰ2) = MSFE(ᾰ2)/MSFE(α̂2) shows the RMSFE of the shrinkage
estimator, and RMSFE(α̃2) = MSFE(α̃2)/MSFE(α̂2) is the RMSFE of the restricted estimator.
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Table D1: Simulation results with k = 3 (Cont.)

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#7

0.000 0.968 2.397 0.973 3.669 0.943 3.233 0.893 1.847

0.250 0.982 2.847 0.987 4.720 0.970 4.653 0.925 2.843

0.500 0.993 3.649 0.994 6.696 0.986 7.365 0.957 4.826

0.750 0.997 4.760 0.998 9.636 0.994 11.331 0.978 7.819

1.000 0.998 6.216 0.999 13.518 0.997 16.605 0.989 11.894

#8

0.000 0.789 0.318 0.789 0.263 0.779 0.214 0.766 0.208

0.250 0.807 0.349 0.827 0.365 0.846 0.422 0.868 0.560

0.500 0.862 0.613 0.901 1.140 0.893 1.234 0.901 1.032

0.750 0.939 1.527 0.970 3.256 0.952 3.551 0.931 2.409

1.000 0.984 2.836 0.989 6.120 0.980 7.151 0.960 4.790

#9

0.000 0.942 0.844 0.967 0.932 0.958 0.899 0.891 0.655

0.250 0.967 1.094 0.975 1.315 0.961 1.256 0.945 0.959

0.500 0.980 2.317 0.994 4.960 0.983 5.008 0.961 2.234

0.750 0.999 5.859 1.001 13.601 1.003 15.277 0.993 7.279

1.000 1.002 10.845 1.001 24.773 1.001 29.547 1.001 15.702

#10

0.000 0.925 0.619 0.926 0.618 0.931 0.633 0.926 0.644

0.250 0.925 0.661 0.934 0.764 0.937 0.834 0.957 0.894

0.500 0.943 1.055 0.950 1.853 0.947 2.067 0.959 1.511

0.750 0.968 2.244 0.987 5.305 0.987 6.425 0.987 3.972

1.000 0.994 4.184 0.999 9.796 1.005 12.346 1.020 8.866

#11

0.000 0.917 0.528 0.908 0.434 0.904 0.382 0.905 0.429

0.250 0.920 0.534 0.921 0.573 0.929 0.663 0.954 0.828

0.500 0.936 0.955 0.952 1.927 0.948 2.205 0.959 1.567

0.750 0.978 2.295 0.987 5.290 0.979 6.464 0.977 4.386

1.000 0.996 4.116 0.996 9.655 0.992 12.410 0.995 9.597

#12

0.000 0.995 0.921 0.999 0.971 0.997 0.937 0.994 0.822

0.250 0.997 1.156 1.000 1.471 0.999 1.461 0.997 1.150

0.500 1.000 2.764 1.000 7.087 1.004 8.126 1.000 3.599

0.750 1.000 7.918 1.000 20.866 1.001 25.534 1.008 13.715

1.000 1.000 15.183 1.000 37.949 1.000 48.573 1.012 32.209

Note: See the notes to Table D1.
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Table D2: Simulation results with k = 8

