FINANCIAL MARKETS WITH HEDGING COMPLEMENTS

ALAIN CHATEAUNEUF AND BERNARD CORNET

This paper considers financial markets with bid-ask spreads and studies the class
of markets with hedging complements, a property formalized by the complementarity
of its hedging price, in the same way as strategic complements is defined on agents’
payoff functions in game theory.

The class of markets with hedging complements contains both markets with fric-
tionless securities and the larger class markets with independent marketed securities
together with the frictionless bond, assuming both to be arbitrage-free. Moreover,
the hedging prices of the latter markets are proved to satisfy a tractable explicit
formula, as the sum of a “generalized” convex Choquet integral and of a modular
term. Finally this class of markets also satisfyg the put-call parity of Cerreia-Vioglio,

Maccheroni, Marinacci, and Montrucchio (2015).
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1. INTRODUCTION

Perfect complementarity has long been regarded by economists to be formally
expressed by submodularity (resp. supermodularity) or by the decreasing (in-
creasing) difference property of cost (utility) functions. The use of supermodu-
larity for utility functions as a notion of complementarity, dates back to Fisher,
Pareto, and Edgeworth. More recently, an important literature on games with
strategic complements has opened new avenues in various problems in economics
and game theory. Markets with hedging complements are formalized by the com-
plementarity of the hedging price, in the same way as strategic complements are
defined on agents’ payoff functions in game theory. Such markets extend natu-
rally the class of markets with frictionless securities, to take into account a large
class of frictions, and behave similarly when using non-additive expectation (in-
tegration) models, developed recently in decision theory with ambiguity.

The study of market frictions is a very active research topic in economics and
finance, both empirically and theoretically. Due to the important evidence for the

existence of bid-ask spreads in the market, the finance literature has developed
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models to study these types of frictions and others such as transactions costs,
short sales, and taxes. The Fundamental Theorem of Asset Pricing has been
extended to the case of financial markets with bid-ask spreads, assuming the bond
is frictionless and such markets provide a natural rationale for the famous Gilboa-
Schmeidler multi-prior model, extensively used in this paper in its dual form.'
Actually, the Fundamental Theorem of Asset Pricing states that, in the basic
two-date stochastic model, the absence of arbitrage opportunities in a financial
market exhibits a risk-free interest rate, together with a family P of risk-neutral
probability measures, consistent with the bid-ask prices of marketed securities
and the prevalent uncertainty. Furthermore, valuing today a payoff, that will be
delivered in the future, through the hedging or super-hedging price is exactly in
line with the multi-prior model, since its price is the discounted supremum of
the expected payoffs over the family P of risk-neutral probability measures.
The general framework of this paper considers an arbitrage-free financial mar-
ket M with finitely many securities with bid-ask spread, together with a fric-
tionless marketed security (e.g., the bond in most applications) and hereafter
simply referred to as a market. The definition of hedging complements, with
the decreasing difference properties of its hedging price, has a meaningful finan-
cial interpretation. That is, for every pair of marketed security payoffs the net
cost of buying the first security (once the second security has been bought) is not
greater than the net cost of buying the first security alone. Markets with hedging
complements extend naturally the class of markets with frictionless securities. It
appears also that frictionless markets can be characterized by the strengthening
of the hedging complement property introduced in the study of cost games.
The class of markets with hedging complements includes the class of markets
with independent marketed securities with bid-ask spread. This new class of
markets is easily identified from the primitive features of the markets and it
includes the class of markets with frictionless securities since, for such markets,
redundant securities can always be eliminated at no cost. Our main contribution
is to show that a market with independent securities satisfies an explicit two-part
formula for its hedging price that is the sum of a “generalized” convex Choquet
integral and a modular part. The two-part formula directly implies that such

markets have hedging complements since their hedging prices are submodular,

1Here, the hedging and super-hedging prices are the supremum of expected payoffs for a
given class of probabilities (see Theorem 2.1), instead of the infimum of expectation as in
Gilboa and Schmeidler (1989).
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but it makes also tractable both the computation of the hedging price and the
way to find best strategies to obtain it.

Subadditive Choquet pricing rules have been introduced by Chateauneuf,
Kast, and Lapied (1996), who provide an axiomatic characterization relying
on comonotonic addity, and Cerreia-Vioglio, Maccheroni, and Marinacci (2015)
characterize such pricing rules with the put-call parity that has been hugely stud-
ied in the literature. Thus, for such a market the multi-prior model by Gilboa
and Schmeidler (1989) coincides with the Choquet expected utility model of
Schmeidler (1989) in the sense that the risk-neutral non-additive probability as-
sociated with the generalized Choquet integral summarizes the information of
the bundle of (standard) risk-neutral probabilities. Our main result considers a
different non-axiomatic approach, based on the primitives of the market, that is,
the payoffs and prices of its marketed securities. We show that a market with
independent securities, together with a mild additional assumption (implying
that the modular term in our formula is null) is a generalized Choquet integral.
This allows us to characterize also the set of stochastic discount factors by the
non-additive measure associated with the generalized integral.

Finally, the extended notion of put-call parity, as introduced by Cerreia-
Vioglio, Maccheroni, Marinacci, and Montrucchio (2015) is proved to be satisfied
for markets with independent securities even in cases where the hedging price
may not be a generalized Choquet integral. It happens that the notion of gener-
alized Choquet integral used in the paper coincides with the notion of Choquet
integral on Riesz space introduced by Cerreia-Vioglio, Maccheroni, Marinacci,
and Montrucchio (2015).

Relation to the literature

The study of market frictions in financial markets is a very active research topic
in economics and finance both empirically and theoretically. Due to the impor-
tant evidence for the existence of bid-ask spreads in financial market, Amihud
and Mendelson (1986), the literature has developed models, which incorporate
transactions costs, short sales, and taxes: Luttmer (1996), Prisman (1986), Ross
(1987). The Fundamental Theorem of Asset Pricing has been proved by Jouini
and Kallal (1995, 2001) for markets with bid-ask spreads, thus extending the
theory developed in the frictionless case, first by Ross Ross (1976); ?, Cox and
Ross (1976), and in a dynamic setting by Harrison and Kreps (1979), Duffie and
Huang (1986), Delbaen and Schachermayer (2006). For a general presentation of
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the topic, we refer to Dybvig and Ross (1986), Follmer and Schied, (2004), Ross
(2005), Delbaen and Schachermayer (2006).

Perfect complementarity has long been regarded by economists to be formally
expressed by submodularity (resp. supermodularity) or by the decreasing (in-
creasing) difference property of cost (utility) functions. According to Samuelson
(1974), the use of supermodularity for utility functions dates back to Fisher,
Pareto, and Edgeworth. The seminal paper by Bulow, Geanakoplos, and Klem-
perer (1985) introduced the notion of strategic complements on agents’ payoff
functions in game theory. The complementarity property has been strenghened
in the study of cost games by ?, Sharkey (1982), Moulin (1992), and also by
Marinacci and Montrucchio (2005) and Miiller and Scarsini (2012). In our study,
it appears that this stronger condition characterizes frictionless markets. Other
important papers on supermodularity are?, Milgrom and Shannon (1994), Vives
(1990), Milgrom and Roberts (1990). A general reference is the book by Topkis
(1998) that also study the consequences of having complementarity properties
in cost and utility functions.

