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Abstract

This paper proposes a novel state-varying model averaging prediction for varying-
coefficient models that accounts for parameter uncertainty and model misspeci-
fication. We develop a leave-h-out state-dependent forward-validation criterion
to select state-varying combination weights. It is shown that the proposed av-
eraging prediction is asymptotically optimal in the sense of achieving the lowest
possible out-of-sample prediction risk in a class of model averaging estimators.
This complements existing model averaging methods that primarily focus on
minimizing the in-sample squared error loss. Besides, when the set of candidate
models includes correctly specified models, the proposed approach asymptoti-
cally assigns full weight to these models. Furthermore, the proposed approach is
flexible and encompasses special cases including ultra-high dimensional models as
well as state-varying factor-augmented regression models. Simulation studies and
empirical applications highlight the merits of the proposed averaging prediction
relative to other existing model averaging and model selection methods.
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1 Introduction

Extensive empirical evidence suggests that the structure of economic relationships evolves
over state variables, driven by factors such as policy reforms, business cycle fluctuations, tech-
nological advancements, and shifts in agents’ preferences. For instance, in economics, Jansen
et al. (2008) found that the impact of monetary policy on stock markets fluctuates based on
whether the fiscal stance is expansionary or contractionary, which is further explored by Tu
and Wang (2020). The business cycle serves as another well-known illustration, highlighting
how the dynamic properties of economic variables can differ between expansionary and re-
cessionary phases (Hamilton, 1989). In financial markets, stock return volatility exhibits a
tendency to be higher during recessionary periods compared to expansionary phases (Paye,
2012). To capture these state-dependent features, varying (functional)-coefficient models,
which allow coefficients to vary as functions of state variables, have gained popularity in
statistics and economics as well as finance over the last three decades; see, for example, the

survey paper by Cai (2010) and the references therein.

Recently, in a data-rich environment, a substantial number of varying-coefficient can-
didate models arise, so that model selection becomes a popular approach to identify the
optimal model for prediction. Common model selection criteria include the nonparametric
version of the bias-corrected Akaike information criterion (AICc, Cai and Tiwari (2000)) and
the Bayesian information criterion (BIC, Lian (2012)). However, the selected model may
omit valuable information from alternative models and ignore the uncertainty across differ-
ent candidate models (Zhang and Zhang, 2023). Unlike model selection, model averaging
incorporates all available information and constructs a weighted average of all potential can-

didate models, which serves as a form of insurance against selecting a poor candidate model



(Hansen, 2014; Hsiao and Wan, 2014). Existing frequentist averaging methods have received
much attention in statistics and econometrics (Hansen, 2007; Li et al., 2022; Jiang et al.,
2024), but typically consider unbiased loss risk estimation over the entire sample, yielding
constant weights. However, the optimal predictive model may vary across different economic
states, as the best forecast during an expansion period may lose its predictive ability during
a recession. Thus, allowing data-driven weights to adapt over state variables becomes highly
desirable. Intuitively, well-performing candidate models should receive larger weights, while

underperforming ones should receive smaller or zero weights at different state stages.

To the best of our knowledge, only three papers by Sun et al. (2021, 2023) and Chen et
al. (2024) considered to select optimal non-constant (time-varying) weights in the frequentist
model averaging literature. Specifically, Sun et al. (2021) proposed time-varying model
averaging estimators based on a local jackknife criterion, which was further studied by Sun
et al. (2023) in a penalized setting and by Chen et al. (2024) in time-varying factor models.
However, the aforementioned studies allow weights to vary over time, not state variables, and
establish asymptotic properties based on an in-sample squared error loss rather than an out-
of-sample prediction risk, thereby limiting their applicability for out-of-sample forecasting.
Furthermore, while there exist compelling theoretical motivations for permitting dynamic
combination weights, empirical evidence frequently indicates that a simple equal-weighted
average of candidate forecasts achieves superior out-of-sample predictive performance relative
to more intricate adaptive weighting schemes. This phenomenon is termed as the “forecast

combination puzzle” in the literature (Stock and Watson, 2004; Claeskens et al., 2016).

Motivated by re-visiting this puzzle, we develop a novel model averaging prediction with
state-varying weights in varying-coefficient models under the large dimensional framework

in the sense that both the dimension of covariates and the number of candidate models are



allowed to be divergent. In such a way, we propose a state-varying model averaging (SVMA)
prediction that selects state-dependent weights for varying-coefficient candidate models by
minimizing a local forward-validation weight choice criterion. The proposed weight choice
criterion is designed for selecting optimal weights in out-of-sample forecasts and is suit-
able for highly persistent time-series data. We establish the asymptotic optimality under
the large dimensional framework. Importantly, these asymptotic properties of the out-of-
sample prediction risk complement existing model averaging methods that primarily focus
on the in-sample squared error loss function. Besides, when the correctly specified models
are included among the candidate models, our proposed method assigns all weights to these
correctly specified models. This novel result of asymptotically selecting the correctly spec-
ified models corresponds to the consistency property in model selection. Also, we derive
asymptotic results showing that our SVMA procedure dominates the simple averaging (SA)
approach in out-of-sample forecasting performance, thereby providing a novel perspective
to resolve the forecast combination puzzle. We further extend our work to the ultra-high
dimensional models as well as state-varying factor-augmented regression models, and the
asymptotic optimality is investigated accordingly. Simulation studies and empirical appli-
cations highlight the merits of the proposed SVMA, relative to various popular estimators

with constant model averaging weights and model selection.

The main contributions of this paper is summarized as follows. First, the proposed
state-dependent forward-validation weight choice criterion in this paper varies over state vari-
ables. Consequently, the data-driven weights are conditioned on the state variable’s outcome,
providing insights for building economic models and improving forecast robustness. Unlike
the existing frequentist strategies, such as Mallows-type criteria (Hansen, 2007; Zhu et al.,

2019), cross-validation (Hansen and Racine, 2012), forward-validation (Zhang and Zhang,



2023), and semiparametric model averaging prediction (Li et al., 2018), which are designed
to select constant weights, our approach allows weights to change dynamically over state
variables. With the proposed weight choice, time-variation is captured in the state-varying
weight structure as the state process evolves dynamically, including smooth and discontin-
uous processes. Thus, our approach covers cases of some large shifts or numerous gradual
adjustments. Weights can fluctuate for particular state realizations or remain constant for
other state process outcomes. As a result, we incorporate time-invariant model averaging as
a special case of our SVMA estimator and extend it to time-variant model averaging with

minor modifications.

Second, we establish the asymptotic optimality and consistency of the proposed SVMA
based on the out-of-sample prediction risk, rather than the in-sample squared error loss com-
monly used in the existing time-varying model averaging studies (Sun et al., 2021, 2023; Chen
et al., 2024). The asymptotic optimality from the prediction aspect is not a trivial exten-
sion of already existing results, because the frameworks developed in Li (1987), Hansen and
Racine (2012), and Chen et al. (2024) cannot be directly applied. Rather than invoking
Whittle’s inequality, we provide a new strategy to bound the divergence between the local
forward-validation and out-of-sample prediction risk function. Additionally, we provide a
theoretical justification for the superior performance of our SVMA approach over SA, an
aspect that has been unexplored in the existing literature on time-varying model averaging.
Furthermore, the proposed approach encompasses special cases including ultra-high dimen-
sional models as well as state-varying factor-augmented regression models. To the best of
our knowledge, these findings on asymptotic optimality and consistency based on prediction

risk are new to the model averaging literature.

Finally, from theoretical perspective, we overcome some difficulties in deriving the



asymptotic properties for state-varying weights and varying-coefficients in candidate models.
For example, unlike constant model averaging (Hansen and Racine, 2012; Fang et al., 2019,
2023), projection matrices in each candidate model lack symmetry and idempotent. In
contrast to time-varying model averaging (Chen et al., 2024), the data-driven combination
weights in SVMA are deterministic functions of the state process, which is a stochastic
process. Consequently, they are dynamic and conditional on the realized outcome of the
state process. Also, allowing both covariate dimensionality and the number of candidate
models to diverge complicates the proofs, such as the parameter consistency for misspecified

models in Lemma 3 in Appendix A.

The rest of this paper is organized as follows. Section 2 proposes the state-dependent
weight choice criterion, and derives the asymptotic properties. Section 3 discusses special
cases, including the ultra-high dimensional models and the state-varying factor-augmented
regression models. Sections 4 and 5 present simulation studies and two empirical exam-
ples, respectively. Finally, Section 6 concludes. All mathematical proofs are relegated to

Appendices A and B.

2 Modeling Procedures

2.1 Model Setup

Let {U, Xy, Yiin}52, be a jointly strictly stationary process with U, taking values in R?

and X, taking values in R?. The data generating process (DGP) is considered as follows:

Yien = m(Uy, Xy) + € = pi + €04, t=1,...,T,



where Y;;5 is a dependent variable, X; = (X, X, ..., X3,)" is a vector of covariate, p; =
m(u,x) = E(Yiu,|U; = u,X; = x) is the multivariate regression function, €, is the
unobservable disturbance, and h is the forecast horizon. Here, both X; and U; might
contain some lagged values of Y;,,. For notational simplicity, let Y = (Yi44,...,Yr) be a
(T — h) x 1 vector of the observed values of the dependent variable, u = (u1, ..., pur—pn)’,
X = (X4,...,X7-p) be a (T' — h) x q covariate matrix, and € = (€14p,...,er). We
follow Zhu et al. (2019) and Zhang and Zhang (2023) to set the innovation terms satisfying

E(esn|Xe, Up) = 0 and Var(en) = 07y,

Clearly, the nonparametric estimation of m(u,x) in RP*? might suffer from the so-
called curse of dimensionality. To overcome this difficulty, as argued in Cai et al. (2000),

the varying-coefficient regression model has the particular form as
q
m(Uy, Xy) = ZOéj(Ut)th = X;a(Uy) = (1)
j=1

where {a;(-)}_, are measurable functions from R” to R, which is flexible enough to cover
many applications. For this regard, the reader is referred to the survey paper by Cai (2010)
for details on some examples particularly appealing in modeling economic and financial
data. Here, to ease notation, it is assumed that U, is an observable scalar smoothing
variable. Therefore, in what it follows, it is assumed that p = 1 and Uy, is changed to Us.
Furthermore, the varying-coefficient form in (1) can be regarded as an approximation of
m(Uy;, X;). For convenience, it is assumed that X; is a scalar. Then, by Taylor expansion
and assuming that m(u, x) is differentiable with respect to z in infinite order, it is easy to
obtain that m(u,z) = 3777, %%Lﬁvzox]‘ = Y oai(u) 2 = Y1 aj(u) 2 for some g,
where z; = 27 for all j. Therefore, Y; 4 can be approximated by X}a(U;) 4 €44, which is in

the form of model (1).