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#1

0.000 0.713 0.353 0.708 0.356 0.707 0.352 0.689 0.341

0.250 0.757 0.496 0.772 0.640 0.763 0.629 0.751 0.560

0.500 0.892 1.263 0.904 2.126 0.864 2.114 0.799 1.178

0.750 0.975 2.556 0.964 4.669 0.942 5.107 0.882 2.567

1.000 0.989 4.070 0.981 8.101 0.968 9.196 0.929 4.576

#2

0.000 0.724 0.390 0.739 0.407 0.718 0.330 0.705 0.264

0.250 0.775 0.570 0.787 0.720 0.769 0.663 0.746 0.508

0.500 0.896 1.340 0.912 2.266 0.876 2.243 0.817 1.210

0.750 0.976 2.673 0.966 4.814 0.944 5.241 0.890 2.637

1.000 0.990 4.223 0.982 8.279 0.968 9.317 0.932 4.692

#3

0.000 0.731 0.435 0.736 0.440 0.701 0.362 0.654 0.281

0.250 0.792 0.625 0.810 0.805 0.766 0.724 0.717 0.541

0.500 0.913 1.419 0.926 2.405 0.886 2.436 0.805 1.307

0.750 0.977 2.637 0.969 4.961 0.949 5.507 0.891 2.831

1.000 0.989 4.155 0.983 8.449 0.972 9.755 0.935 4.998

#4

0.000 0.801 0.607 0.819 0.639 0.767 0.461 0.709 0.287

0.250 0.849 0.841 0.862 1.062 0.818 0.915 0.762 0.538

0.500 0.942 1.645 0.936 2.593 0.906 2.697 0.843 1.420

0.750 0.978 2.837 0.969 5.166 0.951 5.803 0.905 2.994

1.000 0.989 4.403 0.983 8.770 0.971 10.163 0.939 5.268

#5

0.000 0.803 0.655 0.809 0.704 0.743 0.510 0.674 0.329

0.250 0.862 0.951 0.879 1.306 0.825 1.152 0.742 0.678

0.500 0.949 1.786 0.947 2.997 0.916 3.149 0.842 1.722

0.750 0.980 2.983 0.974 5.724 0.956 6.458 0.908 3.479

1.000 0.989 4.580 0.985 9.501 0.974 11.094 0.942 5.958

#6

0.000 0.952 1.252 0.946 1.341 0.934 1.088 0.898 0.491

0.250 0.961 1.508 0.952 1.818 0.941 1.621 0.913 0.753

0.500 0.975 2.195 0.965 3.305 0.955 3.387 0.933 1.630

0.750 0.985 3.325 0.977 5.809 0.967 6.366 0.949 3.152

1.000 0.992 4.889 0.985 9.348 0.977 10.616 0.961 5.330

Note: See the notes to Table D1.
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Table D2: Simulation results with k = 8 (Cont.)

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#7

0.000 0.965 2.216 0.955 2.601 0.914 1.918 0.814 0.734

0.250 0.979 2.603 0.971 3.476 0.946 2.947 0.874 1.262

0.500 0.988 3.398 0.982 5.399 0.968 5.265 0.921 2.490

0.750 0.992 4.620 0.988 8.367 0.980 8.920 0.949 4.431

1.000 0.995 6.286 0.992 12.392 0.987 13.866 0.966 7.097

#8

0.000 0.675 0.278 0.636 0.200 0.626 0.143 0.609 0.104

0.250 0.712 0.348 0.720 0.402 0.730 0.418 0.721 0.406

0.500 0.886 1.060 0.927 1.975 0.896 1.988 0.832 1.145

0.750 0.980 2.430 0.978 4.526 0.960 5.003 0.912 2.610

1.000 0.992 3.958 0.989 7.977 0.979 9.100 0.948 4.665

#9

0.000 0.917 0.891 0.942 0.951 0.931 0.896 0.872 0.740

0.250 0.961 1.495 0.962 1.853 0.940 1.640 0.908 1.005

0.500 1.000 4.263 0.995 7.937 0.982 8.093 0.933 2.997

0.750 1.002 8.762 0.998 17.688 0.991 19.787 0.967 8.114

1.000 1.003 14.774 0.999 31.318 0.995 35.920 0.982 15.730

#10

0.000 0.769 0.454 0.773 0.451 0.772 0.441 0.783 0.470

0.250 0.811 0.611 0.830 0.744 0.812 0.732 0.809 0.703

0.500 0.916 1.434 0.925 2.491 0.897 2.639 0.848 1.598

0.750 0.978 2.842 0.975 5.542 0.960 6.416 0.919 3.688

1.000 0.991 4.582 0.987 9.618 0.979 11.507 0.957 6.569

#11

0.000 0.736 0.363 0.710 0.279 0.692 0.205 0.680 0.174

0.250 0.769 0.454 0.783 0.516 0.784 0.546 0.781 0.567

0.500 0.908 1.277 0.943 2.374 0.918 2.591 0.866 1.644

0.750 0.983 2.730 0.983 5.412 0.969 6.305 0.931 3.762

1.000 0.993 4.472 0.991 9.491 0.984 11.440 0.961 6.689

#12

0.000 0.980 0.931 0.989 0.967 0.986 0.931 0.972 0.799

0.250 0.994 1.530 0.998 1.992 0.996 1.819 0.986 1.133

0.500 1.000 4.697 1.000 9.412 1.002 10.063 0.997 4.189

0.750 1.000 9.871 1.000 21.062 1.000 24.988 0.999 11.993

1.000 1.000 16.721 1.000 37.273 1.000 45.047 1.000 23.052

Note: See the notes to Table D1.
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Table D3: Simulation results with k = 3 and non-normal errors