More recent literature has studied the related concept of market pricing rules
in an axiomatic framework, thus different from our approach that focuses on the
primitives of the financial market, that is, the payoffs and (bid and ask) prices of
its marketed securities. Araujo, Chateauneuf, and Faro (2012) characterize the
super-hedging price of arbitrage-free frictionless markets on tradeable assets. In
the seminal paper by Jouini and Kallal (2001), efficient trading strategies are
characterized in the presence of market frictions, generalizing previous work by
Dybvig and Ross (1986) for frictionless markets. In a more recent paper, using
the efficiency notion of Jouini and Kallal (2001), Araujo, Chateauneuf, and Faro
(2018) show that the class of efficient complete markets with bid-ask spreads is
the prevalent case revealed by finitely generated pricing rules.

Seminal papers introducing and using Choquet integral in economics and de-
cision theory are Schmeidler (1986), Schmeidler (1989), and Gilboa (1987). A
presentation of the theory can be found in Denneberg (1994), Gilboa (2009), and
Marinacci and Montrucchio (2004). Other related papers by Chateauneuf, Kast,
and Lapied (1996), Cerreia-Vioglio, Maccheroni, and Marinacci (2015), Cerreia-
Vioglio, Maccheroni, Marinacci, and Montrucchio (2015), and Chateauneuf and
Cornet (2018) are studying the pricing of securities via Choquet integral (expec-

tation) and provide an axiomatic characterization of such pricing rules.
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The parity between call and put has long been tested by empirical research,
see Stoll (1969); ?, Gould and Galai (1974), Klemkosky and Resnick (1980),
Sternberg (1984), Kamara and Miller (1995). Chateauneuf, Kast, and Lapied
(1996) show that a pricing rule, which is a submodular Choquet integral allows to
explain why, when introduced on the market, puts have a price smaller than the
replicated payoff which can be obtained with a corresponding call and security,
hence violating some version of the put-call parity for European Options. Cerreia-
Vioglio, Maccheroni, and Marinacci (2015) show that another version of the put-
call Parity for European options characterizes a pricing rule which turns out to
be a discounting Choquet integral. This result is extended by Cerreia-Vioglio,
Maccheroni, Marinacci, and Montrucchio (2015) to the case of Riesz spaces and

non-monotone pricing rules, a framework allowing to study hedging prices.
Organization

The paper is organized as follows. Section 2 is devoted to the study of markets
with hedging complements. In Section 2.1 and 2.2 we present the model and re-
call the standard notions on financial markets used in the paper. In Section 2.3,
markets with hedging complements are defined and their properties are summa-
rized in Proposition 2.5. Strong hedging complements are defined in Section 2.4
and Proposition 2.8 shows this condition characterizes frictionless markets.

Section 3 is devoted to the study of markets with independent securities. In
Section 3.2, our main result (Theorem 3.5) provides a two-part formula for the
hedging price, as the sum of a submodular Choquet part and a modular part,
thus shows that such markets have hedging complements. The two-part formula
makes tractable the computation of the hedging price but also the way to find
a strategy to obtain it, as stressed in Example 3.6. In Section 3.3 we show that
the extended put-call parity property is satisfied (Theorem 3.5), even when the
hedging price is not a Choquet integral (Example 3.7). Section 3.4 studies the
case where the hedging price is a generalized Choquet integral (Corollary 1).
Finally, in Section 3.5, we illustrate our general study with the case of Arrow
securities and event securities (Theorem 3).

The proofs of the different results are given in the Appendix. 2

2We recall some notations used throughout the paper. Let Q be a finite set, we let R? be
the vector space of functions z : @ — R, endowed with the point-wise order = > z’ defined
by z(w) > z/(w) for all w € Q and we define z > 2’ by z(w) > z/(w) for all w € Q. We let
]R$ = {z € R® : 2 > 0} and R$+ = {z € R®? : > 0}. The lattice operations A and V
are defined by (z A y)(w) := min{z(w),y(w)}, (z V y)(w) := max{z(w),y(w)} for all w € Q.
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2. MARKETS WITH HEDGING COMPLEMENTS
2.1. Hedging and super-hedging prices of a market

This paper considers a basic tractable two-date stochastic model, where t = 0
(today) is known and ¢ = 1 (tomorrow) is uncertain. The set 2, called the state
space, represents tomorrow’s uncertainty and lists the possible states that can
prevail at ¢ = 1, one and only one of which will be disclosed at ¢ = 1.

A financial market M, or in short a market, is a collection of finitely many
securities with bid and ask prices, all defined on the same state space €2, indexed
by j € J :={1,...,J}. Each security j is a contract that promises the payoff
Vi(w) (resp. —V7(w)) at t = 1 if state w prevails, for each unit bought (resp.
sold) at t = 0, and it is paid ¢’ (resp. —gj) at t = 0. We adopt the standard sign
convention for payoffs that V7(w) is a gain whenever positive and |V7(w)| is a
payment whenever V7(w) < 0. Similarly, if ¢ is price, or later a cost, then c is
a payment if ¢ > 0, and |c| is a gain if ¢ < 0. For each security j, we denote by
Vi = (Vi(w)) € R? its vector of payoffs across states (or the random variable
Vi — R), simply called payoff of security 7; gj € R is called its bid (selling)
price, and ¢ € R its ask (buying) price. The market M can be summarized by:

M = ((Vl,gl,ql), ce (V'I,Q‘I,QJ)).

Thus, choosing the strategy («, ) € R_{_ x R, where a := (a!,...,a”) (resp.
B:=(B,...,B7)) is the list of quantities bought (resp. sold) of each security:

e yields the payoff Z;’:l(aj — B9)VI € R across states at t = 1,

e in exchange of the payment of Z}I:1 Fal — gjﬁj at t = 0.

The market M is said to be arbitrage-free if it satisfies the following two
conditions of present and future arbitrage-free, for all (a, 8) € R{ x R

Yii(af = BV 2 0= 3 @al — ¢/ > 0 (PAF),
Y0 =)V > 0= 3 Fal — ¢ >0 (FAF).

The payoff x € R is said to be replicable (vesp. super-replicable) if
Z;’zl(oﬂ — B)VIi =z (resp. > z) for some (o, 8) € R x R.

The hedging price c(x) and the super-hedging price c4(z) (often also referred
to as replication and super-replication costs) associated with the market M are
then defined as the infimum of the cost of all strategies (a, ) > 0 that allow to
replicate (resp. super-replicate) the payoff x, that is,

We denote by 14 the indicator function of the subset A C Q, ie., 14(w) = 1if w € A, and
14 (w) = 0 otherwise. We let 13 = 0 by convention.
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c(z) = inf{zjtl Fod —Qjﬂj : ijl(aj - BNOVI =2,(a,B) € ]RJ X RJ}

c4(z) :=inf { Z}]:1 7ol —gipi: Z}]:l(ozj - VI >z (a,8) e RL x R{}.

We point out that ¢(z) and c4(z) a priori belong to [—oo,+oc], with the
convention that ¢(z) = +oo if 2 is not replicable and ¢y (z) = +oo if x is not
super-replicable. Moreover, we will see later (see Theorem 2.1) that, whenever
the market is arbitrage-free, both ¢(z) and cy(x) will not take the value —oo,
i.e., will not generate an infinite gain |c(x)| and |c4(z)].

The j-th security (V7, gj,qj ) of M is said to be frictionless if gj =@ and it
will be simply denoted by (V7,¢’) with ¢/ := ¢/ = g’. The previous framework
clearly encompasses the case of a market M = ((V',¢'),...,(V’,¢’)) whose
securities are all frictionless, and in such a market the previous arbitrage-free

notion coincides with the standard one, i.e., there does not exist § € R”,
(— Z;']:1 ¢, Zj:1 07V7) > 0.