Now, we use M candidate models to approximate the true regression function m(-,-),

where M is allowed to depend on the sample size T'. The m-th candidate model is given by
Yipn = Za (U)X + €0 = X{™ @™ (U) + ¢ = ™ + 1),

where the functions {(x§-m)(-)}?’;1 are measurable functions from R to R and X\™

isaqg,x1
vector of regressors and o™ (U;) = (ozgm)(Ut) Lo (Ut)) . Note that each candidate
model is allowed to have a divergent dimension of regressors as the sample size T increases;
that is, g,, grows to infinity at some slower rate than the sample size, and all candidate models
might be nested and/or non-nested, i.e., XE ™ — 1m )X,, where II™ is an appropriate

m)

matrix of size g, X ¢ mapping X; to Xé . For example, if all candidate models are nested,

then, TI"™ = (I, 0, x(¢—qg)) and I, is the g,, x g, identity matrix.

2.2 Estimation Procedure

For ease of notation, the unknown coefficient parameters can be estimated by using a
local constant estimation technique!. For any given u, and U, in a neighborhood of g, it
follows from the Taylor expansion that a ™ () = a ™ (ug) + O, (U — ), where a§m) (ug)
is the local intercept corresponding to a (Ut) Using the data with U; around ug, we run
the following local constant regression. Minimizing with respect to {aém) (uo)}, we have the

locally weighted sum squared errors

T—h 2

Z Yiin — Za (uo) Xej | Fe, (2)

where k; = k((Uy — ug)/l), k(-) is a kernel function on R, and [ > 0 is a bandwidth which

satisfies | — 0 and T1 — oo. Let X denote a (T' — h) x @, matrix with Xgm)l as

LOf course, one can use a local polynomial estimation tool as in Cai et al. (2000).



its t-th row and K(ug) = diag{ki,...,kr_n}. Then, the locally weighted least squared

errors in (2) can be rewritten as (Y — X™a™ (1)) K(ug)(Y — X™al™(ug)), where
o™ (ug) = (agm)(uo), . ,aé’;‘) (u9)). Thus, the local constant estimator of a!™ (ug) is
given by @™ (ug) = [X'K(ue)X™] " X K (u)Y and & (ug) = €}, a&™ (ug) with
€jqn the gmn X 1 unit vector with 1 at the j-th position. Define Pgm) = §m)(Ut) =
(XK (U)X XK (1), a g, x (T — h) matrix. Then, @™ (1) = P™Y and
the least square estimation ﬁ(m) for the conditional mean in the m-th candidate model is
7(m)

A = (AU, i (Uroy)) = (PYVX™ - PEYXTY )Y = POO(X)Y. The

h-step-ahead prediction of Yy in the m-th candidate model is Yo7 = X a™ ().

2.3 Selection of State-varying Weight

To simplify notation, we write w™(ug) as w™ for a given ug. Then, the weight vec-

tor w = (w!, ..., wM) =

w(ug) is a vector of weights in the unit simplex of RM, i.e.,
H = {w e [0,1]M . Zn]\le wm = 1}, depending on the grid point ug. Actually, these weights
can be allowed to be dynamic such that they can be state-varying weights of some infor-

mation. Define P(w,X) = Z%zl w™P™)(X). For given w, an averaging estimator for the

conditional mean is given by

M M
aw) =Y wmp™ =3 w"PM(X)Y = P(w,X)Y,
m=1 m=1

and the model averaging estimator for x(uq) is given by &(ug, w) = S _, w™IL™ &™) (ug),

and the averaging prediction for Yr,j, is }/}T_;,_h(W) = Zi\f:l wm?ﬂ:).

Within heteroskedastic or autocorrelated errors, we propose the leave-h-out forward-
validation estimator in the varying-coefficient linear regression model. Denote the following

matrices ¢, = (I, O (r—n—v)) for 1 <t < h, @y = (Ons—ny, In, Opx(r—n—r)) for A +1 <t <

9



T —h, w = (01x4-1),1) for 1 <t < h, and 7, = (014(p-1),1) for h+1 <t < T —h.

Then, we obtain Y4, = ¢, Y and sz]n) = ¢, X which are the sets to be removed.

m)

g 88 the remaining sets of Y and X after removing Y441 and

Denote Y[,(,prh)] and XE
Xftm), respectively. For any given ug, the local constant estimator of a™ (ug) is obtained as

-1
64%2)] (ug) = (XEZ)],K[—??] (uO)XETtD XFZ)],K[_t] (10)Y[—(@+n), and the leave-h-out forward-
(m) )

validation estimator jz;  (ug) of ui’" is

™ (ug) = m X &™) (ug), (3)

—t]

where K_y(uo) = diag{ki, ..., ki—n, kis1, ..., kr—p}. Thus, the forward-validation averaging

m~~(m)

estimator of p; is i (w) = Zn]\le w™py (up) and then p(w) = (1 (w), ..., gr—p(w)).

We propose the state-dependent forward-validation criterion to select the state-varying

combination weights for the averaging prediction as follows:

1

SFV(Uo, W) = m

(Y — (W) K (uo) (Y — p(w)).
For any given ug, minimizing SFV (ug, w) with respect to w, we have
W(up) = argming, ., SFV(up, w).

Then, the SVMA prediction for Yoy, is Yoy (W(Uz)) = M ﬁ?m(UT)?T(,T})L, where w(Ur) =
(@"(Ur),...,w™(Ur))'. The detailed implementation for the proposed model averaging

procedure can be formulated as a quadratic programming subject to linear constraints; see

algorithm 1 in Appendix A.

2.4 Asymptotic Properties

In this section, we present the asymptotic properties of the proposed SVMA. To this end,

define the risk function as Rpyp(w) = E[Yrs — Yryn(W)]2 — 02,,. Note that unlike the

10



existing time-varying model averaging literature (Sun et al., 2021, 2023; Chen et al., 2024),
the error variance o7, ,, is substracted because it is often the leading term in the mean-squared
forecast error, which is consistent with the idea in Hansen (2008)2. Ideally, one would seek to
select the combination weight w so as to minimize the out-of-sample prediction risk function
Rryn(w) subject to the constraint set H. However, this is infeasible due to the expectation
depending on the unknown conditional probability density function. Rather than directly
minimizing the infeasible risk Ry ,(w), we select the data-driven weights by minimizing
a state-dependent forward-validation criterion and demonstrate the selected state-varying

weights asymptotically minimize the prediction risk function.

Let a™*(ug) be parameter vector which is essentially derived from minimizing the
MSE between Y., and the m-th candidate model at the point uy. From Lemma 3 in

Appendix A, for any given ug and any m € {1,---, M}, we have
167 (ug) = ™" (uo)|| = Op(q"/*(T — h)™171/2).

Remark 1. This is similar to that of parametric estimation in the existing literature. For
example, based on Assumptions A1-A3(a) and A4-A6(a) of Theorem 3.2 in White (1982), the
consistency of parameter estimator in misspecified models can be derived under the mazimum
likelthood framework. Besides, with the under-smoothing bandwidth, the squared bias term
O, (ql*) of @™ (ug) — a™*(ug) could be dominated by the variance term O,(q(T —h)~171).
Thus, the bias term can be ignored.

Define Ry, (w) = E{Yry, — Y (W)} — 07, Y (w) = M meT(T,):, where

"= Y — Y™ which

YT(T%* = X(Tm) a(m)*(UT), and S;HL(UT) = infuwey R;}Jrh(w)- Let ™ (m.

t+h

2To illustrate this, under some regularity conditions we decompose the mean squared forecast er-
ror of prediction as follows: E[Ypy, — )A/T_H,,}Q = Elersn + Xp(a(Ur) — a(Ur)]? = J%Jrh +

_ 2
%E{X’T(%X’K(UT)X) 1(\/%X’K(UT)6)} = o2, +o(1).

11



is interpreted as the bias of the m-th model in forecasting Y;,, when (7" — h)l diverges.
Again, denote the joint density of (U, X) by f(u,x) and the marginal density of U by fy(u).
Finally, let (pnax(A) and (pin(A) be the maximum and minimum singular values of a matrix
A respectively. Unless stated otherwise, all limiting processes refer to (T'— h)l — oo, where

the forecast horizion h is fixed.

Condition (C.1). For all s > 1 and some positive constant C, | f(u,v|xg,x1;5)| < C < 0,
and f(u|x) < C < oo, where f(u,v|Xg,X1;5) is the conditional density of (Uy,Us) given

Xo =xg and Xs = x;1 and f(u|x) is the conditional density of U given X = z.

Condition (C.2). {U;,X;,Yiin} is a-mizing process with the mizing coefficient {a(j)}
satisfying that Y ja(j)' %" < oo for some v > 2 and ¢ > 1 — 2/1, supyyeq_p,(T —

VHA VK (uo)p]|? = 1) for any given uy, SUD 1 <i<7 || X; m)||/\/_ O,(1) uniformly

for all m, and Cuin((T — h)_ll_lX(m)'K(uo)X(m)) > C for some positive constant Cy.

Condition (C.3). There exist positive constants ¢; and cy such that for anyi,j € {1,..., M}
and given uq (i) Var ((T — Ry 2 el §+)h> > ¢ >0 and (ii) Var{egheg;} <

co <00, 1 <t<T.

Condition (C.4). The kernel function k : [—1,1] — R" is a bounded symmetric probability

density function, satisfying that f_ll k(u)du =1, f k*(u)du < oo, and f E(u)u*du < oo.
Condition (C.5). The bandwidth | = ¢TI~ for some positive v and 0 < ¢ < 0.

Condition (C.6). &} (Ur) supyen{[Yrin — YT+h( )2 — Yran — Y (W)|?} ds uniformly

integrable.
Condition (C.7). gMT 7" = o(1), gMT 21712625 (Ur) = o(1), MPT=V2712800 (Ur) =
o(1) and *MT'17'¢;25,(Ur) = o(1).

12



Remark 2. Condition (C.1) is the same as Condition 1(ii) in Cai et al. (2000), and Condi-
tion (C.2) imposes a standard requirement on the mizing process and moments, both of which
are commonly employed in the literature (Fan and Yao, 2003). Condition (C.3) consists of
regularity conditions for the central limit theorem for dependent processes, with (C.3)(i) en-
suring the variance does not degenerate to zero as (T — h)l — oo, and (i) providing a
bound on the moments (see White (2014)). Condition (C.4) requires the two-sided kernel to
be symmetric and bounded with a compact support [—1,1], contrasting the one-sided kernel
with a compact support [—1,0] in time-varying coefficient regression models for out-of-sample

forecasting. If v = 1/5, the optimal bandwidth hyy = O(T~Y/?) satisfies Condition (C.5).

Remark 3. Condition (C.6) is a mild technical requirement, equivalent to Condition 7 in Hu
and Zhang (2023) for time-invariant model averaging settings. More discussions and verifi-
cations of Condition (C.6) are available in Appendiz A. Condition (C.7) bounds the number
of candidate models and the number of predictors relative to the sample size, similar to Condi-
tion 7in Ando and Li (2014). Note that it implies &, (Ur) > 0, requiring all candidate mod-
els are misspecified. If the mg-th candidate model is correctly specified, then for any given ug
M (ug) = eu(ug). Thus, &, (Ur) = infwey Ry (W) <E {YT+h - YT(T;)L)*}Q — 074 =0,

violating Condition (C.7).

We first discuss asymptotic optimality when all candidate models are misspecified,

and then, discuss the alternative cases where some models are correctly specified.