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#1

0.000 0.814 0.275 0.791 0.298 0.800 0.274 0.795 0.311
0.250 0.777 0.262 0.758 0.310 0.767 0.360 0.842 0.564
0.500 0.765 0.320 0.775 0.631 0.745 0.770 0.826 0.970
0.750 0.801 0.988 0.818 2.120 0.797 2.125 0.807 1.992
1.000 0.884 2.541 0.869 4.307 0.852 4.719 0.847 4.220

#2

0.000 0.813 0.312 0.791 0.299 0.811 0.270 0.808 0.302
0.250 0.761 0.233 0.745 0.256 0.757 0.305 0.822 0.474
0.500 0.749 0.378 0.756 0.623 0.746 0.814 0.839 1.008
0.750 0.807 1.034 0.811 2.252 0.791 2.068 0.845 2.334
1.000 0.874 2.550 0.872 5.151 0.860 4.918 0.861 4.383

#3

0.000 0.864 0.431 0.875 0.475 0.865 0.437 0.859 0.432
0.250 0.871 0.520 0.862 0.583 0.864 0.663 0.881 0.705
0.500 0.866 0.780 0.868 1.377 0.862 1.483 0.886 1.266
0.750 0.905 1.709 0.924 3.724 0.881 3.783 0.887 2.667
1.000 0.949 3.580 0.957 7.681 0.917 7.644 0.890 5.338

#4

0.000 0.920 0.611 0.935 0.645 0.934 0.608 0.941 0.613
0.250 0.913 0.641 0.906 0.709 0.911 0.775 0.928 0.774
0.500 0.918 0.986 0.929 1.883 0.916 2.060 0.928 1.631
0.750 0.958 2.071 0.963 4.529 0.937 5.191 0.940 3.855
1.000 0.976 3.665 0.973 8.141 0.955 9.407 0.944 6.856

#5

0.000 0.936 0.688 0.924 0.689 0.909 0.673 0.908 0.655
0.250 0.938 0.797 0.930 0.999 0.918 1.030 0.919 0.923
0.500 0.948 1.274 0.958 2.510 0.942 2.815 0.936 1.925
0.750 0.975 2.518 0.980 5.673 0.965 6.759 0.944 4.243
1.000 0.978 4.082 0.990 9.760 0.982 12.410 0.963 8.128

#6

0.000 0.909 0.761 0.956 0.988 0.970 0.934 0.969 0.742
0.250 0.904 0.781 0.948 1.105 0.955 1.058 0.964 0.914
0.500 0.885 0.961 0.951 2.005 0.945 2.077 0.960 1.725
0.750 0.953 2.105 0.953 3.839 0.946 4.101 0.956 3.247
1.000 0.959 3.494 0.959 7.026 0.951 7.458 0.953 5.645

Note: See the notes to Table D1.
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Table D3: Simulation results with k = 3 and non-normal errors (Cont.)