2.2. Stochastic discount factors and risk-neutral probabilities

Given the market M := ((V1,¢*,7"),...,(V/,¢7,77)), we let:
M={peR®: g <Vi.pu<qg Vj=1,...,J}
(resp. My = M NRY, and Mo, = M NRY,),
be respectively the set of (resp. nonnegative, resp. strictly positive) stochastic
discount factors p, for which the discounted payoff V7 - p of each security j
belongs to the price spread [¢7,’] (hence is equal to its price ¢/ := ¢/ = ¢/,
whenever the security j is frictionless).

We now recall the Fundamental Theorem of Asset Pricing that characterizes
an arbitrage-free market M by the existence of a strictly positive stochastic
discount factor p € M, and also by the fact that the super-hedging price
¢4 (z) is the supremum of the present discounted value x -y of x for all p € M, 4
(the second part being sometimes called the Duality Theorem of Asset Pricing).

The following result synthesizes the two parts in a unique statement and also
considers the cases of present and weakly arbitrage-free markets, extensively used

throughout the paper. The proof of the theorem is standard.

THEOREM 2.1 (Fundamental Theorem of Asset Pricing) The following asser-
tions are equivalent for the market M := ((Vl,gl,ql), e (VJ,QJ,QJ)):

(i) M is arbitrage-free (resp. present arbitrage-free, resp. weak arbitrage-free®);

3In the sense that, for all (a, 8) € IR_{_ X Ri, one has:
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(i) Myt £ 0 (resp. My #0, resp. M #£0);
(iii) M4+ # 0 and SUPLepm,, T 1= c(x) # —00 for allz € R%,
(resp. My # 0 and  sup,epq, T+ p = cy(x) # —00 for all v € R,
resp. M # 0 and  sup,cp - p = c(x) # —o0 for all x € R?).
Moreover, if the market M is present arbitrage-free, then c; : R® — RU{+oc}

and ¢ : R® — RU {+0c0} are sublinear" and the following hold:
e [Cost Spread] —c(—z) < —cy(—x) < cq(z) < c(x) for all z € RY,
e [Frictionless] ¢ =@’ implies VI frictionless, i.e., —c(—V7) = c(V7).

We recall that if the frictionless bond (1g,q°) is a marketed security of the
arbitrage-free market M, then the stochastic discount factors y € M, can be

uniformly normalized as risk-neutral probabilities, in a standard way, as follows.

REMARK 2.2 (Risk-neutral Probabilities) Consider the arbitrage-free market:
M = ((IQ, q°), (Vl,gl,ql), cee (VJ,QJ,Q‘])).

By Theorem 2.1, the present discounted value of the bond 1g is independent
of the choice of the stochastic discount factor p in M since ¢y (1g) = ¢(1q) =
@ =1q-p = p(Q) > 0 for all 4 € M, . Thus, c¢;(1g) is interpreted as a
risk-free discount factor and the risk-free interest rate r is (uniquely) defined
by ¢4 (1g) =1/1 4 r. So we can (uniformly) normalize each stochastic discount

factor p € My as a risk-neutral probability, that is, as an element of the set:

(1+7rMyq ={PeProbar(Q):¢ <= Ep(V)) <@ Vj=0,...,J} #0.°
Thus, for every risk-neutral probability P, the discounted expected payoff of
every security j belongs to its price spread [¢7,¢’] (hence is equal to the asset

price gj = ¢’ whenever the security j is frictionless). O

REMARK 2.3 (Multi-prior model of Gilboa and Schmeidler (1989)) It is worth
noticing that the Fundamental Theorem of Asset Pricing (Theorem 2.1) provides
a natural rationale for the famous multi-prior model of Gilboa and Schmeidler
(1989), extensively used in this paper in its dual form, i.e., with a “sup” since we
are dealing with cost functions, instead of an “inf” as in Gilboa and Schmeidler

(1989) who are considering utility functions.

Yicglad =pHVI=0= ZjEJﬁjaj — ¢/Bi > 0 [Weak Arbitrage-free].
4f :R® — RU {+oo} is sublinear if it is subadditive, i.e., f(z + ') < f(z) + f(a’) for all
z,z’, and positively homogeneous, i.e., f(0) = 0 and f(tz) = tf(z) for all z and all ¢ > 0.
5Where Proba;4(Q) := {P € ]R$+ * Ywen P(w) = 1} is the set of strictly positive
probability measures on 2 and Ep(X) := X - P is the expected payoff of X : O — R.
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Actually, since the market M is arbitrage-free, it exhibits a nonempty family
of stochastic discount factors M, 4 (thus a family P of risk-neutral probability
measures as in Remark 2.2 whenever the frictionless bond is part of the market
M), consistent with the bid and ask security prices at ¢t = 0 and the prevalent
uncertainty at ¢ = 1. Furthermore, the present value of the payoff z : 2 — R
calculated by c;(z) = sup,epq,, @4 (as in Theorem 2.1) is in the line with the
multi-prior model of Gilboa and Schmeidler (1989). |

We end this section with the definition of an equivalence relation that is ex-
tensively used throughout the paper. Two markets M and M’ are said to have
the same market structure or to be indistinguishable, denoted M = M’,
whenever they have the same set of stochastic discount factors, that is, M = M’.
From Theorem 2.1, if two markets are indistinguishable, they have the same
hedging and super-hedging prices, i.e., ¢ = ¢’ and ¢, = c’+.6 The marketed secu-
rity (V7,¢7,¢) of the market M is said to be redundant, if the market M_;,
obtained from M by removing its j-th security, is indistinguishable from M.

2.3. Hedging complements

The formal expression of perfect complementarity, which dates back to Fisher,
Pareto, and Edgeworth, according to Samuelson (1974), is usually formulated
by a submodularity assumption on cost functions and by a supermodularity as-
sumption when dealing with utility and payoff functions. Submodularity (super-
modularity) can then be equivalently reformulated as a decreasing (increasing)
difference property (see, e.g. Topkis (1998)) and this property will be taken as
the primitive definition of complementarity in our paper since it has a natural
interpretation when dealing with hedging prices.

Two payoffs X1, X2 in R® are said to be hedging complements for the
market M if its hedging price ¢ : R® — R satisfies the following decreasing
difference property for all x € span{X!, X2} and for all a; > 0, ap > 0:

oz + a1 Xy + e Xo) — c(z + e Xo) < ¢l + a1 X7) — ¢(x),

that is, the net cost of buying the first security (once the second one is bought)

is not greater than the net cost of buying the same amount of the first security.

SConversely, if ¢ = ¢/, then M and M’ are indistinguishable since from Theorem 2.1, one
can prove that M = 9¢(0). The converse is not true in general with super-hedging prices.



10 ALAIN CHATEAUNEUF AND BERNARD CORNET

In particular, if X! :=1,,, X? :=1,, are two Arrow securities on states w; #
wa, say (tomorrow) “my house is burnt” and “my car is stolen” the decreasing
difference property reads now as : the net cost for insuring the house (once the
car is insured) is not greater than the net cost for insuring the house.

We now formally define a market with hedging complements.