Theorem 1. Suppose that Conditions (C.1)-(C.7) hold. Then, the SVMA estimator satisfies
the asymptotic optimality property, i.e.,

Ry (W(Ur)) 21
infwew Rrin(w)

Y

where % denotes the convergence in probability as T — cc.

13



Theorem 1 demonstrates the proposed SVMA prediction for Yr,, achieves asymptotic
optimality in the sense of attaining the minimum attainable prediction risk, when all can-
didate models are misspecified. This underscores the advantages of the proposed method
over other averaging or selection methods, including smoothed AIC (SAIC) or smoothed
BIC (SBIC), as the infeasible prediction risk of the possibly best model averaging estimator
is no larger than that of other model averaging estimators and model selection estimators.
Moreover, unlike some previous model averaging literature based on in-sample loss (Hansen,
2007; Wan et al., 2010; Racine et al., 2023; Sun et al., 2021, 2023; Chen et al., 2024), the
result of asymptotic optimality is established based on the out-of-sample prediction risk,
which is more pertinent to forecasting applications. Departing from the commonly em-
ployed Whittle’s inequality, we provide a new technique to bound the discrepancy between

the state-dependent forward-validation criterion and the prediction risk function.

Condition (C.8). T-V217V2(gM + M?* + > MT 2172 {inf 5 Ry, (W)}~ = o(1), and
gMT= = o(1), where H = {w € [0,1]M : Yomgp W™ = 1} and D is the subset of

{1,..., M}, composed of the correctly specified models.
Condition (C.9). {inf 5 R} ,(w)} ' =O(1).

Remark 4. Condition (C.8) constrains the growth rate of the minimum out-of-sample pre-
diction risk, when formulating the averaging prediction by taking the average across all mis-
specified models. Indeed, Condition (C.8) is essentially equivalent to Condition (C.7), if D is
empty. Condition (C.9) also characterizes the quality of the misspecified candidate models,

which is a special case of Condition (C.8) given suitable ¢ and M.

Theorem 2. If there is one or more correctly specified models, and Conditions (C.1)-(C.5)

and (C.8) are satisfied, then >, ., @™(Ur) = 1.

14



Theorem 2 implies that our SVMA asymptotically assigns all weights to the correctly
specified models when they are included in candidate models. In the case where the model
set contains a single correct model, Theorem 2 ensures that the proposed state-dependent

forward-validation criterion should asymptotically identify this correct model specification.

Remark 5. Note that Theorem 1 remains valid for DGPs with discrete state spaces, provided
that all candidate models are misspecified and parameters are estimated using local constant
estimation. By accommodating discrete state spaces, it can encompass a broader range of ap-
plications in economics and related fields, such as business cycles. When the candidate model
incorporates a discrete state space, Theorem 2 continues to hold. For each candidate model,
we could employ the local constant method to estimate the varying-coefficients conditional on
a discrete state outcome. For instance, if we aim to estimate a varying-coefficient candidate
model during recessions, utilizing a uniform kernel with a small bandwidth s equivalent to
using the data only in recessions to estimate parameters, which is theoretically justified by

Lemma 3 in Appendiz A based on some slight modifications.

In data-rich environments with numerous candidate models incorporating diverse pre-
dictor sets, predictions are commonly combined via SA (Stock and Watson, 2004). When
minimizing mean squared forecast error, a bias-variance tradeoff emerges. Estimated opti-
mal weights may exhibit high variance, potentially underperforming SA (Hsiao and Wan,
2014). However, if one terrible model is included in the candidate model set, the prediction
error of the SA can deteriorate rapidly (Hansen, 2007; Qian and Raphael, 2019). Notably,

we establish that our method dominates the SA, as formalized in the following Corollary 1.

Corollary 1. Assume T U 'M3? K2 = o(1) and T~'2I712K=2(qM>/? + M*) = o(1),

where K is the number of misspecified models. Under Conditions (C.1)-(C.7) and (C.9),

15



regardless of whether the correctly specified models are included in the candidate set, the

prediction risk of the SVMA s smaller than the risk associated with the SA.

If the number of candidate models M increases, it is plausible to assume that the num-
ber of misspecified models K also increases. Corollary 1 provides a theoretical justification
for the superior performance of dynamic weights compared to SA, offering a novel perspec-
tive to resolve the forecast combination puzzle. This rationale has remained unexplored in

the existing literature on time-varying model averaging (Sun et al., 2023; Chen et al., 2024).

3 Extensions

3.1 SVMA for Ultra-High Dimensional Setting

In this subsection, we consider the case that both the number of predictors and the number
of candidate models are allowed to grow to infinity at some slower rates than the sample size
T. If the number of candidate models M is large (e.g., M > T'), the computational burden
of our state-varying model averaging procedure should be heavy. This section is devoted
to addressing the dimensionality issue encountered in regression problems with ¢ > T and

reduce the computational burden of model averaging procedure.

Our procedure consists of two steps. In Step 1, we use model screening to prepare
candidate models, which essentially selects a valid subset of all candidate models. Various
model screening strategies are proposed in the existing literature, including top s model
screening in Yuan and and (2005) and ordering model screening in Claeskens et al. (2006).
For example, we explore the proposal of Ando and Li (2014, 2017) for model screening as

a special case, which calculates the marginal correlation between each predictor and the
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dependent variable, without prior subject knowledge or expert theories. In Step 2, we
construct model averaging based on the subset M*, where M* is a subset of {1,..., M},
and the weight vector is derived from W*(ug) = arg mingyey« SFV(ug, w), where H* = {w €
0,11 = > e w™ = 1 and > mgars W™ = 0}, which will be shown to be asymptotically

optimal under some regularity conditions, presented in Corollary 2 later.

Condition (C.10). There exist a nonnegative series of vp(Ur) and a weight series of
wr(Ur) € H such that &3, (Ur)vr(Ur) — 0, infwey Rron(w) = Rrqn(wr(Ur)) — vr(Ur),

and Pr(wr(Ur) € H*) = 1 as T — oo.

Condition (C.10) requires that the infeasible time-variant optimal weight vector asymp-
totically belongs to the screened set H* with probability approaching to 1. This requirement
bears resemblance to Assumption 0 of Zhang et al. (2016) and Lemma 3 of Liao et al. (2021)

for time-invariant combination weights.

Corollary 2. Suppose Conditions (C.1)-(C.7) and (C.10) hold. Then, we have

Ry (W*(Ur)) 2
infwey Rrn(w) ‘

Corollary 2 establishes that, under Condition (C.10) and other regularity conditions,
the SVMA estimator in this subsection attains asymptotic optimality in ultra-high dimen-
sional settings when the state-dependent combination weights are selected from the candidate
model set H*. Specifically, the prediction risk of our SVMA estimator converges to that of

the infeasible best model averaging, which selects weights from the ex-ante model set H.

Remark 6. When the number of parameters q,, diverges as T increases, alternative penal-
1zed estimation methods can be employed for the candidate models. For instance, one can

adopt the approach of Lehrer and Xie (2017) and Kapetanios and Zikes (2018) and utilize
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time-invariant or time-variant LASSO-type penalized estimation techniques. Furthermore,
we conjecture that the asymptotic optimality established in Theorem 1 can be extended to

encompass such penalized estimation procedures given reqularity conditions.

3.2 SVMA for State-Varying Factor Models

This subsection discusses the case where all candidate models are varying-coefficient factor-
augmented models, allowing for state-varying factor loadings to capture state-dependency.
Let {Vy,i=1,...,N,t=1,...,T} be an N-dimensional time series with 7" observations in
addition to the observations {X;, Uy, Yt};f:l. We forecast Y;,, using the varying-coefficient
factor-augmented model Vi, = Xja(U;) + F;3(U;) + €4, where F, is the r-dimensional
vector of latent common factors. Following Pelger and Xiong (2022), F; is estimated by the
state-varying factor model Z; = X\;(U;)'Fy + e, where Z;; is a d, x 1 vector of observable
information, which might contain X; and Vy, X;(U;) is the r x d, matrix of factor loadings

of the cross-sectional unit ¢ when the state value is Uy, and e; is idiosyncratic component.

Next, we follow the same idea as in Pelger and Xiong (2022) to estimate factor loadings
and factors in state-varying factor models, and then employ local constant estimation to
estimate the varying-coefficient models as in Section 2. We impose no restrictions on the
approximating models; specifically, the models may be nested or non-nested, and they may
incorporate all r factors, only a subset, or even none. For simplicity, we consider the case
where all factors are included with different lags®. That is, the m-th candidate model is
Y, = ?Zgl ag-m) (Ut)th+Z;’:"(;1 ,8§m),(Ut)Ft_j+e§T})L. Since F; is unobservable, we replace

F, with a generic estimator F,, which is consistent up to the state-dependent rotation matrix

3Note that the theoretical proof of the general case is similar to that for this simpler case.
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H(up) given any ug. Then, the m-th candidate model implies

CI'm_l T’m—l
Yien = Z o\ (U)X + > B (U H T U)F,; + ]) = Z" B(Uy) + €,
j=0
where Z{"™ = (Xi0, .., Xugn-1), Fpy . F_ ) and ®(U) = (ai™(U)), ..., o™ (Uy),

B (UYHY(U)), ..., B™ (U H ()

For each candidate model, we use the following two-stage estimation. In the first
stage, the local principal component analysis (PCA) approach proposed by Pelger and Xiong
(2022) is used to estimate state-varying factor model. For simplicity of notation, assume that
d, = 1 and then Z; is changed to Z;. Then, for any given uyg, let the (T"— h) x N matrix
Z(ug) = (Za(uo), - .., Zin(uo)) with Z;(uo) = (k' Zinsrys - - ka!* Zir)', the (T—h) xr matrix
F(ug) = (k:,ll/lehH, . .,k;;/QFT)’, and the N x r matrix A(ug) = (Ai(ug), ..., An(ug))"
The state-varying factor loadings and the common factors can be consistently estimated by

solving the following minimization problem

it (2 ) = o)A (u0)] (o) — Pluo)A (o)),

subject to (T'— h) "7 'F(ug)'F(ug) = I,. The eigenvectors corresponding to the r largest
eigenvalues of Z(ug)Z'(ug) form the estimated factor matrix f‘(uo). Note that the estimated
common factor f‘(uo) is a consistent estimator for the latent factor F; up to state-dependent
rotation matrix H(ug) for any given ug; see Pelger and Xiong (2022), Su and Wang (2017),

and Fu et al. (2024) for more discussions.

In the second stage, for each candidate model m = 1,..., M, we employ the local

constant estimation method described in Section 2 to obtain the following estimator

“lp_p

(Z ki, Uo Z( ) (u 0)) Zkt Uo VYiin,
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where ng) (uo) = (X0, -+, Xe(gr—1); f‘g(uo), e ,f‘;_rmﬂ(uo))’. Then, the forecast at T'+ h
in the m-th candidate model is YT(T,)l = i(Tm)/\fl(m)(UT). For any given wuy, we minimize
SFV (ug, w) within Z™ and \/I\’EZ)] (ug), the parameter estimator after removing observations,

to obtain w(ug). After that, the model averaging prediction at T + h is }A/TM(VAV(UT)) =

Z%Zl @m(UT)?YE:Z)L See more detailed discussions in Appendix A.