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#7

0.000 0.974 1.875 0.978 2.722 0.952 2.232 0.916 1.325

0.250 0.985 2.201 0.989 3.232 0.974 3.038 0.932 1.841

0.500 0.993 3.073 0.996 5.251 0.990 5.436 0.957 3.444

0.750 0.997 4.426 0.999 8.639 0.996 9.653 0.970 6.251

1.000 0.999 6.283 1.000 13.130 0.999 15.840 0.985 10.456

#8

0.000 0.815 0.274 0.778 0.201 0.799 0.184 0.784 0.171

0.250 0.780 0.206 0.769 0.221 0.794 0.279 0.861 0.537

0.500 0.784 0.308 0.768 0.569 0.776 0.703 0.872 1.107

0.750 0.802 0.672 0.837 1.879 0.832 2.101 0.874 2.561

1.000 0.924 2.454 0.931 4.833 0.907 5.015 0.895 4.843

#9

0.000 0.934 0.748 0.930 0.769 0.899 0.680 0.849 0.435

0.250 0.896 0.815 0.889 1.027 0.894 1.124 0.870 0.774

0.500 0.949 2.433 0.922 4.408 0.887 3.947 0.870 1.893

0.750 0.959 6.434 0.937 11.681 0.916 11.900 0.887 5.509

1.000 0.964 13.573 0.957 23.173 0.944 22.821 0.917 12.623

#10

0.000 0.881 0.395 0.795 0.312 0.777 0.363 0.824 0.266

0.250 0.855 0.341 0.864 0.367 0.889 0.366 0.824 0.325

0.500 0.920 0.615 0.906 0.454 0.884 0.336 0.844 0.238

0.750 0.955 0.819 0.957 0.898 0.940 0.688 0.885 0.373

1.000 0.989 1.286 0.985 1.477 0.964 1.125 0.898 0.568

#11

0.000 0.878 0.316 0.847 0.203 0.876 0.263 0.833 0.252

0.250 0.881 0.355 0.859 0.172 0.873 0.184 0.828 0.151

0.500 0.913 0.372 0.931 0.280 0.905 0.221 0.889 0.160

0.750 0.942 0.607 0.978 0.707 0.962 0.495 0.927 0.300

1.000 0.991 1.080 0.993 1.237 0.980 0.927 0.955 0.452

#12

0.000 0.954 0.816 0.930 0.725 0.821 0.574 0.874 0.400

0.250 0.955 0.870 0.926 0.822 0.919 0.702 0.822 0.382

0.500 0.987 1.363 0.973 1.441 0.941 1.044 0.886 0.466

0.750 0.989 2.141 0.992 2.751 0.978 2.285 0.927 0.872

1.000 0.996 3.267 0.994 4.372 0.989 4.165 0.950 1.566

Note: See the notes to Table D1.
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Table D4: Simulation results with k = 5 and non-normal errors

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#1

0.000 0.807 0.415 0.782 0.363 0.775 0.354 0.753 0.331
0.250 0.762 0.336 0.782 0.444 0.780 0.518 0.835 0.630
0.500 0.820 0.804 0.806 1.319 0.807 1.572 0.836 1.278
0.750 0.863 1.727 0.918 4.104 0.875 4.177 0.857 2.825
1.000 0.963 3.990 0.954 7.768 0.926 8.230 0.902 5.613

#2

0.000 0.793 0.400 0.771 0.337 0.783 0.335 0.797 0.328
0.250 0.772 0.413 0.760 0.423 0.758 0.477 0.818 0.559
0.500 0.787 0.756 0.811 1.400 0.818 1.527 0.842 1.301
0.750 0.880 1.916 0.916 4.044 0.893 4.493 0.877 3.139
1.000 0.957 3.975 0.949 7.556 0.933 8.579 0.912 5.781

#3

0.000 0.842 0.514 0.813 0.447 0.809 0.456 0.805 0.421
0.250 0.839 0.579 0.835 0.663 0.825 0.712 0.844 0.721
0.500 0.893 1.163 0.893 2.100 0.873 2.231 0.860 1.527
0.750 0.959 2.578 0.953 5.217 0.927 5.552 0.886 3.322
1.000 0.982 4.366 0.977 9.063 0.958 10.559 0.922 6.365

#4

0.000 0.883 0.627 0.884 0.611 0.861 0.482 0.860 0.432
0.250 0.874 0.693 0.885 0.908 0.868 0.856 0.866 0.720
0.500 0.922 1.339 0.930 2.353 0.915 2.699 0.899 1.829
0.750 0.976 2.680 0.970 5.319 0.953 6.198 0.932 4.092
1.000 0.983 4.222 0.980 9.053 0.969 11.061 0.946 7.313

#5

0.000 0.884 0.653 0.864 0.634 0.840 0.556 0.817 0.477
0.250 0.895 0.819 0.894 1.048 0.865 1.025 0.848 0.827
0.500 0.943 1.560 0.952 2.878 0.920 3.069 0.887 2.076
0.750 0.979 2.847 0.980 6.055 0.960 6.943 0.924 4.576
1.000 0.992 4.669 0.988 10.059 0.978 12.724 0.948 8.210

#6

0.000 0.936 0.979 0.957 1.119 0.958 0.913 0.942 0.535
0.250 0.929 1.100 0.955 1.488 0.955 1.342 0.947 0.861
0.500 0.955 1.743 0.966 2.848 0.960 2.985 0.955 1.985
0.750 0.975 2.791 0.972 5.219 0.964 6.065 0.960 3.843
1.000 0.983 4.419 0.977 8.702 0.971 10.328 0.966 6.649

Note: See the notes to Table D1.
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Table D4: Simulation results with k = 5 and non-normal errors (Cont.)