DEFINITION 2.4 Let ¢ : R® — RU {400}, the family (X*,..., X&) of vectors

in R® is said to be complements with respect to c if:

[Complements] c is finite on (X) :=span{X?!,..., X%} and for all z € (X)
c(x+aX? +BX") —c(x+ BX*) < c(z+aX?) —c(z) for all j # k, all & > 0,8 > 0.
e Consider now a market M := ((Vl,gl,ql), cee (V'I,QJ,Q‘])).

[Hedging Complements] The payoffs X*',..., X¥ in R® are hedging comple-

ments for the market M if they are complements for its hedging price c.

The market M has hedging complementsif M = M := (V',¢",7"),...,(V’,q7,7"))

and the payoffs V!, ..., V7 are complements of the hedging price ¢ of M.”

The hedging complement property of a market is thus formalized in the same
way as strategic complements of agents’ payoff functions is formulated in game
theory (see Bulow, Geanakoplos, and Klemperer (1985)).

The following result summarizes the main properties of hedging complements
specific to financial markets. The first assertion is the standard characterization
of complements by different types of submodularity properties. Second, if a mar-
ket with hedging complements is merged with frictionless securities, the merger
will still have hedging complements. Thus the class of markets with hedging com-
plements contains markets with frictionless securities. The last property is used
in the next section to characterize a stronger notion of hedging complements.

In the following, we let (V) be the vector space spanned by the vectors
V1, ..., V7. The linear mapping V : R’ — (V) is defined by V6§ = Z‘j]:l ZAVER
When the vectors V1,..., V7’ are independent, then V is bijective, its inverse
is denoted by V1, and the order >y on (V) is defined by 2’ >y x whenever
V~=1(z') > V~!(z) (denoting > the coordinatewise order of R”).

PROPOSITION 2.5  Let ¢ : R® — RU {+o0} be sublinear, let VI € R7 (j=1,...,J).

o The following assertions (1) and (2) are equivalent:

"Note that c is also the hedging price of M since M = M.
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(1) the vectors V1,..., V7’ in R® are complements for c;
(2) f:=coV is submodular (for the coordinate-wise order > on R”), i.e.:

FOVO)+FONO) < F(O)+ f(0') for all 0,0 in R ;

T are independent:

e and also equivalent to (3) whenever the vectors VY, ... |V
(3) ¢ is submodular on (V') for the order >v, i.e.:
c(x Vy 2') +c(x Ay 2') < c(x) + c(2') for all z,2" in (V)
e and also equivalent to (4) for every frictionless vector VO € R?
(4) the vectors VO, V1, ... V' are complements for c.”
o Ifeach VI (j =1,...,J) is frictionless, then V1,..., V'’ are complements for c.
e Fvery market M with frictionless securities has hedging complements.
o If VL ...,V in R® are complements for ¢ and V' = V@ for some 6 =

(0,6%,...,07) >0 (e.g., VI = VI for some j # 1), then V' is frictionless.

The proof is given in the Supplementary Material Appendix A.

2.4. Strong hedging complements

The previous definition of complements has an equivalent formulation, when

the couples (V7,V*) of payoffs are replaced by more general bundles of vectors.

REMARK 2.6 The market M has hedging complements if and only if its hedging
price ¢ satisfies for all x € (V) , for all a, 8 in R_{_ such that a A 8 = 0:
clx+Va+Vp)—cla+VP) <clz+Va) —c(x).
This is a standard result, whose proof can be found in Topkis (1998), consid-
ering the function f:=coV : (V) — R. O

Thus, the hedging complements property can be strengthened by removing

the condition a A = 0 as follows.

DEFINITION 2.7 The market M has strong hedging complements if

M= M:=((V',q.7"),....,(V',q’,3’)) and the payoffs V!,...,V”/ are strong

complements of the hedging price ¢ of M:'°

[Strong Hedging Complements] for all z € (V), for all a, 3 in R
clz+Va+VB)—clx+Vp) <clz+ Va) — c(z).

8The definition of submodularity of c on (V) has a clear meaning since ({(V),>y) is a Riesz
space. See the Supplementary Material Appendix C.

9and, by a simple induction argument, for every family of vectors (V°1,... VOK) in R it
is also equivalent to (4') the vectors VO ... VOK V1 . VY are complements for c.

10Note that c is also the hedging price of M since M = M.
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The strengthened property of complements has been introduced for the study
of cost games. See Sharkey (1982) and Moulin (1992), and also Marinacci and
Montrucchio (2005) and Miiller and Scarsini (2012) for a general study of func-
tions satisfying the strong complementarity property.

The next result shows that Strong Hedging Complements characterizes fric-
tionless markets, that is, which are indistinguishable from markets with friction-

less securities (Assertion (iv) hereafter).

PROPOSITION 2.8 Let M be a present arbitrage-free market, with hedging price c.
Then the following assertions are equivalent:

(1) the market M has strong hedging complements;

(i) M= (VY ¢",7"),....,(V7,¢7,q7)) and —c(=V7) = (V) for all j;

(7i1) c is (finite-valued and) linear on the space of replicable payoffs;

(iv) M s a frictionless market, that is, M = ((Vl,ql), el (VJ,qJ)).
If (iv) holds, then ¢/ := c(V7) for all j.
The equivalence [(i7) < (i1i) < (iv)] is a standard property of frictionless
markets. The linearity of the hedging price ¢ clearly implies that M has strong
hedging complements, thus [(ii) = (i)]. We now prove [(i) = (4i)]. Assume
M=M= ((Vl,gl,ql), cee (VJ,QJ,@])) and the payoffs V1,..., V7 are strong
complements of c. Notice that the two markets M and (M, M) are indistin-
guishable, hence they have the same hedging price c. One checks that the secu-
rity payoffs (V1,...., V. V1 ... V) of (M, M) are also strong complements of
¢, and in particular complements of c. But every V7 appears twice in the list of
complements, thus V7 is frictionless by the last assertion of Proposition 2.5. A

detailed proof is given in the Supplementary Material Appendix A.

3. MARKETS WITH INDEPENDENT SECURITIES

The last part of the paper studies markets with independent securities, which
will be proved to be a subclass of markets with hedging complements, but whose

definition depends now only on the primitive features of the market.

DEFINITION 3.1 The market M is said to have independent securities if

M=M:=((V°¢"),(V',¢"q"),....,(V7,¢7,77)) satistying:

lljf‘he}t is, the merger (or the concatenation) of M with itself. Formally:
(M, M) = ((V',¢"q"),...,(V',q¢7,q7), (V1 ¢',q"), ..., (V7. q7,7")).
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PAF: the market M is present arbitrage-free,
IND: the marketed security payoffs V', ..., V7 are independent vectors.

Note that, the market M contains the frictionless security (V?,¢%), usually
taken to be the frictionless bond (1g,¢°) in finance, and the independence as-
sumption IND is made only on securities j = 1,...J (excluding j = 0). The
relationship between the classes of markets we consider in this paper can be sum-

marized as follows, considering all markets hereafter to be present arbitrage-free:

Frictionless < Strong Hedging Complements
= Independent Securities = Hedging Complements.

Add Hedging Complements and 77 = Generalized Choquet

Indeed, the equivalence property is prove din Proposition 2.8. Second, when
all securities of M are frictionless, every security whose payoff is a linear com-
bination of the other marketed security payoffs is redundant, that is, it can be
eliminated without changing the market structure. Thus by eliminating all its
redundant assets, every frictionless market M is indistinguishable from a market
M satisfying IND. Finally, the second implication is proved in the next sections
(Theorem 3.5 hereafter), together with a tractable formula for the hedging price
that depends only on the primitive features of the market.