Next, we discuss the asymptotic optimality of the SVMA estimator for varying-coefficient
factor-augmented regressions. All convergences occur as (7' — h)l and N go to infinity and

we assume both rqg = max{ry,...,ry} and r are fixed and thus O(q + r x r9) = O(q).

Corollary 3. Suppose Conditions (C.4)-(C.7) and (C.11)-(C.12) in Appendiz B.3 hold.
Then, the SVMA estimator for the varying-coefficient factor-augmented case still satisfies

the asymptotic optimality property.

Corollary 3 extends the asymptotic optimality of the SVMA estimator, established in
Theorem 1, to varying-coefficient factor-augmented regressions with state-dependent factor
dynamics. Unlike existing model averaging for factor-augmented regressions with time-
invariant (Cheng and Hansen, 2015) and time-variant weights (Chen et al., 2024), we allow
the loadings to be general functions of a recurrent state process, rather than time-invariant.
Importantly, the asymptotic optimality is established based on the prediction risk contrasting

the in-sample loss criteria employed in Cheng and Hansen (2015) and Chen et al. (2024).

4 Simulation Studies

This section evaluates the finite-sample performance of the proposed SVMA method
against competing methods for horizons h = 1, 2 and 4, including the SA with equal weight-

ing for each model, the nonparametric version of bias-corrected AIC (AICc) model selection
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by Cai and Tiwari (2000), the smoothed AICc (SAICc), the SAIC and the SBIC.

Our simulation study is based on the following DGP framework:

q
Y;§+h = Z Oéj(th)th + €t+hs t = 1, Ce ,T, (4)

j=1

where a;(-), X;; and €., have different specifications given in Examples 1-4. For simplicity,
we consider a set of nested candidate models and omit the largest model. Consequently, the

number of candidate models is ¢ — 1, and all of these models are misspecified.

Example 1: We consider model (4) with «;(u) = [1+exp(—cu/j)| " and € ~ i.i.d.N(0,0.3%).
Predictors follow ARMA processes: Xy = 0.8X(—1y1 + i1, va ~ 0.0.d.N(0,1) and Xy =
X@-1)1. Furthermore, X3 = 0.6X_1)3 + 0.3v4_1)3 + Vg3, vy3 ~ .0.d.N(0,1), Xy = X(—1)3,
and X5 = X(;_9)3. Thus, some predictors are lagged variables. Additionally, for j > 5,
Xt = (=0.3+0.15) X (4-1); + vsj, where vy ~ i.3.d.N (0, sf) and s; is a random sample gener-
ated from the Chi-square distribution x?. We set ¢ = 2 and the number of predictors ¢ = 10.
The proposed DGP in this example includes varying-coefficients «;(-) that depend on the
index j and are modeled as logit functions. This design allows predictor contributions to the
conditional mean to vary. Specifically, the varying form of «;(-) is such that the curvature
of the logit function tends to flatten as j increases. Consequently, this setting encompasses

both linear and nonlinear types of varying-coefficients.

Example 2: The setup for this simulation example is adapted from Example 1, but with
varying-coefficients a;(u) = [L+exp((—1)7-cu/j)] ! for j = 1,..., ¢, where odd j coefficients
are decreasing and even j coefficients are increasing. This approach achieves the conversion

of monotonicity of the coefficients through the parity of j.

Example 3: Our setting is similar to Example 1, except for the varying-coefficients o;(u)

and the corresponding predictors. Specifically, for j =1, 2, a;(u) = v/2¢j ¢ exp(—3u?) with
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X = 0.8Xy_1)1 + vy and Xpo = X(4_1)1, where a;j(u) combines a decaying exponential and
power function of j. For j =3, 4, 5, ojj(u) = (1 —a)a’u with X5 = 0.6X;_1y3 +0.304_1)3 +
Uiz, X = Xt-1)3, and Xy5 = X(i—9)3. For j > 5, a;j(u) = (v® — ju)/3;j adopting a quadratic

form with X;; = (—0.3 4 0.15) X4—1); + vj. for j > 5. Here, c =1, a = 0.95, and ¢ = 8.

Example 4: We consider a diverging dimensionality scenario where the number of predic-
tors q grows as ¢ = |3T'/3] as the sample size T — oo, where |z] denotes the rounding
of x to the nearest integer. The predictor setting follows Example 1, and the coefficient
function «;(u) = /257" exp(—3u?) shrinks to zero as j increases, mimicking nuisance pre-
dictors weakly associated with the response in high dimensions. Their inclusion may increase
variance and reduce efficiency in estimating coefficients of interest. These predictors act as

nuisance variables, adding noise without contributing significantly to estimation.

For SVMA, SA, AICc and SAICc methods, the m-th candidate models are specified
as follows: Y, ) = Z;”:l aém) (Xi1) X1 + €4n, where the varying-coefficients ng-m) (X4) are
estimated using the local constant approach described in Section 2.2 and m = 1,...,q —
1. However, these approaches differ in their criteria for selecting the weights assigned to
each candidate model. For all simulation experiments, we employ the Epanechnikov kernel
function K (u) = 0.75(1 — u?)I(|u| < 1), which assigns diminishing weights to observations
lying further from the point of estimation within each localized subsample. The bandwidth

parameter is selected via the common rule-of-thumb [ = 2.34Sx, T~/

, where S¥,, denotes
the sample standard deviation of the state variable X;;. Simulations are also conducted

using the Gaussian kernel, but the results are similar, thus omitted to save space.

On the other hand, for the SAIC and SBIC methods, the varying-coefficients are

assumed to be constant within each candidate model, thereby simplifying the models to
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Yiin = Z;nzl QEW)XW» + € for m = 1,...,g — 1. The constant coefficients are estimated
via ordinary least squares (OLS), and time-invariant weights are selected for these models.
We use 1000 replications and set the sample size T' = 200 and 600. For each replication, we

~ 2
compute the following out-of-sample forecast criterion MSFE = ﬁ ,1,(1)10 <YT(?,L — Yé?h) ,

’_?h in the k-th simulation. The numerical

where }/}:ﬁ?h is the out-of-sample forecast of YT(
results are presented in Table 1 for Examples 1-4. To facilitate comparison, we highlight the

best-performing strategy for each case in bold.

From Table 1, it is observed that for all cases, the SVMA method consistently ranks
first among the other five competing methods. This outcome can be attributed to the asymp-
totic optimality of the proposed weight estimator in the SVMA method, which achieves the
lowest possible out-of-sample prediction risk, as discussed in Section 2.4. Besides, when one
of the candidate models is very close to the correctly specified model, the SVMA method
exhibits significantly smaller MSFE compared to other model averaging methods. For in-
stance, in Example 1 with ¢ = 10 and T = 200, the MSFE of the SVMA approach is
0.3482, substantially lower than the MSFE of 5.2842 obtained by the SA method. Third,
the improvement of SVMA over the AICc model selection criterion in Examples 1-2, which
exhibits the second-best forecast performance, ranges from 6% to 50%. This underscores the
significance of model averaging, which mitigates model uncertainty and serves as a form of
insurance against selecting a suboptimal candidate model. Furthermore, the SVMA outper-
forms the SAICc, with the reduction in MSFE reaching up to tenfold in certain instances.
This superior performance of SVMA can be attributed to its state-dependent combination
weights, which acknowledges that the forecasting ability of individual candidate models may
change over different states of the economy or market conditions. By allowing for dynamic

model weights that adapt to the state variables, SVMA effectively captures the potential
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Table 1: Simulation results for Examples 1-4

Example 1 SVMA SA AICec SAICc SAIC SBIC
h T

1 200 0.3482 5.2842 0.3846 1.7474 7.0876 7.1159

600 0.1469 5.1484 0.1570 1.2254 6.7646 6.7646

2 200 0.2885 4.7695 0.3335 1.5681 6.8454 6.9497

600 0.2035 4.8370 0.2891 1.2744 6.6130 6.6130

4 200 0.4068 5.1670 0.5028 1.7285 6.6753 6.7322

600 0.1792 5.4351 0.1905 1.3128 7.1993 7.1993

Example 2 SVMA SA AICc SAICc SAIC SBIC

1 200 0.2045 4.8070 0.4359 1.4180 1.1613 1.1613

600 0.1226 4.3865 0.1334 0.9911 1.0664 1.0664

2 200 0.1869 4.5621 0.2022 1.2952 1.1156 1.1156

600 0.1334 4.6761 0.1411 1.0920 1.1783 1.1783

4 200 0.1854 4.7398 0.1917 1.3452 1.0962 1.0962

600 0.1196 4.3674 0.1291 1.0012 1.1308 1.1308

Example 3 SVMA SA AICc SAICc SAIC SBIC

1 200 0.2517 0.3302 0.2810 0.2950 0.8789 0.8674

600 0.1260 0.2668 0.1278 0.2123 0.8919 0.8953

2 200 0.1874 0.2955 0.2053 0.2620 0.8006 0.8041

600 0.1399 0.2896 0.1897 0.2368 0.9231 0.9266

4 200 0.1959 0.3023 0.2127 0.2600 0.8447 0.8326

600 0.1437 0.2788 0.1643 0.2253 0.9044 0.9066

Example 4 SVMA SA AICc SAICc SAIC SBIC

1 200 0.4421 0.6042 0.6150 0.5607 2.2984 2.3015

600 0.2914 0.4267 0.3680 0.3806 2.6062 2.6497

2 200 0.4889 0.6671 0.6233 0.6135 2.5668 2.5265

600 0.2876 0.9009 0.3644 1.0072 2.6924 2.7310

4 200 0.4694 0.6204 0.5982 0.5770 2.3763 2.3291

600 0.2825 0.4162 0.3500 0.3578 2.8447 2.8728

24



shifts, thereby enhancing the forecast accuracy.

5 Empirical Examples

In empirical applications, we compare the performance of the SVMA with competing
methods, including AICc, SAICc, SA, SAIC, and SBIC. The candidate model specifications
align with our simulation setup. Specifically, for SVMA, AICc, SAICc, and SA, we employ
the same set of candidate models, with the parameters estimated using the local constant
approach. In contrast, for SAIC and SBIC, the parameters in each candidate model are
estimated via OLS, and time-invariant weights are assigned to these models. For simplicity,
all candidate models are nested and the number of candidate models is M = min(|37"/3], q),

where T is the sample size and ¢ is the number of predictors in the full model.

5.1 Stock Return Forecasting

In this subsection, we apply our SVMA method to predict the stock return from monetary
policy, compared with other competing methods. The dataset is identical to that used by
Jansen et al. (2008) and Tu and Wang (2020), comprising monthly observations of the S&P
500 index, federal funds rate (FF), industrial production (IP), and the US government bud-
get deficit (or surplus, denoted as FD) obtained from the Federal Reserve Economic Data
(FRED). The data span from October 1980 to December 2020, with a total of 482 observa-
tions. The following variables are utilized based on the transformation of the original data,
i.e., stock return (SRy), the growth in industrial production (IPG; = In(IP;) — In(IP;_4)),
the first difference of the effective federal fund rate (DFF, = FF; — FF,_;) and the change in

fiscal deficits (CFD; = FD;, — FD,_1), where deficits are positive and surpluses are negative.
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Following Jansen et al. (2008), we consider the m-th candidate model as follows
SRyyn = X™ @™ (CFD,) + €4,

where X{™ = (Xt .., Xign)' 15 @ g ¥ 1 vector of regressors. We construct the candidate
pool Q, where Q = {SRy,...,SRy_4,,[PGy, ..., IPG;_y,,DFF;, ... DFF, 4 }, Xy € Q and
the lag order k; = 5, which is consistent with the maximum lag order employed in prior
studies (Jansen et al., 2008; Tu and Wang, 2020). Thus, ¢ = 18 and the number of candidate
models M = 18. We utilize the Epanechnikov kernel function, and the bandwidth is selected

via [ = 2.34ScppT~'/°, where Scpp is the sample standard deviation of {CFD,}.