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#7

0.000 0.960 1.867 0.967 2.313 0.932 1.798 0.855 0.908

0.250 0.975 2.116 0.980 2.880 0.957 2.586 0.894 1.395

0.500 0.980 2.949 0.990 4.883 0.976 4.989 0.929 2.971

0.750 0.995 4.276 0.995 8.032 0.987 9.064 0.956 5.518

1.000 0.997 6.101 0.997 12.376 0.993 14.812 0.972 9.074

#8

0.000 0.781 0.309 0.756 0.223 0.757 0.202 0.768 0.202

0.250 0.764 0.328 0.746 0.274 0.788 0.393 0.847 0.566

0.500 0.785 0.591 0.822 1.217 0.828 1.361 0.864 1.297

0.750 0.921 1.938 0.955 4.175 0.932 4.383 0.904 3.179

1.000 0.982 3.916 0.969 7.587 0.961 8.574 0.934 5.840

#9

0.000 0.918 0.774 0.944 0.873 0.931 0.830 0.843 0.567

0.250 0.907 1.089 0.939 1.504 0.921 1.438 0.886 0.923

0.500 0.972 3.413 0.966 6.614 0.954 7.180 0.901 2.740

0.750 0.984 8.235 0.975 17.015 0.963 18.387 0.934 8.454

1.000 0.987 15.435 0.983 30.283 0.976 34.073 0.953 17.278

#10

0.000 0.772 0.323 0.782 0.352 0.842 0.349 0.831 0.413

0.250 0.811 0.351 0.819 0.414 0.806 0.317 0.815 0.320

0.500 0.818 0.473 0.880 0.638 0.861 0.475 0.818 0.312

0.750 0.948 0.972 0.955 1.395 0.933 1.188 0.872 0.583

1.000 0.985 1.721 0.983 2.313 0.962 2.108 0.924 1.040

#11

0.000 0.785 0.320 0.787 0.210 0.780 0.204 0.754 0.150

0.250 0.833 0.337 0.813 0.243 0.802 0.133 0.834 0.188

0.500 0.885 0.535 0.913 0.521 0.894 0.350 0.878 0.237

0.750 0.955 0.915 0.979 1.241 0.966 1.002 0.920 0.524

1.000 0.989 1.547 0.990 2.133 0.981 1.939 0.952 0.960

#12

0.000 0.908 0.789 0.868 0.681 0.906 0.734 0.851 0.383

0.250 0.934 0.919 0.912 0.848 0.934 0.906 0.758 0.356

0.500 0.981 1.741 0.966 2.154 0.938 1.767 0.858 0.713

0.750 0.991 3.044 0.988 4.594 0.971 3.786 0.920 1.515

1.000 0.997 5.272 0.992 8.346 0.987 7.543 0.969 3.035

Note: See the notes to Table D1.
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Table D5: Simulation results with k = 8 and non-normal errors