Other examples of markets with independent securities are given in the

next section (see Example 3.3).

3.1. Normalized markets with independent securities

Consider the following market with independent securities:

M = ((112,1),(214,1,1.2), (=12, —.6,—.4)) with Q = {1, 2}.

Then, the market M is indistinguishable from:

M := ((112,1),(14,.5,.6), (12, .4, .6)) that satisfies 1;5 = 11 + 15.

It appears that the above simple transformation of the market M in M, by
rescaling securities and prices, or by changing the signs of securities and prices
accordingly, works in the general case of markets with independent securities,
and allows to write M in a (“better”) normal form that will be of fundamental
use hereafter (see Theorem 3.5). In other words, without any loss of generality,

markets with independent securities can always be normalized as follows.

ProproSITION 3.2 If M is a market with independent securities, then
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M= M = ((V07q0)7 (V17g17ql)7 RS (VJ7QJ76J))
with M satisfying PAF, IND, together with:
NF: either VO = djed VI for some J C J, J#0, or VO =0."2
A market M satisfying NF is said to be normalized, or to be written in Normal

Form. We will also say that that M is a normalization of M.

ProOOF: We distinguish the following three cases.
e V0 =0, thus, M is already written in normal form (and in this case ¢° = 0).
e VO & (V) implies that the vectors VY V1 ... V7 are independent. Let
M := ((0,0), M) be the merger of M and the frictionless security (0,0), then
M = M and M satisfies PAF, IND, and NF since its first security payoff is null.
e VY e (V) and V9 # 0. Then, Voiz died 67V for some 67 € R (j € J) not
all zero and one defines the market M as follows:
M = ((Vo,qo)7 (Vl,gl,ﬁl), R (VJ7QJ,§J)), and for j € J:
(Vi g7, q7) if 09 = 0,
(67V7,67g7,09¢7) if 09 > 0,
(69V7,6iq7,09¢7) if 07 < 0.
Then one checks that M = M, M satisfies PAF and IND, and V0 = Zjef] Vi
where J = {j € J : 7 # 0} #£ 0. Q.E.D.

(V. ¢/\7) =

We end this section with several examples of markets that help to better

understand the class of normalized markets with independent securities.

ExaMpPLE 3.3 Examples of normalized markets with independent securities are

given hereafter, assuming all markets are present arbitrage-free.
o M= (V¢ g"),....(V7,¢7,q”7)), with V1,..., V7 independent vectors. '*
o Markets with frictionless securities: M = ((Vl, ), ..., (V7 q‘])).

We saw previously that M has independent securities, and the market M

obtained after eliminating from M all its redundant assets, is normalized.
o Markets with all Arrow securities or partition event securities: (see Sec. 3.5)

Mg = ((19, q°), (1A1,g1,§1), ceey (1AJ7QJ,§J)), with A; C €, partition of Q

12This assumption can be equivalently rewritten in the more concise way as follows:
Vo = > je3 V7 for some J C J, with the convention that >,y V7 = 0.
13Indeed, M = M := ((V°,¢%), M) with (V?,¢°) = (0,0). Thus, M has independent secu-
rities and M is normalized since V0 = 0).
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My = ((1Q,q0), (11,g1,61), e, (1J,QJ,§J)) with Q=J ={1,...,J}.
o Markets with Arrow securities or disjoint event securities: (see Section 3.5)
If the A; CQ (j=1,...,J) are only pairwise disjoint and U; A7 # Q (hence also
when M4 does not have all Arrow securities), the market Mg has independent

securities since the vectors 1q,14,,...,14, are independent. O

EXAMPLE 3.4 e [J C J] M is normalized with independent securities:
M = ((112,1), (11,.5)(12,.5)(13, .4,.6)) with J = {1,2} C J = {1,2,3}.
Moreover the hedging price of M is not a Choquet integral (Example 3.7).

3.2. A tractable two-part formula for the hedging price

We introduce the main result of this section with two particular cases.
First, we consider the present arbitrage-free market:

M= ((Vl,gl,ql)7 el (VJ7QJ,§J)), with V1,..., V7 independent vectors.

Then, we prove (Theorem 3.5) that the hedging price ¢ satisfies:

c(x) = Ejzl 7’ (07)" — ¢7(67)~ for all replicable payoff z € (V),
that is, whenever x := V for some 6 = (01,...,0;5) € R’.

Then the market M has hedging complements (by Proposition 2.5) since coV
is submodular (and is in fact modular). This provides a natural generalization
of the standard frictionless case for which ¢ : (V) — R is linear and satisfies
c(x) = q - 0 whenever x := V6.

Second, we consider the present arbitrage-free market M, with all Arrow
securities, together with the frictionless bond:

My = ((10,4°), (Lo, ¢" 7Y, ... (Lw,.¢7,77)) with Q=J = {1,...,J}.

Then the market M4 has hedging complements since its hedging price c4 is a
submodular Choquet integral (Theorem 3.5):

ca(x) = [, zdvy for all z € R® [[, denoting the Choquet integral].
where v4 is submodular and defined by the explicit formula:
va(K)=min {3 @, ¢" =Y 0k ¢’} for KT J =Q.

Moreover, both formulas are meaningful (Remark 3.9) and make tractable the
computation of the hedging price ¢(x) and c4(z) but also to find a strategy to
obtain the hedging price (see Example 3.6).

More generally, the two above results are consequences of the following theorem

that considers markets with independent securities. The hedging price is proved
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to be the sum of two parts. The first part is a Choquet integral similar to the one
in our second example with Arrow securities'? and the second part is a modular

function of the portfolios as in our first example.

THEOREM 3.5 Consider a market M with independent securities:
M=M:=(V°¢), V¢, q"),....(vV7,q’,q7)) and M is normalized.
Then the hedging price ¢ of M satisfies the following properties:
o c(VO) = [5(01,...,05) dva + 3,5 3@ ()" = (67)” VO =(61,...,05) e R’
where v : 27 = R is submodular and defined by:
va(K) = min{zjequ - ngng} if KCJ.
e M has hedging complements, the function c oV is submodular, and c is

submodular on (V') for the order >y .

The proof of Theorem 3.5 is given in the Supplementary Material Appendix B.
The two-part formula is obtained by separating the Choquet and the modular
parts of ¢ and show they are the hedging prices respectively of the markets:

M, = ((V°¢°), (Vj,gj,qj)je;]) and M,, := (Vj,gj,qj)jej\j.

In other words, it is proved that M can be decomposed in the two markets
M. and M,,, which can thus be studied independently. The first part of the
formula is null whenever V9 = 0 (or equivalently if J = ), in which case co V
is modular (and linear whenever the market M is frictionless). The second part
is null whenever J = J, in which case ¢ is a generalized Choquet integral (see
Section 3.4 for a more precise result). These two cases correspond respectively
to the two above examples.

For the second part of the proof, we recall that M has hedging complements if
M = M and the payoffs VO, V1 ... V7 of M are complements for the hedging

7 complements for c

price ¢ (Definition 2.4), which is equivalent to V1, ...,V
(since V0 is frictionless by (1) < (4) in Proposition 2.5), and is also equivalent
to ¢ oV submodular ((1) < (2) in Proposition 2.5). Then ¢ oV is submodular
from the two part formula since the first part is submodular and the second part
is modular.