Forecasting performance is evaluated via the following relative MSFE gain:

T, =2

€
MSFE{, (T1,Tp) =1 — =0 with Ty = 2020 : 12,
Zt:Tl €4, (AIC,)

where the forecast data 77 € [2019 : 1,2020 : 1], and AICc serves as the benchmark method.
Relative percentage gains in MSFE for the method i versus AICc are plotted, with the initial
point spanning from 2019:1 to 2020:12 and the final point for 2020:1-2020:12. A positive

value implies that the method i produces more accurate forecast than the AICc.

Figure 1 presents the forecast gains achieved by various approaches relative to the
AICc method. A notable observation is that the proposed SVMA consistently outperforms
its competitors for all cases, yielding improvements ranging from 0.16 to 0.22 for one-step-
ahead forecasts and 0.53 to 0.57 for two-step-ahead forecasts over the AICc method. This
highlights the merits of reducing model uncertainty and increasing the robustness of model
averaging. Interestingly, the OLS-based SAIC and SBIC approaches exhibit a better perfor-
mance compared to the nonparametric-based SAICc, SA, and AICc methods. A plausible

explanation for this phenomenon is that nonparametric techniques may induce excessive
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variance, thereby compromising the accuracy of out-of-sample forecasts. More importantly,
the proposed SVMA outperforms SAIC and SBIC, attributable to the asymptotic optimality
of the SVMA prediction achieving the lowest possible out-of-sample prediction risk among
all model averaging estimators. Furthermore, the SVMA significantly outperforms the SA,
despite both approaches facing estimation variance from nonparametric candidate models.
This happens because the SVMA effectively mitigates sufficient bias through optimal weight

assignment, consequently enhancing forecast accuracy, which confirms Corollary 1.

Figure 1: Relative MSFE gains: the left panel for h = 1 and the right panel for h = 2.
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Note: Results exceeding the vertical axis limits in Figure 1, such as the negative forecast gains

of SAIC and SAICc, are omitted but reported in Table C.1 in Appendix C.

5.2 Revisiting Macroeconomic Forecasting

In this subsection, our purpose is to revisit the so-called forecast combination puzzle
as discussed in Stock and Watson (2004), where simple constant averaging outperforms
sophisticated adaptive weighting. To this end, we implement the proposed methodology to
forecast macroeconomic indicators using the FRED-MD database, as described in McCracken

and Ng (2016). Series with missing values were removed, resulting in a refined dataset of
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119 monthly macroeconomic variables. For robustness, our analysis focuses on three key
macroeconomic variables: Real Personal Income (RPI), 3-Month Treasury Bill (TB3MS)
and Total Non-farm Payroll (PAYEMS). Additionally, we incorporate the monthly economic
policy uncertainty (EPU) index for the United States® as the state-variable in our analysis.
The monthly data spans from January 1985 to December 2023, aligned with the availability

of the EPU index.

The formulation of the target variable and forecasting variables follows Yousuf and
Ng (2021). Specifically, let Y;,; denote the h-step-ahead target variable to be forecasted.
For instance, for RPI, our target variable is Y;4, = 22 [In(RPI,y;,) — In(RPL)], and we
define the target similarity for PAYEMS, whereas TB3MS is modeled as I(1) (i.e., Yiipn =
% [TB3MS;;, — TB3MS;]). Let z; represent the remainder of our 118 predictor series at
time t. The set of predicting variables is denoted as X; = (Y3, ..., Y3, F}, ..., F}_3), where
the factor vector ¥, = (Fy, ..., Fy)'. Fy is estimated by using the principal components of

our predictor series z;. Then, we consider the candidate model
Yoo = XM al™(EPU,) + ¢,

where EPU; represents the economic policy uncertainty index at time ¢, utilized as a con-
ditioning variable that can dynamically influence the coefficients a™(-) and h = 1. The
candidate models are indexed by m withm =1,2,..., M, and Xgm) C X, denotes the subset
of predictors included in the m-th candidate model. In the current study, this configuration
yields M = 20, with the largest candidate model containing ¢ = 20 predictors. The setup

described previously is consistently applied across all target variables.

To evaluate the forecasting performance of our models, we employ the relative MSFE

4https://fred.stlouisfed.org/series/ USEPUINDXM
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gains as defined in Section 5.1. Specifically, we calculate the percentage gains by comparing
the MSFE of the forecasts produced by each method to those generated using the AICc
benchmark. In this application, the forecasting performance evaluation is set within a defined

timeframe, where T spans from 2022:1 to 2023:1, and T5 is set to 2023:12.

Figure 2 presents the forecast gains over the AICc benchmark. First, it is observed
that the SVMA yields the largest relative MSFE gains for all cases. For RPI, TB3MS and
PAYEMS, its gain ranges from 0.80 to 0.90, 0.46 to 0.90 and 0.43 to 0.70 respectively, ex-
ceeding all competitors. Second, the SVMA method has better prediction accuracy than the
SAICc method. The key distinction between SAICc and SVMA lies in their weight selec-
tion criteria: SAICc employs time-invariant weights, while SVMA assigns state-dependent
weights. This result underscores the importance of allowing weights to vary across states for
each candidate model. A potential explanation is that candidate models are likely misspec-
ified, with their predictive ability rankings fluctuating across different states. The proposed
SVMA assigns higher weights to candidate models that perform well in a given state, while
attributing lower or even zero weights when their performance is poor in other states. Con-
sequently, the SVMA permits weights to adapt to the state variable, thereby constructing
asymptotic optimality as established in Theorem 1. Furthermore, SA performs similarly
to SAICc but worse than SVMA, contradicting the forecast combination puzzle from Stock
and Watson (2004), where simple averaging outperforms sophisticated adaptive weighting.
One possible explanation is that SA reduces variance but increases bias when including
poor models, degrading performance, which is consistent with Hansen (2008). Conversely,
SVMA increases variance but optimally weights models to reduce bias, potentially improving

forecasts over SA if bias reduction outweighs variance increase.
Finally, to gauge the advantages of the proposed method, the Diebold-Mariano (DM)
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Figure 2: Relative MSFE gains for macroeconomic indicators

1.00-

|

e
~
=3
=3

C C C
® ® @
o o o
s i i
o6 @ 050 3]
= = =
© © o
% % g
& W\%v—v oz 7 [ g™
O, o025 7 / 14
e / \,\ /
| y\‘v-/d
W
0.00-
0.2- 02-
. . ! . ! ! . | ! . . . ! . . ! ! ! . . !
Jan.2022 Mar.2022 May.2022 Jul.2022 Sep.2022 Nov.2022 Jan.2022 Jan.2022 Mar.2022 May.2022 Jul.2022 Sep.2022Nov.2022.Jan.2023 Jan.2022 Mar.2022 May.2022 Jul.2022 Sep.2022 Nov.2022 Jan.2023
Real Personal Income (RPI) 3-Month Treasury Bill (TB3MS) Total Nonfarm Payroll (PAYEMS)

-7 SA = SAIC 8AICc SBIC == SVMA

Note: Negative results exceeding the vertical axis limits are omitted from Figure 2 but docu-

mented in Table C.2 in Appendix C.

test is implemented to check the statistical significance of differences in forecast accuracy
between SVMA and its five competing methods from January 2022 to December 2023. For
each pairwise comparison, the test posits the null hypothesis of equal expected forecast error
loss, against the one-sided alternative hypothesis that SVMA generates statistically superior
accuracy. Table 2 reports p-values for each test. We observe that SVMA demonstrates uni-
versal dominance, achieving statistically significant superiority over all competing methods

at the 1% or 5% significance levels in most cases.

Table 2: p-values of the DM test

SA AICc SAICc SAIC SBIC

RPI 0.0003 0.0002 0.0003 0.0070 0.0271
TB3MS 0.0009 0.0165 0.0009 0.0012 0.0009
PAYEMS 0.0627 0.0126 0.0334 0.0076 0.0090
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6 Conclusion

This paper proposes a novel state-dependent model averaging method for high-dimensional
varying-coefficient regression models, which allows the selected weights to change over state
variables. We establish the asymptotic optimality of the proposed estimator when all candi-
date models with high-dimensional covariates are misspecified. When the model set includes
the correctly specified models, the proposed method asymptotically assigns all weights to
the correctly specified models. Also, model screening prior to model averaging in ultra-high-
dimensional regressions and averaging in factor-augmented regression models have been in-
vestigated. Numerical analyses and empirical applications strongly favor the proposed model

averaging in comparison with the existing conventional methods.

Some relevant issues deserve further research. First, it would be interesting to study
local optimal averaging for varying-coefficient model to mitigate model uncertainty arising
from diverse state variables, beyond just high-dimensional covariates. For example, one can
follow Cai et al. (2015) to select state variables prior to model averaging. Besides, one
possible extension is to generalize our SVMA approach for nonstationary time series data,

which covers more applications in economics and statistics (Xiao, 2009).
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Appendix A

A.1 SVMA Algorithm

Algorithm 1: The state-varying model averaging (SVMA) prediction algorithm
Step 1: Calculate the h-step-ahead prediction of Y7,; under each candidate

model.
form=1,2,....M
For any given ug, calculate &™) (ug) = (X(’”)'K(UO)X(m))71 XK (ug)Y; then
calculate fﬁ}r_ﬁ = X(T’"”a(m)(UT).
end

Step 2: Calculate the leave-h-out forward-validation estimator for u; under
every candidate model.
form=1,2,... M

fort=1,2,...,T—h
For any given ug, calculate

m m m)\ ! m
aE_t)] (uo) = (Xf—t)]/K[—t] (UO)XE—t)]) Xf—t)]/K[—t] (UO)Y[—(t-i-h)]' Then, compute

A" (uo) by Eq. (3).

end

Calculate (™.

end
Step 3: For any given ug, solve the constrained quadratic programming

problem to obtain the state-dependent weight

W(up) = argming, 4, SFV(up, w) = arg minweH(T_lh)l(Y — 1(w))K(ug)(Y — p(w)).

Step 4: Calculate the SVMA prediction of Yr,

M
Ve (W(Ur) = S @™ (Ur)YAT),
m=1

where @™ (Ur) is the m-th element of w(Ur).

Output: Y7 (W(Ur))

Note: The quadprog package in R language and the quadprog command in MATLAB are commonly

used to solve such problems.