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#1

0.000 0.745 0.374 0.700 0.328 0.721 0.342 0.715 0.317

0.250 0.743 0.426 0.751 0.528 0.758 0.573 0.768 0.585

0.500 0.812 0.986 0.867 2.003 0.842 2.124 0.812 1.297

0.750 0.957 2.645 0.951 4.946 0.917 5.134 0.873 2.851

1.000 0.982 4.490 0.971 8.614 0.952 9.759 0.919 5.182

#2

0.000 0.734 0.387 0.718 0.327 0.725 0.302 0.722 0.262

0.250 0.725 0.443 0.766 0.615 0.759 0.582 0.770 0.523

0.500 0.854 1.160 0.879 2.100 0.841 2.044 0.834 1.322

0.750 0.941 2.609 0.954 5.055 0.927 5.372 0.885 2.935

1.000 0.977 4.550 0.970 8.831 0.955 9.675 0.921 5.277

#3

0.000 0.754 0.457 0.731 0.374 0.734 0.393 0.706 0.313

0.250 0.794 0.600 0.797 0.737 0.776 0.723 0.762 0.620

0.500 0.876 1.315 0.915 2.527 0.876 2.554 0.821 1.469

0.750 0.964 2.835 0.967 5.561 0.938 6.051 0.881 3.225

1.000 0.987 4.676 0.981 9.561 0.965 10.757 0.924 5.645

#4

0.000 0.808 0.568 0.796 0.516 0.788 0.406 0.739 0.271

0.250 0.832 0.736 0.856 0.993 0.831 0.912 0.796 0.585

0.500 0.905 1.506 0.940 2.751 0.901 2.798 0.860 1.603

0.750 0.957 2.829 0.971 5.645 0.953 6.319 0.916 3.562

1.000 0.990 4.721 0.983 9.552 0.971 11.067 0.937 5.997

#5

0.000 0.800 0.576 0.799 0.572 0.762 0.439 0.704 0.301

0.250 0.844 0.827 0.866 1.117 0.826 1.015 0.766 0.637

0.500 0.935 1.694 0.948 3.016 0.917 3.157 0.843 1.726

0.750 0.968 2.998 0.967 5.819 0.954 6.742 0.905 3.754

1.000 0.990 4.785 0.985 10.028 0.973 11.887 0.938 6.457

#6

0.000 0.937 1.163 0.952 1.263 0.939 0.897 0.904 0.377

0.250 0.942 1.404 0.956 1.774 0.945 1.509 0.921 0.709

0.500 0.969 2.143 0.967 3.322 0.958 3.366 0.941 1.722

0.750 0.983 3.371 0.978 5.999 0.967 6.725 0.953 3.452

1.000 0.989 5.052 0.981 9.685 0.975 11.118 0.962 6.078

Note: See the notes to Table D1.
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Table D5: Simulation results with k = 8 and non-normal errors (Cont.)

b1 : 0.2 0.4 0.6 0.8

Exp. δ RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)RMSFE(ᾰ2)RMSFE(α̃2)

#7

0.000 0.961 1.965 0.954 2.030 0.909 1.401 0.811 0.514

0.250 0.982 2.330 0.973 2.774 0.944 2.170 0.864 0.929

0.500 0.989 3.186 0.983 4.654 0.966 4.456 0.916 2.156

0.750 0.993 4.489 0.989 7.808 0.979 8.263 0.944 4.167

1.000 0.995 6.349 0.992 12.214 0.986 13.676 0.962 7.320

#8

0.000 0.695 0.278 0.678 0.221 0.666 0.169 0.678 0.139

0.250 0.689 0.295 0.712 0.355 0.751 0.429 0.773 0.474

0.500 0.791 0.842 0.894 1.892 0.867 1.940 0.852 1.337

0.750 0.948 2.404 0.973 4.912 0.946 5.080 0.915 3.027

1.000 0.989 4.359 0.985 8.683 0.972 9.699 0.943 5.443

#9

0.000 0.850 0.696 0.889 0.796 0.919 0.837 0.846 0.658

0.250 0.942 1.416 0.947 1.861 0.924 1.648 0.882 0.970

0.500 0.992 4.333 0.980 8.247 0.963 8.287 0.901 2.956

0.750 0.995 9.503 0.987 19.112 0.976 20.419 0.945 8.408

1.000 0.996 16.597 0.990 33.809 0.984 38.830 0.968 16.478

#10

0.000 0.738 0.331 0.684 0.257 0.676 0.206 0.685 0.315

0.250 0.744 0.309 0.775 0.352 0.662 0.248 0.744 0.293

0.500 0.857 0.769 0.879 0.932 0.858 0.766 0.763 0.375

0.750 0.957 1.588 0.959 2.191 0.930 1.848 0.874 0.848

1.000 0.989 2.675 0.981 3.952 0.965 3.597 0.909 1.502

#11

0.000 0.630 0.178 0.664 0.157 0.679 0.120 0.681 0.109

0.250 0.628 0.139 0.721 0.224 0.722 0.155 0.738 0.138

0.500 0.819 0.585 0.902 0.721 0.870 0.536 0.839 0.322

0.750 0.968 1.470 0.979 1.896 0.957 1.529 0.915 0.742

1.000 0.993 2.548 0.990 3.678 0.979 3.456 0.949 1.493

#12

0.000 0.894 0.820 0.838 0.732 0.920 0.835 0.847 0.654

0.250 0.936 1.161 0.916 1.139 0.873 0.932 0.793 0.519

0.500 0.978 2.505 0.961 3.311 0.938 2.803 0.873 1.088

0.750 0.998 5.009 0.987 7.631 0.971 6.677 0.934 2.424

1.000 1.002 8.752 0.994 13.868 0.984 13.495 0.942 4.594

Note: See the notes to Table D1.
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Table D6: Percentage of τ < 0 in Simulation results with k = 3

b1 : 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Exp. δ % τ < 0 % τ < 0 % τ < 0 % τ < 0 Exp. % τ < 0 % τ < 0 % τ < 0 % τ < 0