We stress the fact that the two-part formula of Theorem 3.5 makes tractable

the computation of the hedging price c4(x) but also the way to find a strategy

141n the theorem it is formulated as a Choquet integral in the portfolio space and itwill be
later interpreted as a generalized Choquet integral in the payoff space (see Remark 3.10)
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to obtain c4(x) (see Example 3.6 hereafter). Choquet integral calculus provides
powerful tools for computation (e.g., see Denneberg (1994), Gilboa (2009), and
Marinacci and Montrucchio (2004)) but especially when we have also (as in

Theorem 3.5) an explicit and tractable formula for the set function v4.

ExaMPLE 3.6 Consider the market with independent securities:
M := ((1g,1),(V*,0,1), (V2 &, &), (V3,0,1)), with @ = {1,2,3} and
Vii=(1,1,3), V2:=(0,3,1), V3:= (0,0, 3).
Let 2 := (1,0,1) = 31g — 2V! — 4V2 then
c(z) = 3¢(1q) + 2¢(=V1) + 4¢(-V?) = 17/9
provides a strategy to get the hedging price ¢(z), that is buying 3 units of the

bond, selling 2 units of the first security and 4 units of the second security. !

3.3. Put-call Parity a la Cerreia-Vioglio, Maccheroni, and Marinacci (2015)

Following Cerreia-Vioglio, Maccheroni, and Marinacci (2015), the put-call Par-
ity holds for the hedging price ¢ : R — R (without specifying the market it is
derived from) whenever the following equality holds:

PCP c([z — k1g]t) + c(—[—2 + klg]") = c(z) — ke(1q) Vo € R, Yk > 0,
where k is the strike price, [z — k1] is a call option on x, and [~z + k1g]™ is
a put option on x (where [-]* is associated with the pointwise order of R*?).

Thus the basic financial identity:

Call - Put = Stock - (Strike Price) x Bond
is formulated mathematically as:

[ — k1ot — [~z + k1]t =z — klq.

The above property PCP is similar to the call-put parity CPP introduced by
Chateauneuf, Kast, and Lapied (1996). Both properties PCP and CPP coincide

15Clearly M satisfies Assumptions PAF, IND, and NF since p := (%, %, %) € My, the
vectors V1, V2, V3 are independent, and 1 = V! + V2 4 V3,
Moreover, from Theorem 3.5, since co V is a Choquet integral we get x = 3V3 + V1 -V?2 =
V(313 + 11 — 13). Thus, from the definition of the Choquet integral:
(@) =¢o V(3L + 11 - 1a) = (3 - Du({3}) + (1 - (~D)o({13)) - v({123})
=2min{1,1-0— 2} +2min{l1+1,1— 2} —min{l1 + 2 +1,1} = &7
Note that the above formula can be rewritten
c() =2(¢° — ¢* = ¢*) +2(¢° — ¢*) — ¢° = 3¢° — 2¢* —4q?,
=3c(lq) + 2¢(—V1') + 4c(—V?) [since ¢/ = —c¢(—VJ) and g/ = ¢(VI)]. Q.E.D.
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and hold when ¢ : R® — R is linear. Then the fundamental result by Cerreia-
Vioglio, Maccheroni, and Marinacci (2015) (when ¢ is monotone) and Cerreia-
Vioglio, Maccheroni, Marinacci, and Montrucchio (2015) (in the non-monotone
case, which allows to consider hedging prices) proves that the put-call parity
characterizes pricing rules ¢ : R® — R that are Choquet integrals, assuming the
bond is a frictionless security.

The following example shows that the put-call property PCP may still hold
when the frictionless bond 1g is slightly perturbed, and the hedging price may
not be represented by a Choquet functional. Consider for example the case for
which the bond pays 1 in all states but one, that is, more generally the bond is
replaced by 14 for an event A C Q distinct from €.

EXAMPLE 3.7 Consider Q := {1,2, 3}, and the market with 4 securities:
M := ((112,1), (11,.5),(12,.5), (13, 4, .6)).
Simple calculation shows that its hedging price ¢ : R* — R is given by:
c(z1, w2, 23) = (.5)x1 + (B)x2 + (.6)[3]T — (4)[23] .

Moreover, ¢ satisfies the put-call parity PCP, when the bond 1123 in PCP is
replaced by the frictionless security 14, with A = {1,2}. That is, for all z € R®,
all k£ > 0, noticing that ¢(14) = 1, one has

([t — k1A]") + o(—[—2 + k14]T) = c(z) — k.16
However, ¢ is not a Choquet integral since ¢(1g) = 1.6 # —¢(—1qg) =14. O

The previous example extends naturally to the case of a present arbitrage-free

market with all Arrow securities, together with a frictionless security 14 (4 C )
My = ((lA,qO), (11,g1,ql), ce (lJ,gJ,qJ)), with J = Q

and our next result will show that the market M4 satisfies the put-call parity
PCP (with the bond replaced by 14) since M4 has independent securities (even
in cases, e.g., A # Q), where its hedging price may not be a Choquet integral). The
next result is stated for markets with independent securities and its marketed
payoff space (V) is now endowed with the order >y, which coincides with the

coordinate-wise order of R for the market M4 with Arrow securities.

ProposiTiON 3.8 Consider a market with independent securities:

161n other words, in this modified put-call parity, the call would specify the reservation price
to be of amount k if event A occurs and to be free otherwise. Symmetrically, the put would
allow to sell the underlying asset for free if event {3} occurs and at price k if event A occurs.
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M=M:=((V°¢), (V¢ q"),..., (VJ,QJ,@])) and M is normalized.
Then its hedging price ¢ : (V) — R satisfies
PCP c([z — kVOT) + e[z + kVOT) = c(x) — ke(VO) Vo € (V) Yk >0

where [-]* is associated with the order >y .

The proof follows from routine arguments, once we know the submodularity
property of the hedging price given by Theorem 3.5. Thus the put-call parity a
la Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio (2015), formulated
in the case of a Riesz spaces (in the above proposition, the space ((V),>v))
is an important consequence of the hedging complement property of markets
with independent securities and may hold even when the hedging price is not a

Choquet functional as noticed in Example 3.7.

PROOF: e First we notice that ¢ is constant additive, that is:
c(z +kVO) = c(x) + ke(VO) Vz € (V) , Vk € R.
This follows from the fact that (V' ¢°) is frictionless, thus ¢(—V?) = —¢(V?)
by Theorem 2.1, together with the sublinearity of ¢ (Theorem 2.1).
e We now prove that PCP holds. By Theorem 3.5, the hedging price c is
submodular on (V) for the order >y. Thus for all z € (V) and k > 0:
c([x —kVO ) +e(=[-2+kVOT) = c((z —kVO) Vy 0) +c((z — kVO) Ay 0)
< c(z — kVO) + ¢(0) [since c is submodular on (V) for >y/]
= c(z) — ke(V?) [since ¢ is constant additive and ¢(0) = 0].
Moreover, since c is subadditive by Theorem 2.1, one gets:
c([x —kVOT) +e(—[—2+kVOT) = c((z — kVO) Vy 0) +c((z — kV?) Ay 0)
> c((z —kVO) vy 0+ (2 — kVO) Ay 0) = c(x — kVY)
= c(x) — ke(V?) [since ¢ is constant additive].

Hence c satisfies PCP. Q.E.D.

3.4. The hedging price as a generalized Choquet integral

From Theorem 3.5, coV is a Choquet functional if we additional assume that:

(*) VO =3 e, V7, that is, J = J,"7

"Note the difference between Assumption (*) and the normalization property, that is,
Vo = Zjeff V7 for some J C J, which can be assumed without any loss of generality, thanks
to Proposition 3.2.
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since the modular term of the two-part formula is null. This remark can be
improved by showing that coV is a Choquet functional if and only if its modular

term is linear, or equivalently if each of its corresponding security is frictionless.