A.2 Discuss of Condition (C.6)

~ 2
We discuss whether Condition (C.6) can be satisfied. Define L(Ur, w) = [YTM —Yr(w)| —

0%, and L*(Up, w) = [Yryp — Vi (w)] — 02,,. We have

€ich (Ur) sup |L(Ur, w) = L' (Ur, )
= &(Un) swp ]{(YT+h<w> = Vran(W) @V = Vran(w) = Vi (w)) }]

= &an(Ur) SUP Z Z w'w’! { TZ)Z - Yigﬁh} {2YT+h - YT(QZ - YCI(“Qh}

=1 j=1
. M M
< & (Ur max ’YT Yélh nax, ’2YT+h YT(QZ T+h’ sug{(Zw) (Z )}
we i=1 j=1
= & max’ max 29" —|—Y() Y()’
(U Jax Ton T+h BN |“6T+n T T+h
i)x (@ (4)*
< 2655, (U 1<Ina<XM‘YT+h_YT+h‘ €T4h
47 (Up) max ‘Y@)* 0] ’ )Yu)* R E) ‘ (A.1)
T+h ety [T Ten T T | T T AT :

given that the sum of the combination weights is equal to one.

(7)*

Condition (C.6) is derived if both £ (Ur) max; <; j< ‘YTQ’,; - Y}Qh’ e

and §T+h(UT)

7 ‘ are uniformly integrable. In the proof of Theorem

(7) @
max; < j<m ’YTJrh - YT+h YT+h — Y5,

1, given Lemma 3, we have that &} (Ur) maxi<m<u ‘YT(Th YT(TQL*‘ = 0,(1). Consequently,

Yl =~ YR,

it is reasonable to deduce the uniform integrability of max;<; j<ars YT( h YT h

(m)*
€Tyn

Op(&5 5, (Ur) MY2qT=1/2171/2) These

under regularity conditions. On the other hand, our proofs establish that max; <<

O(M2) and &5, (Ur) maxs cment | V), = YET)| =

(m)*| _
T+h| —

results imply that, for certain values of M and ¢, &7 3 (Ur) max << ‘YT+ ) Yé’r})l*

0p(1) given Condition (C.7). Therefore, Condition (C.6) is satisfied.

A.3 Lemmas 1-3 and Their Proofs

Before we embrace on providing the detailed proof to the main theorems, some lemmas

are needed, presented as follows. For simplicity, let T="T- h, where the forecast horizon



h is fixed.

Lemma 1. Suppose Conditions (C.1)-(C.5) hold. Then, as T — oo, it holds that

T
O, m=T 0 XXk 5 fu(uo)® (uo),

t=1

where W(uy) = E(X, X} Uy = ug) is a symmetric positive definite matriz.

Proof. This can be directly derived from Theorem 1 in Cai et al. (2000).

Lemma 2. Suppose Conditions (C.1)-(C.4) hold. Then for any given ugy, we have

T

t=1

and

T
1T 2 T kXYl = 0,(1),

t=1

if ¢ grows at some slow rate of Ti.

Proof. For any given ug, we have

T
f—1/2Z—1/2q—1/2 Z ke Xyepin = f_1/21_1/2q_1/2X'K(u0)6,

t=1

and

T
T2 kX Yen =T 17 g X K (ug) Y.

t=1

Lemma 2 is valid if the following holds:

IX'K(uo)el] = 0,(1/a71).

and

XK (uo) Y| = O,(v/aTl).

(A.3)



First, with Conditions (C.1)-(C.4), for any given u, we have

E(T 1" [ X'K (uo)e )

= L E(EK (u) XX'K (ug)e)

qT’l
_ %tr{\/K(uO)XX’\/K(uO)E(e’K(uo)e)}
q
%P2 1 &
< x —— > E[Var(Yien|Us = ug)k] < C < 00
t=1

1<t<T ¢ ﬁ _
for some positive C' and non-stochastic X. We have similar results for random X. Thus,
(A.2) holds. Next, with (A.2) and Conditions (C.1)-(C.4), for any given uy we have

XK (u) Y| = [[XK(u)p + XK(ug)ell
< [[XK (uo)pel| + Op(y/ aT)

T
< D lmalllXil[ke + Op(y/ aT1)

t=1

T T

J Zu%ktJ S Ik + Oy
t=1 t=1

< v(ﬁz\/ﬂ max || X,[[2 + O,(\/qT])

1<t<T

IN

= 0,(vaT1) + 0,(/4T1)

for some positive constant C. Thus, the proof of (A.3) is completed. n

Lemma 3. Suppose Conditions (C.1)-(C.5) hold. Then, for any fized ¢ > 0 and given uy,
there exists a 0. > 0 such that for all sufficiently large T,

Pr( §55>21—5.

Proof. For the non-stochastic X, we explore the proposal of (A.10) in Zhang et al. (2016)
and with Conditions (C.1)-(C.5), we have

.

f1/2l1/2

7 (@7 () — o ()

f1/2l1/2

(@) — el )




) f—1/2l—1/2 )
> Pr|Cy TX(W)K(UO)(Y—M) <9d
T k|| X2V C
> 1 Do ke[ Xy ﬂ ar(€n) >1_ 1
B C262Tlq - G362

for some positive constants Cy and C;. Thus, the proof of Lemma 3 is completed, when

§=0.=Cy?)(e/2Cy).

For the random X, we rewrite Y, s = X\™ a™ (U,) + X™™ a=™)(U,) + €44p, if the
m-th model is correctly specified model, then =™ (U;) = 0 while if the m-th model is

misspecified, then EX ™™ q=m) U;) may not be zero. For any given ug, we have
p t

& (u) = XK (u)X™] XK (uy)Y

T
XK (1) XX ey ke, (A.4)

and

T
HE[X ™K (1) X™]TE XX ol (ug) ky

t=1

T
HE[X ™ K (1) XM TE D X ep k. (A.5)

t=1
Similar to Lemma 1, if ¢ is fixed, then from Lemma 1 and Theorems 1-2 of Cai et al. (2000),

we have for any given wuy

TIA" (1) — o™ () — =56 ()] % N0, VO () (A6)



for some positive definite matrix V™ (ug) and some positive &, where &™*(ug) is the
second derivative of a(™*(uy). Subsequently, we discuss if ¢ is diverging along with the

sample size T'. Based on (A.6), we have for any given

T —-1/2 ~(m m)* l2 ~ o (m)*
PV TV (g (@ (u0) — ™" (up) — 5 &6 (up)) || = 8¢

|
= Pr(x*(gn +1) > 0%) < I T

and thus ¢ 2V T1||a™ (u) — a™*(ug) — gc}d(m)*(uo)H = O,(1). Thus, Lemma 3 is

derived.

Appendix B

B.1 Proofs of Theorems 1 and 2

Proof of Theorem 1. Let SFV*(Ur,w) = SFV(Ur, w) — 07, where 07, is a constant

and unrelated to w. The selected weight
w(Ur) = arg mig SFV(Ur,w) = arg mi% SEV*(Ur, w). (B.1)
we we

From Lemma 1 of Gao et al. (2019), Theorem 1 is valid if

Ryyn(w)

wer R’?-ﬁ-h(w)

weH

- 1‘ =o(1), (B.2)

and

SEV*(Up, w) — R, (W)

R*T+h(W)

Based on Lemma 3, for any given uy, it is observed that

sup
weH

’ = 0,(1). (B.3)

1glnag{M ||a(m)(UT) —a™H(Up)|| = Op(Ml/quﬂT_l/Ql_l/Q)'



Then, we have

M
|&(Ur,w) —a (U, w)ll = 3w ||&" (Ur) — ol ()|
m=1
— Op(M1/2q1/2T71/2l71/2). (B4)

~ 2
Recall L(UT, W) = [YT+h — YT+h(W):| — J%—l—h and L*(UT7 W) = [YT+h — Y;+h<W):|2 —

o2, 4, defined in Appendix A.2. Based on Lemma 3, we observe that

sup |L(Ur,w) — L*(Ur, w)|

weH
= sup { (V7 (W) = Vren(W))(@Vsn = Vra(w) = Viop(w)) |
weH
= sup {X0p(a' (Ur, w) = &(Ur. w))(2¥rs — Vrn(w) = Vi (w) }
weEH
= sup {Xj (@ (Ur, w) = &(Ur, w)) [20Vn = Yy (w)) = (Vran(w) = Y7, (w))] }
weH
= O,(MqT Y2172 4 M@*T~ 1Y), (B.5)

where the last equation is derived from Appendix A.2. Thus,

|Rrn(w) — Ry, (W)
weH R’?Jrh(w)

< &n(Ur) sup |Rryn(w) — Rpy (W)
< {gmwn o 1wrw) - 1w

= O(& 3, (Ur)MqT 21712 4 &L (Ur) M@PT— M), (B.6)

where the second step uses Condition (C.6), and the last step is due to Condition (C.7).

Next, we observe that

SEV*(Ur, w) — Rj (W) ‘
sup

weH R;—&-h( )
€57 Ur) s |2 Y = W) KUY = ) = oy~ BL (U, w)

Erin(Ur) sup (Y = p(w))K(Ur)(Y = fi(w) = (Y — p* (W) K(Ur)(Y — p*(w))|

wEH

+&1(Ur) sup T7(Y = p* (W) K(Ur)(Y = p(w) = E(Y — " (W) K(Ur)(Y — p*(w))|

IN

IN



6 (Ur) sup T [E(Y — pa (w) K (Un) (Y — () = TIE (Y — Vi, (w))?

weH

= &on(Ur) sug I'y(Ur,w) + &, (Ur) SUE Ly (Ur, w) + & (Ur) SH% Ls(Ur, w),
we we \AS

where Ty (Ur, w) = (T) ™ [(Y = (w))K(Ur)(Y = fi(w)) = (Y = p*(w))K(Ur) (Y = p*(w))],
To(Ur, w) = (T1) ™ (Y — (W) K(Ur)(Y — p*(w)) = E(Y — p*(w) YK (Ur)(Y — (),
and [s(Up, w) = (T |E(Y — p*(w))K(U7r)(Y — p*(w)) — TIE{ Y71, — Vi, (w)}?|. Con-

sequently, we need to prove the following equations

&1 (Ur) sup I'1(Ur, w) = 0,(1), (B.8)

& (Ur) sup Ly (Ur, w) = 0,(1), (B.9)
and

5};1,1(UT) sgg Is(Ur, w) = 0,(1). (B.10)

To prove (B.8), we have the decompostion

(Y — 5(w))K(Ur)(Y — p(w))
= (Y = (w) + p(w) — p(w)) ' K(Ur)(Y — p(w) + p*(w) — pa(w))
= (Y = p"(w))K(Ur)(Y — p(w)) + (1" (w) — p(w)) K (Ur) (" (w) — p(w))
+2(Y — p*(w)) K (Ur) (p" (w) — p(w))
= (Y = (W) KUr)(Y — p"(w)) + (" (w) — (W) K(Ur) (" (w) — pa(w))

+2(Y — p(w) + p(w) — p" (W) K(Ur) (" (w) — pa(w))
= (Y = p(w))K(Ur)(Y — p*(w)) + (" (w) — (W) K(Ur) (" (w) — pa(w))
+2(Y — p(w)) K(Ur) (" (W) — () + 2(p(w) — p"(w)) K (Ur) (1" (W) — pp(w)).