#1

0.000 6.200 3.160 4.000 8.340

#7

42.000 26.980 6.780 0.340

0.250 5.880 2.480 3.100 7.120 51.520 42.000 14.880 1.100

0.500 5.280 1.700 2.080 5.400 59.400 58.880 26.880 2.900

0.750 4.840 1.360 1.260 3.920 64.740 70.360 41.700 6.660

1.000 4.520 1.120 0.780 2.880 68.380 77.000 54.680 12.380

#2

0.000 2.140 2.520 7.560 14.040

#8

2.580 1.460 2.860 6.580

0.250 1.760 1.320 5.080 11.580 2.520 1.100 1.960 5.200

0.500 1.300 0.540 2.400 7.660 2.320 0.680 1.140 3.880

0.750 1.200 0.160 0.800 5.000 2.200 0.500 0.660 2.920

1.000 1.160 0.020 0.380 3.500 2.160 0.300 0.560 1.960

#3

0.000 10.120 4.980 1.780 1.960

#9

6.020 2.260 2.120 6.880

0.250 10.740 5.500 2.080 1.680 5.540 1.780 1.320 4.380

0.500 11.100 6.020 2.120 1.240 5.080 1.500 0.880 2.860

0.750 11.320 5.840 2.340 1.160 4.660 1.220 0.720 1.900

1.000 11.540 5.440 2.500 1.080 4.420 0.840 0.440 1.360

#4

0.000 0.040 0.060 0.900 6.460

#10

3.700 4.640 5.300 6.480

0.250 0.040 0.000 0.160 3.400 3.220 4.160 4.820 5.940

0.500 0.040 0.000 0.060 1.780 3.160 4.120 4.780 5.800

0.750 0.040 0.000 0.020 1.080 3.300 4.200 4.820 5.360

1.000 0.040 0.000 0.000 0.440 3.340 4.600 5.420 5.540

#5

0.000 5.420 0.760 0.020 0.000

#11

1.960 2.280 3.320 4.200

0.250 6.880 1.160 0.040 0.000 1.600 2.180 2.800 3.880

0.500 8.020 1.560 0.120 0.000 1.520 1.960 2.720 3.500

0.750 8.940 2.060 0.320 0.000 1.860 2.000 2.880 3.240

1.000 9.980 2.680 0.600 0.020 2.120 2.280 3.200 3.240

#6

0.000 0.340 8.300 32.940 45.900

#12

2.640 3.560 4.160 5.340

0.250 0.040 2.240 16.900 34.940 2.180 2.960 3.440 4.540

0.500 0.000 0.380 5.880 21.880 2.260 2.800 3.320 3.820

0.750 0.000 0.080 1.800 12.300 2.300 3.000 3.240 3.740

1.000 0.000 0.000 0.360 6.900 2.380 3.280 3.740 3.620

Note: See the notes to Table D1.



32

Table D7: Percentage of τ < 0 in Simulation results with k = 5

b1 : 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Exp. δ % τ < 0 % τ < 0 % τ < 0 % τ < 0 Exp. % τ < 0 % τ < 0 % τ < 0 % τ < 0