COROLLARY 1 Consider a market with independent securities:
M=M:=(V°¢), V¢, q"),....(V7,q’,q7)) and M is normalized.
e Then coV is a Choquet integral if and only if ¢ = gj forallje J\J
and in this case:
c(VO) = [;0dv for all § € RY,
where v : 27 — R is submodular and defined by:
v(K) = min{ ZjeKaj , 4’ + ZjeJ\J ¢ - ngng} fECJ.
o Moreover, if all securities are frictionless, then v is additive, that is, v(K) =
Z]EK ¢’ , and the Choquet integral coincides with the standard integral:
c(VO) = [;0dv=>3",c,07¢7 forall § € RY,
c(x) = [V Ha)dv =V~ (x)-q for allz € (V).

The proof is given in the Supplementary Material Appendix B and amounts
to recover Condition (*), by replacing the frictionless security (V,¢%) by (V° +
ZjeJ\J VI, "+ ZjeJ\J ¢’), without changing the market structure of M.

The Choquet integral in Theorem 3.5 and Corollary 1 comes with an explicit

and tractable formula for v 4, whose intuition is now presented in financial terms.

REMARK 3.9 Assume V0 = ZjeJ

(Xjex V) =va(K) i=min {3, cx @, ¢" =X o5 ¢} forall K C J. '8
It is worth noticing that the inequality c(}_; x V7) < va(K) always holds

VJ. From Theorem 3.5 we get:

and can be interpreted in financial terms and proved directly as follows.

There are at least two strategies to replicate the payoff > jeK Vi, The first
one is to buy one unit of each security j € K, whose cost is ) jeK ¢’. The
second strategy is to buy one unit of security 0 and sell one unit of each security
j & K thus VO =37 V7= 37 V7 and its cost is ¢° — 30, ¢7. Thus
(Xjer V) <min {3 cx @, " = 3,0k ¢} = va(K). In other words, the
equality guarantees no other strategy yields a smaller cost than the “min”. O

We now interpret ¢ as a “generalized” Choquet integral in the payoff space.

18Indeed, (e Vi) =c(Vig) = [;1x dva = va(K).
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REMARK 3.10 (Generalized Choquet) If VO =37, ; V7, then
(Vo) = fJ(t‘)l,...,QJ)dvA for all § = (0y,...,0;) € R/,
c(x) = [V z)dvy forall z e (V).

Thus the hedging price c is a generalized Choquet integral, in the sense that,
up to the isomorphism V : R — (V), co V is a standard Choquet integral.
It happens that this notion coincides also with the Choquet integral on Riesz
space (here ({(V),>y)) introduced by Cerreia-Vioglio, Maccheroni, Marinacci,
and Montrucchio (2015). See the Supplementary Material Appendix C. O

The assumption V0 = Z}]:1 V7 is essential for the Choquet representation of
the hedging price (Example 3.7). It happens that it can be formulated in terms
of order unit of the Riesz space ((V),>v) (see Appendix C for the definitions).

REMARK 3.11 (Order Unit) Consider a normalized market M with independent
securities, then V0 = Zjef] V7 for some J C J. Thus V° belongs to the positive
cone of the Riesz space ((V),>y) and the following assertions are equivalent:

(i) VO = Yied Vi, that is, J = J,

(ii) VO is an order unit of the Riesz space ((V),>v).

The order unit assumption is essential in Choquet representation theorems.
See Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio (2015), Cerreia-

Vioglio, Maccheroni, and Marinacci (2015), Chateauneuf and Cornet (2018). O

We end this section with a result on the super-hedging price c; of the market
M under the assumption that all the security payoffs are nonnegative. We note
that this assumption can be made without any loss of generality whenever V0 >>
0, as for example when V° := 1q is the bond.'” We define v4, : 27 — R by:

vay (K) :min{ZjGKﬁj, q° — ngK(gj)“‘} for all K C J.

COROLLARY 2 Consider a market with independent securities:
M= ((V%¢"), (V¢ q"),....(V7,q7,q7)) such that V° = e V7.
(a) Assume V >0, that is, V7 >0 for all j € J. Then one has:
cp(x) < [V 2)dvay  for all z e (V).

Yndeed, if VO >> 0, every market M := ((VO, @), vV, ¢hgY),..., (V7 qJ,ﬁJ)) with inde-
pendent securities can be transformed in a market M (¢) = M with independent securities and
with nonnegative security payoffs as follows. Choose ¢ > 0 large enough and define

M) = ((V°¢°), (VL +tVO ¢! +¢¢°, ¢ + 1), ..., (VI +tV0, ¢/ + 1", 77 +t¢")).
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(b) Assume V>0 and V=1 >0, that is, VO > 0 implies 6 > 0.2° Then one has:
cp(z) = [V @)dvay  forall z e (V).

The proof is given in the Supplementary Material Appendix B. The next
section provides an important class of markets satisfying all the assumptions of

Corollary 2, thus for which the super-hedging price is a Choquet integral.

3.5. Markets with disjoint event securities

This section is devoted to the study of the market:

Mg = ((19, q°), (lAl,gl,ql), ce, (lAJ,gJ,ﬁ‘])), with (A;);es partition of Q.
This framework embodies the important case of a market M4 with all Arrow
securities, that is, event securities, whose event A; is a singleton, together with
the frictionless bond. The case where A; are pairwise disjoint but not a partition

was discussed in Example 3.4. We define vg : A — R and vg, : 2 — R by:
vp(A) =min { 3, ;0T » ¢© = X pg) @} if A€ A
vg+(A) = min { ZjeJ(A) 7, ¢ - ngJ(A) (Qj)+} it ACQ,
where A := {Ax = Ujex A; : K C J} C 29 is the algebra in 29,
generated by the partition (Ay,..., Ay), with the convention Ay = ),
and J(A) :={jeJ:A;NA#0}.

COROLLARY 3  Assume the following market is present arbitrage-free:
Mg = ((1a,4%), (Lay,¢",7"),. ... (1a,,q7,7”)), with (A;);jeq partition of Q.
e Then the market Mg has hedging complements.
e The hedging and super-hedging prices of Mg are submodular Choquet integrals:
cp(r) = [, xdvg if x is replicable, i.e., x = Z;‘]:1 0914, for some 6 € R”,
cpy(x) = [, vdvgy for all z € R,

and both vy and vg4 are submodular.

The proof of Corollary 3 follows directly from Corollaries 1 and 2, and Lemma
B.1 in the Supplementary Material Appendix B that summarizes the properties
of vg and vgy. The market Mg has hedging complements by Corollary 1 since

20Note that V=1 is well defined since V : R/ — (V) is bijective for a market M with
independent securities. Moreover, the assumption V'~ > 0 is stronger than the independence
of V1,...,VJ. If VO =0, then V8 > 0 and V(—6) > 0, thus § > 0 and —0 > 0, and 6 = 0.
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Mg has clearly independent securities and 1o = > 14,. Moreover, for all

replicable payoff x, that is, x = ZjEJ Glej for someJGEJE R”, one has:
cp(x) = [;0dva, by Corollary 1,
= [,z dvg, by Lemma B.1.d,
and vg is submodular by Lemma B.1.c. Similarly, for the super-hedging price we

have for every replicable payoff x:
cpt(z) = [;0dvay by Corollary 2 since V>0 and V! >0,
= [, xdvg,, by Lemma B.1.d,
and vgy is submodular by by Lemma B.1.c. Moreover, the super-hedging price
is a Choquet integral on the whole payoff space since, for all € R® one has:
cp+(T) = Sup,caq,,, @ - 4 by the Fundamental Theorem of Asset Pricing
= [, xdvpy by Lemma B.1.d. Q.E.D.
We end this section with a remark showing that the set of nonnegative stochas-

tic discount factors Mg, can be characterized as the core of the submodular set

function vg .