For any given ug, we have

sup [fi(w) — p(w)] K(Ur) [fa(w) — " (w)]

wEH

= sup [X(&(Ur,w) — o (Ur, w))]' K(Ur) [X(&(Ur, w) — a"(Ur, w))]

wEH

8



— 0,(Tlg) x O,(MqT™1™") = 0,(Mg?), (B.11)

with Lemma 3, Conditions (C.2)-(C.5) and (B.4). Also, with Condition (C.2)-(C.5), it is
shown that

sup | (u* (w) — p(w))K(Ur) (B(w) — p*(w))| = Op(M'2qT"/211%), (B.12)

wEH

After that, we have

& (Ur) sup Ty (Ur, w)

weEH

= Op(M@& (T + MY2¢& 5 (T ™?) = 0,(1), (B.13)

where the last step is obtained from Condition (C.7). Therefore, (B.8) is obtained.

To verify (B.9), we have that

fT+h(UT) sup 'y (Ur, w)

weH

M M
= G O)@D) sup | SN S wied {kel Dy — Bkyellrer )

< 5T+h (Ur) SUP Zzw w |( Tl Z{k’t €i+n€ t—;-h — Bhe QZ t+h}|

=1 j=1
< T+h (Ur) sup ZZ| Tl Z{kt €1+n€ tj)* — Ekye t+2 Ei—h}‘
=1 j=1 t=1
= Z Z\IJT i.7), (B.14)
€T+h UT \/ =1 j=1

where Urp(1,7) = k:te ) gl Ek‘te ])* . By Theorem 3.49 and 5.20 in White
\/— — t+h€ith Lrh€t

(2014) and Conditions (C.2) and (C.3), we obtain Ur(i,j) = O,(1) for any ¢ and j. Thus,

SM Z;\il Ur(i,j) = O,(M?). Therefore, we have

& (Ur) sup Do(Ur, w) = O, (&1, (Ur)(T) ™ 2M?) = 0,(1), (B.15)

weH

where the last step is due to Condition (C.7).



Last, we consider (B.10). We observe that

& (Ur) sup T3(Ur, w)
weH

M M T
x—1 i G lm=17—1 i) (7)* )% j)*
< &in(Ur) Slég){ Z Z ww? [T~ ZEk‘teglheth — ]Ee(TJrheng)rh

WER =1 j=1 t=1

= 0,(1), (B.16)

where the last step is due to the jointly distributed stationary process {U, Xy, Yiin}i2,.
Therefore, the proof of Theorem 1 is completed. n

Proof of Theorem 2. Similar to the proof of Theorem 1, it is obtained that

SEV(Ur,w) = Rpu(w)+ o7y,
+O,(qMYPT=V27Y2 L MPTV22 o MA(TD Y. (B.T)

Denote 7(w) = >, w™. Let W be a weight vector with w™ = 0 for the correctly specified
models (i.e., m € D) and w™ = w™/(1 — 7(w)) for all misspecified models (i.e., m ¢ D).

For any given uy and any correctly specified model, it is easy to see that

™ — 4y =0 for m € D, (B.18)
and
E{Yrin — YN F = 0Fp (B.19)
Then, we obtain that
Rr(w) = E [YT—HL - Yfk+h(W)]2 - U%Jrh

2

M
= [E Z wm{YT+h — €74+hp — Y'IET;L*
m=1

2

= (L—7(W)E | (1= r(w) " "w™{ Yo — ern — Y200}
m¢D
= (1 7(W))* Ry, (W). (B.20)

10



By replacing w with its estimator and based on (B.17) and (B.20), we have
SEV*(Up, W(Ur)) = (1= (W(Ur))) 2Ry (W(Up))+O0, (qM 2T 2124 NPT =21 2 M (T Y.

Let A be a weight vector with = 1. Also, we obtain R7.,,(A) = 0 based on (B.18).

mGD
Then, it is shown that

SFV*(ug, A) = O, (qM2T=Y217V2 4 MPT=V21712 4 Mg*(T1) ™),
and

(1— T(vAv(UT)))ZR*TM(va(UT)) + Oy (gM YT~ 7Y2 4 MPT=Y217V2 o MgR(TH ™)

< SEV*(ug, A) = O, (qMY>T=V27Y2 4 M2TY21712 4 MgX(TD ). (B.21)
based on the fact that w(Ur) = arg mingey SEV*(Ur, w). Therefore, we derive that

(1 — 7(W(Ur)))? inf Ry (W) + Op(gM 2T V2 4 MPTV2172 4 M (T ™)

weH

< Oy (gMYPT=Y2712 L NPTV L M (TH Y, (B.22)

where 7(W(Ur)) is the estimator of 7(w) for any given Ur, i.e., 7(W(Ur)) = >_ .., @ (Ur).
Combined with Condition (C.8), for any given uo we obtain 7(W(Uy)) 2 1, and thus, the
proof of Theorem 2 is completed. [

Proof of Corollary 1. When all candidate models are misspecified, the results of Theorem
1 guarantee that our proposed procedure achieves the minimum prediction risk among all
possible estimators. Consequently, the risk associated with our approach cannot exceed the
risk of simple model averaging. We now turn our attention to the scenario where the correctly
specified models are encompassed within the set of candidate models. In this scenario, the
simple average procedure ensures that

M
m 1 o/ el ~(m
Yrn(1/M) = Z ST = 3 X [ & (U) — )] + .

m=1

= ur+ Z_ %X/T [H(m)' (a<m>(UT) — "™ (Up) + a™ (UT)> - a(UT)] )

11



- uﬁéixg e (& Ur) — " (Un)) | + Z 57X [ @ () — ()]

= pr+ Op(TPI7VPMY2q) + v, (B.23)

given Lemma 3, where v, has the same order as KM~'. Thus, the prediction risk is

Rpin(1/M) = Op(T~'7'M¢®) 4+ v?. Our SVMA prediction has

Yrin(W Z (U)Y
= MT+ZW (Ur) |:T+h ] Zw (Ur) [T+h }
meD me¢D

= pr + Op(T A2 M2g) + Oy (1 = 7(w(Ur)))
— o+ Oy (T V2712012
10, [T1/4l1/4(q1/2M1/4 M 4 M2 VA {ig%(EL;(UT,W))IMH

= pp + O (T VA2 MY2g) + O, (T~ VA7V (¢ 2 MY 1 M) (B.24)
Hence, the prediction risk is Ry (W (Ur)) = O (T H'Mg? + T7V27V2(gMY? + M?)),
which is smaller than Ry ,(1/M) as long as T-H'M¢?/v2 = o(1) and TV~ (qM'/? +
M?)/vi = o(1). This implies that T-'~"M?¢*K~* = o(1) and T2 V22 (gMP/? +
M) = o(1). 0

B.2 SVMA for Ultra-High Dimensional Setting

Proof of Corollary 2. The proof of Corollary 2 is an improvement of the proof of Theorem

ug and for any ¢ > 0,

3 in Zhang et al. (2016). To verify Corollary 2, it is equivalent to show that for any given
infyey R
infwep Frin(w) 1‘ > 5} 50 (B.25)

Pr{ [INC )

First, we define DF(Ur, w) = SFV*(Ur,w) — Rr,(w). Based on (B.3),

sup [DF(Ur, w)/ Ry, ,(w)| = 0,(1)

weH

12



for any given uy. With Conditions (C.7) and (C.10), it is observed that for any given ug

UT(UT) ‘
sup |- ———<| = o(1),
weH RT+h(W)
and
R n(W) Rrn(w)[1 ™
sup +—‘ = {inf *—‘}
wer | Rryn(w) wer | Ry, (w)
« -1
< {1 — sup RT+h(W*) - T+h(w)'} S,
weH RT+h(W>
where the last step is obtained from (B.2). Similarly, we have
R*
. Ten (W)
wert | Rron(w) — vr(Ur)
« -1
< {1—sup RT+h(W*)_RT+h(W)'— p —U*T(UT) ‘} — 1.
weH RT+h(W> weH RT+h(W)

Finally, we prove (B.25). It is observed that

infwey Rrin(w) }
Pr — -1 >4
{ Ry (Ww*(Ur))
Rrn(W*(Ur)) — infwey Rron(w) ‘ }
= Pr — >0
{ Ry n(W*(Ur))
. { SFV*(UT, V/\\’*(UT)) — DF(UT, V/\\T*(UT)) — infweq.[ RT+h(W) ‘ }
= Pr o >0
Ry n(W*(Ur))
_ p { infwe';.[* [RT+h(W) + DF(UT, W)] - DF(UT, V/C’*(UT)) 1nfw€;.[ RT+h ‘ }
= T — >
Ry n(W*(Ur))
< Pr{ infwey [Rryn(w) + DF(Ur, w)] — DF(Up, w*(Ur)) — infwew Rrqn(w ‘ > dlwr € H* }
Ry n(W*(Ur))
x Pr(wp € H*) + Pr(wp ¢ H")
DF(UT, WT) — DF(UT, VT’*(UT)) + UT(UT) }
< Pr - >0+ Pr(w H*
< v R (W (07)) 7
DF(Ur, wr) DF (Ur, w) ’ vr(Ur) }
< Pr - —|— su —_— _— > 5 + Pl" W H*
- { infwey Rrin(w) weg Rpin(w) wer | Rrpn(w) (wr ¢ 1)
DF (U, wr) DF(Ur, w) R h(w) ‘
< Pr sup |—————=1| su
- { Rypin(wr) —vr(Ur) WE’E[ Ry (W) | wen Rryn(w)
vr(Ur) R;}Jrh(w) } %
TR P A R A R O H
S | T |3 | R rwr ¢ #)
DF(Ur, w) Tn (W) DF(Ur,w) T (W) '
< P W) U W) rin\W)
= {f&é‘«i Ry (W) | wert | Rron(W) — or(Ur) | went| Ripon(W) | wert | Bren(w)
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vr(Ur) 5 R*T+h(w)
Ry (W) Rrin(w)

weH
Thus, (B.25) is obtained and therefore, the proof of Corollary 2 is completed. ]

+ sup ‘>5}+Pr(WT¢H*) 5o

weH

B.3 SVMA for State-Varying Factor Models

For any given ug, the notations like u ) and p(w) in Section 2 are modified by replacing
X with Z™ and o™ (up) with W™ (ug), respectively. The model averaging estimator
for W(ug) is given by

W (up, W Z wTT B (), (B.26)

where IT'™ is replaced by a selected matrix of size (gm + 7 X 7) X (¢ + 7 X 79) mapping
Zi to Zim), and Z, is the predictor vector including all predictors from candidate models.
" and fi(w)

in Section 2 are modified by replacing X\™ with Z{™, and aff?} (ug) with \Ilfm)] (ug), the

On the other hand, the forward-validation estimation-based notations like

parameter estimator after removing observations; see the following detailed notations.