#1

0.000 3.320 0.800 1.260 5.260

#7

12.060 3.880 0.420 0.040

0.250 3.260 0.560 0.700 3.860 15.560 7.340 1.120 0.060

0.500 3.200 0.460 0.320 2.540 19.060 12.820 2.700 0.180

0.750 3.300 0.440 0.200 1.680 22.720 18.720 5.800 0.360

1.000 3.220 0.380 0.160 1.180 25.600 26.020 11.140 0.940

#2

0.000 0.660 0.420 2.560 8.080

#8

0.560 0.220 0.880 4.000

0.250 0.500 0.100 1.180 5.440 0.620 0.060 0.200 1.720

0.750 0.520 0.000 0.300 2.120 0.600 0.060 0.080 1.080

1.000 0.540 0.000 0.160 1.280 0.620 0.040 0.060 0.720

#3

0.000 5.260 1.760 0.420 1.000

#9

3.240 0.660 0.320 2.400

0.250 5.380 1.800 0.420 0.700 3.340 0.560 0.220 1.220

0.500 5.640 1.940 0.420 0.400 3.360 0.440 0.120 0.660

0.750 5.820 1.980 0.480 0.260 3.320 0.400 0.060 0.300

1.000 5.980 2.080 0.500 0.160 3.240 0.380 0.080 0.180

#4

0.000 0.000 0.000 0.040 0.820

#10

1.600 2.240 3.080 3.800

0.250 0.000 0.000 0.020 0.280 1.300 1.660 2.680 3.300

0.500 0.000 0.000 0.020 0.060 1.180 1.680 2.420 2.960

0.750 0.000 0.000 0.000 0.020 1.060 1.540 2.180 2.620

1.000 0.000 0.000 0.000 0.020 1.020 1.680 2.140 2.640

#5

0.000 0.580 0.040 0.000 0.000

#11

0.700 0.980 1.620 2.320

0.250 0.680 0.020 0.000 0.000 0.520 0.720 1.340 2.080

0.500 0.740 0.020 0.000 0.000 0.440 0.620 1.080 1.660

0.750 0.780 0.020 0.000 0.000 0.380 0.680 0.940 1.320

1.000 0.860 0.020 0.000 0.000 0.320 0.780 0.940 1.300

#6

0.000 0.020 0.540 5.340 16.120

#12

0.980 1.220 1.940 2.700

0.250 0.000 0.120 1.600 9.080 0.880 0.840 1.580 2.140

0.500 0.000 0.000 0.480 4.820 0.760 0.880 1.220 1.700

0.750 0.000 0.000 0.120 2.220 0.720 1.020 1.260 1.740

1.000 0.000 0.000 0.040 1.140 0.780 1.060 1.300 1.520

Note: See the notes to Table D1.
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Table D8: Percentage of τ < 0 in Simulation results with k = 8

b1 : 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Exp. δ % τ < 0 % τ < 0 % τ < 0 % τ < 0 Exp. % τ < 0 % τ < 0 % τ < 0 % τ < 0

#1

0.000 2.140 0.340 0.340 4.260

#7

4.060 0.320 0.000 0.000

0.250 2.100 0.300 0.140 2.600 4.580 0.480 0.000 0.000

0.500 2.120 0.260 0.040 1.820 5.180 0.880 0.020 0.000

0.750 2.160 0.260 0.020 1.020 5.520 1.320 0.080 0.000

1.000 2.200 0.280 0.000 0.680 6.000 1.880 0.180 0.000

#2

0.000 0.520 0.100 0.740 5.660

#8

0.160 0.020 0.260 3.160

0.250 0.520 0.020 0.320 3.680 0.180 0.020 0.080 1.880

0.500 0.400 0.020 0.100 2.000 0.180 0.020 0.020 1.160

0.750 0.380 0.000 0.080 1.360 0.180 0.020 0.020 0.720

1.000 0.440 0.000 0.020 0.800 0.160 0.020 0.000 0.400

#3

0.000 3.200 0.560 0.020 0.740

#9

2.120 0.360 0.040 1.040

0.250 3.400 0.640 0.040 0.360 2.100 0.280 0.020 0.560

0.500 3.460 0.680 0.040 0.160 2.140 0.280 0.000 0.240

0.750 3.600 0.660 0.040 0.080 2.120 0.260 0.000 0.080

1.000 3.700 0.700 0.040 0.040 2.160 0.280 0.000 0.000

#4

0.000 0.000 0.000 0.000 0.220

#10

0.740 1.100 1.500 2.680

0.250 0.000 0.000 0.000 0.060 0.600 0.820 1.180 2.440

0.500 0.000 0.000 0.000 0.020 0.540 0.640 0.840 2.040

0.750 0.000 0.000 0.000 0.000 0.560 0.680 0.840 1.760

1.000 0.000 0.000 0.000 0.000 0.600 0.660 0.800 1.580

#5

0.000 0.180 0.000 0.000 0.000

#11

0.220 0.280 0.540 1.680

0.250 0.180 0.000 0.000 0.000 0.120 0.180 0.260 1.200

0.500 0.180 0.000 0.000 0.000 0.140 0.240 0.220 0.860

0.750 0.180 0.000 0.000 0.000 0.160 0.200 0.160 0.640

1.000 0.180 0.000 0.000 0.000 0.140 0.160 0.180 0.600

#6

0.000 0.000 0.000 0.480 5.660

#12

0.420 0.540 0.780 1.780

0.250 0.000 0.000 0.140 2.840 0.420 0.440 0.460 1.320

0.500 0.000 0.000 0.040 1.360 0.440 0.420 0.360 0.880

0.750 0.000 0.000 0.000 0.700 0.500 0.440 0.400 0.700

1.000 0.000 0.000 0.000 0.280 0.540 0.480 0.500 0.700

Note: See the notes to Table D1.
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