Replacing X, with Zy, define Z™ as a (T — h) X (g +7 X 1) matrix with rows Zim’

We obtain Z qbt Z™  the sets to be removed, and Z[ as the remaining sets of Z(™

after removing Z[(t] ). For any given ug, the following local constant estimator \IJE )] (ug) is

i]

obtained as

~

~ ~ -1 .
T") (o) = <fot)}/K[ft} (uo)Z[(fﬁ) 2" K (o) Y (en) (B.27)

And the leave-h-out forward-validation estimator ﬁgm) (ug) of ,ugm) is

i (uo) = m, LW ") (up). (B.28)

Thus, the forward validation averaging estimator of p; is i, (w) = 2%21 wmﬁgm) (up) and

then fi(w) = (i (W), ... fir—n(w))"

Within Z; and \Il[ 1 (up), the state-dependent forward-validation criterion is

1

SFV(U(), W) = m(

Y — (W) K (o) (Y — fil(w)). (B.29)
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For any given ug, minimizing SFV (uy, w) with respect to w, we have
W(up) = argming, ¢, SFV(up, w).

Then, the SVMA prediction for Yoy, is Y (W(Uz)) = M @m(UT)}A/:,(,T})L, where w(Ur) =
(@ Ur),.... 0% (Ur)).

Condition (C.11). For the m-th candiate model and given any point ug, there exists a limit

W™= (g such that || (ug) — @™*(ue)|| = O,(¢*/2T~Y2172), as T, N — cc.

Condition (C.12). For each i, {X;, Uy, Vi, Fy, Yiin} is a-mizing process of size —7 /(T —2)
with T > 2, suplStST_hHZEm)H/\/a = O,(1) uniformly for all m, and for some positive
constant Cy, Cuin(T — h) U TZ K (ug)Z0) > C .

Remark 7. Condition (C.11) is a high-level assumption that ensures the estimator G m) of

*, and it concerns the

W™ in each candidate model converges to a well-defined limit ¥(™
convergence rate of local constant estimation in potentially misspecified models. The limit
W% can be interpreted as a pseudo-true value. Condition (C.11) is widely employed in
analyzing the asymptotic properties of model averaging estimators, e.q., Assumption 1 of
Zhang and Zhang (2023) and equation (6) of Zhang et al. (2016). Without the estimated
factors, Condition (C.11) is essentially equivalent to Lemma 3. If the parameters are con-
stant and without factors, Condition (C.11) holds under appropriate primitive conditions;
see Assumptions in Theorem 3.2 of White (1982). Besides, if the m-th candidate model is
correctly specified, the estimated common factor is a consistent estimator for the latent factor

F; up to some state-dependent rotation matriz H(ug) under some primitive conditions for

any given ug; see Theorem 1 of Pelger and Xiong (2022)°. After that, Condition (C.11)

®Condition (C.11) implies certain regularity conditions for factor models when the factor-augmented
regression incorporates the generated factors obtained from the first-step estimation as predictors. For
instance, the fourth moment of the factor is bounded both with and without the state filtration, and the
conditional covariance matrix of the factors needs to be positive definite, which is the state-conditional
version of Assumption A in Bai (2003) and consistent with Assumption 3 of Pelger and Xiong (2022).
Furthermore, factor loadings are deterministic and Lipschitz continuous with respect to the state, as specified

in Assumption 4 of Pelger and Xiong (2022).
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could be obtained similarly to Theorem 3.1 of Chen et al. (2024), which allows both q and
r to diverge at a slower rate than the sample size Tl. Condition (C.12) is an extension of

Condition (C.2).

Proof of Corollary 3. Based on Condition (C.11), for any given uy, it is observed that

max ||\/I}(m)(u0> — ‘I’(m)*(uo)H — Op(Ml/qu/ZT_1/2l_1/2),

1<m<M

Then, we have
| W (Up, w) — O (Up, w)|| = O, (M 2¢"/>T-/271/2), (B.30)
Similar to the proof Theorem 1, we have that

sup |L(Up, w) — L*(Up,w)| = Op(MqT V21712 4 M@PT— 7). (B.31)
weH
For any given ug, we have

sup [(w) — " (W) K (Ur) [B(w) — p*(w)] = Op(M¢?), (B.32)

weH

with Lemma 3, Conditions (C.2)-(C.5) and (B.4). Also, with Condition (C.2)-(C.5), it is
shown that

sup | (p* (w) — p(w)) K (Ur) (f(w) — p*(w))| = Op(M'2qT"2112). (B.33)

weH

After that, we have

&n(Ur) sup (T (Y — B(w))K(Ur)(Y = &(w)) — (Y — p*(w) K(Ur) (Y = p*(w))|

weH

= Op(M@& 3 (TH ™ + MY (T ™2) = 0,(1), (B.34)

where the last step is obtained from Condition (C.7). Similar to the proof of (B.9), with
Conditions (C.3) and (C.12), we have

&4 (Ur) sup (1) (Y = " (w) K (UR)(Y = o ()
SE(Y — ' (w) K(UD)(Y i (w)] = 0,(1).

based on Theorem 5.20 of White (2014). Therefore, the proof of Corollary 3 is completed. []
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Appendix C

The following two tables present the complete numerical results of the relative MSFE
gains for SVMA, SA, SAICc, SAIC and SBIC over AICc method discussed in Section 5. Note
that the first column in both tables indicates the initial time point for the relative MSFE
calculation, the final time point is December 2020. The relative MSFE gain is computed as:

T, 9

t=Ty €t,()

o =~

Z— with Ty = 2020 : 12,
t=Ty €,(AIC,)

MSFE() (Ty,Ty) = 1 —

where the forecast data 77 € [2019 : 1,2020 : 1], and ¢ represents the SVMA, SA, SAICc,
SAIC, and SBIC method, respectively.

Table C.1: Relative MSFE values for stock return forecasting.

h=1 SVMA SA SAICc SAIC SBIC
Jan. 2019 0.1613 -0.1038 -0.0936 -1.2645 0.1405
Feb. 2019 0.1639 -0.1023 -0.0921 -1.2629 0.1417
Mar. 2019 0.1664 -0.1037 -0.0933 -1.2942 0.1474
Apl. 2019 0.1693 -0.0931 -0.0831 -1.2865 0.1488
May. 2019 0.1697 -0.0939 -0.0839 -1.2831 0.1491
Jun. 2019 0.1765 -0.0871 -0.0774 -1.2831 0.1518
Jul. 2019 0.2225 -0.0836  -0.0738 -1.2845 0.1516
Aug. 2019 0.2226 -0.0832 -0.0734 -1.2822  0.1517
Sep. 2019 0.2232  -0.0833 -0.0735 -1.2789  0.1520
Oct. 2019 0.2233 -0.0835 -0.0737 -1.2797  0.1519
Nov. 2019 0.2092 -0.0803 -0.0698 -1.3110  0.1500
Dec. 2019 0.2088 -0.0768 -0.0665 -1.3174 0.1481
Jan. 2020 0.2132 -0.0796 -0.0692 -1.3449 0.1494

h=2
Jan. 2019 0.5387 -1.7699 -1.9438 -0.5429  0.4972
Feb. 2019 0.5432 -1.7839 -1.9592  -0.5429  0.5028
Mar. 2019 0.5455 -1.7926 -1.9686 -0.5477 0.5054
Apl. 2019 0.5455 -1.7924 -1.9684 -0.5477  0.5055
May. 2019 0.5448 -1.7960 -1.9722 -0.5492  0.5066
Jun. 2019 0.5450 -1.v971 -1.9734 -0.5498  0.5068
Jul. 2019 0.5543 -1.7880 -1.9654 -0.5490  0.5067
Aug. 2019 0.5494 -1.8296 -2.0095 -0.5719 0.5018
Sep. 2019 0.5497 -1.8301 -2.0101 -0.5709  0.5024
Oct. 2019 0.5501 -1.8312 -2.0113 -0.5719 0.5026
Nov. 2019 0.5565 -1.8464 -2.0281 -0.5772  0.5095
Dec. 2019 0.5558 -1.8521 -2.0342 -0.5780  0.5107
Jan. 2020 0.5708 -1.8679 -2.0532 -0.5769  0.5176

17



Table C.2: Relative MSFE values for macroeconomic forecasting.

RPI SVMA SA SAICc SAIC SBIC
Jan. 2022 0.8373  0.4767  0.4620 -50.6540  -0.9070
Feb. 2022 0.8336  0.4216  0.4053 -33.8541  -1.6214
Mar. 2022 0.8308 0.4091  0.3926 -35.5296  -1.8095
Apl. 2022 0.8343  0.4112  0.3947 -35.6883  -1.8224
May. 2022 0.8046  0.2696  0.2503 -43.8053  -2.5175
Jun. 2022 0.8062  0.2697 0.2503 -42.0408 -2.5160
Jul. 2022 0.8324  0.4078  0.3899  -5.8861 -1.8910
Aug. 2022 0.8315 0.3742  0.3551  -5.7306 -2.0329
Sep. 2022 0.8989  0.4150  0.3950  -5.5265 -2.3110
Oct. 2022 0.9005 0.4143  0.3947  -4.8809 -2.4465
Nov. 2022 0.8712  0.2477  0.2249  -6.4299 -3.5172
Dec. 2022 0.8710 0.2430  0.2205  -6.5930 -3.6560
Jan. 2023 0.8736  0.2394  0.2160  -5.9873 -3.7624
TB3MS
Jan. 2022 0.4641  0.1259  0.1264  -7.6447 -0.4958
Feb. 2022 0.4755 0.1392 0.1394 -12.5431  -1.0309
Mar. 2022 0.5586  0.0829  0.0850 -19.1140  -1.7566
Apl. 2022 0.5255 0.0316  0.0343 -21.0569  -2.1595
May. 2022 0.7067  0.2450  0.2471 -20.2310  -2.0256
Jun. 2022 0.7041  0.2325  0.2347 -20.6188  -1.7957
Jul. 2022 0.6080  0.1247  0.1286 -32.7638  -3.5055
Aug. 2022 0.6076 0.0851  0.0893 -29.3800  -3.5903
Sep. 2022 0.7382  0.0152  0.0245 -42.7100 -5.2612
Oct. 2022 0.7447  0.0055 0.0149 -18.9720  -3.0062
Nov. 2022 0.7711 -0.0031 0.0063 -19.0943  -2.9949
Dec. 2022 0.8566  0.1018  0.1098  -5.9093 -3.1701
Jan. 2023 0.9041 0.3444  0.3497  -9.4143 -5.6199
PAYEMS
Jan. 2022 0.5174  0.2773  0.2560 -43.5201 -43.3931
Feb. 2022 0.4356  0.2805  0.2517 -38.2225 -37.9855
Mar. 2022 0.5928  0.4487  0.4226 -48.4543 -48.1165
Apl. 2022 0.6378  0.4843  0.4568 -13.5151 -13.1747
May. 2022 0.6066  0.4861  0.4597  -2.5746 -2.2582
Jun. 2022 0.6121  0.4876  0.4617  -2.4950 -2.1786
Jul. 2022 0.5321  0.4442  0.4031  -2.4750 -2.0453
Aug. 2022 0.6587 0.5089  0.4678  -2.6533 -2.2018
Sep. 2022 0.6777  0.4971  0.4377  -4.5569 -3.8102
Oct. 2022 0.6638 0.5319  0.4764  -4.7950 -4.0083
Nov. 2022 0.7078  0.4855  0.4295  -4.9353 -4.0708
Dec. 2022 0.6112  0.4220 0.3663  -6.6503 -5.4877
Jan. 2023 0.5365 0.4965  0.4468  -6.8520 -5.3705
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