REMARK 3.12 (Mg = core(vg4)) Consider the present arbitrage-free market:
Mg = ((1Q,q0)7 (1A1,g1,61), R (lAJ,gJ,éJ)), (A;)jes partition of .
Then by Lemma B.1.c in the Supplementary Material Appendix B, the set
function vgy is submodular and one has:
Mgy = core(vpy) == {pu € R? : VA C Q, u(A) < vpi(A) and u() = vpy ()}
Typically, we are in a situation of regular uncertainty, using the terminology
of Jaffray, since after normalizing the price of the bond, i.e., ¢° = 1, one has:
core(vpy) = Mpy :={P eRY: Vj¢ < P(4;) <@ and P(Q) = 1}.
In other words, the risk-neutral nonadditive probability vg4 is able to summa-
rize the information of the bundle of risk-neutral standard probabilities P, that
is, in the set Mg (see Remark 2.2). |

4. CONCLUSION

In this paper, we developed a framework to study financial markets with bid-

ask spreads when the market exhibits hedging complements. This class of markets

21Note that, as in cost sharing games, the core is naturally defined with the inequality
u(A) < w(A), instead of the converse inequality usually considered in coalition games.
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is important conceptually and analytically since it enlarges the well-studied class
of frictionless markets and it takes into account a large class of market frictions
that can be handled in a tractable way, in a similar way as for frictionless markets,
but using and adapting techniques from nonadditive integration (expectation),
submodularity and lattice theory.

Our first contribution is to study the different related classes of markets intro-
duced in this paper whose relationship can be summarized as follows, assuming

all of them are present arbitrage-free:

Frictionless < Strong Hedging Complements
= Independent Securities = Hedging Complements.

The class of markets with hedging complements is defined with a meaning-
ful financial interpretation, by adapting the definition of strategic complements
by Bulow, Geanakoplos, and Klemperer (1985) to the case of financial markets.
However the definition relies on the decreasing difference property of the hedg-
ing price, instead of the primitive features of the financial market. Strengthening
this definition by adapting the one by Sharkey (1982), introduced in the study of
cost games, it appears that the Strong Hedging Complements Property allows to
characterize frictionless markets. Though interesting for itself, this result shows
that the strong definition of Hedging Complements is not adapted to study mar-
kets with frictions. Finally, the class of markets with Independent Securities,
which are simply and directly defined from the primitive features of the mar-
ket, provide an important subclass of markets with hedging complements, and
contains the class of frictionless markets.

Our second contribution is to show that the hedging price of a market with in-
dependent securities satisfies an explicit two-part formula, that is, it is the sum of
a “generalized” convex (and submodular) Choquet integral and a modular part.
The two-part formula directly implies that such markets have hedging comple-
ments since their hedging prices are submodular, but it makes also tractable both
the computation of the hedging price and the way to find the best strategies to
obtain it. It happens that the notion of generalized Choquet integral used in the
paper coincides with the notion of Choquet integral on Riesz space introduced by
Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio (2015). Finally their
put-call parity is also proved to be satisfied for markets with independent securi-
ties even in the case where the hedging price may not be a generalized Choquet

integral.
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Our study appears to be at the crossroad of different fields in economics,
game theory, and decision theory. It has benefited from powerful analytical tools
developed within these fields, such as Choquet integral (or expectation), first
introduced in economics in decision models with ambiguity, and submodularity
and lattice theory in economics, extensively studied recently in game theory. We
believe that introducing the study of hedging complements in financial markets
with frictions opens interesting avenues and perspectives for future research that
will benefit from the important existing literature developed in the mentioned
related fields.

5. APPENDIX: PROOFS
5.1. Hedging and strong hedging complements

This section provides the proofs of Proposition 2.5 and 2.8, which summarize
the properties of markets with hedging and strong hedging complements. We
first state a claim, the proof of which is standard.

cLAM 5.1 Ifc:R7 — RU{+o0} is sublinear and V° € R” is frictionless, i.e.,
—c(=V0) = ¢(V?), then c is constant additive, i.e., c(x +tV°) = c(x) + tc(VO)
for allt € R and all x € R”.

PROOF OF PROPOSITION 2.5: e Since V7 = V'1; for all j, (1) is equivalent to
the fact that f := coV : R/ — R satisfies the following Decreasing Difference
Property for all j # k:

(1) f(O+o;1+orly) — f(O+arly) < f(0+0a;1;)— f(0) for all @ € RV, or; >
0, > 0.
* [(1) < (2)] It follows from Topkis (1998) [Theorem 2.6.1, Corollary 2.6.1].
* [(2) < (3)] If the vectors V! ... V7 are independent, the order >1-%? is well
defined and:

(VOYVy (VO')=V(0VE') and (VO) Ay (VE') = V(OANE) for all § € R, ¢ €

R,

22We let (V') be the vector space spanned by the vectors V7 € R® (j = 1,...,J). The linear
mapping V : R/ — (V) is defined by V§ = Z;Izl 09VJ. When the vectors V1,..., V7 are
independent, then V is bijective, its inverse is denoted by V~!, and the order >y on (V) is
defined by 2/ >y & whenever V—1(z') > V~1(x) (denoting > the coordinatewise order of R).
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Consequently, for all #/, z in (V) , z = V0, 2’ = V¢ for some 6, #' in R’ (which
are uniquely defined since the vectors V7 are independent), and the equivalence
[(2) & (3)] follows from

clxVy a')+ ez Ava’)—c(x) —c(z') =coV(OVE)+coV(OAND)—co
V() —co V().
* [(1) < (4)] The implication [(4) = (1)] is immediate.

Conversely, for all 2/ € span{V° V1 ... . V/} then 2/ = z + tV° for some
x € (V) = span{V! ..., V’} and some t € R. Since V? frictionless and c is
sublinear, the function ¢ is constant additive by Claim 5.1. Thus from (1), we
get for a; > 0,0, >0, j #kin {1,...,J}

c(@' +a;VIi+apVF) +e(@) = c(z+a;VI+apVE) +te(VO) +c(z) +te(VO)
< c(z+a;VI) +e(z4arVF) +2te(VO) = c(a’ + o, VI) +c(a’ +ap V).

Similarly, for k =0 and j € {1,...,J} one has for oy >0, a; >0
c(@ 4+ apV? + a;VI) + c(2') = c(a’ + V) + ape(VO) + c(z’) = (2’ +
a;jVI) +c(z + apV?).
e Assume each V7 (j = 1,...,J) is frictionless. Let z € (V) :=span{V! ..., V’},
a; > 0,ar >0, j # k. From Claim 5.1, ¢ is constant additive (with respect to
V¥). Thus
c(z + a;VI + apVF) + c(z) = c(z + a;VI) + are(VF) + c(z) = c(a +
a;VI) + c(z + o V).
e Let M :=((V',q"),...,(V’/,q”7)) be a market with frictionless securities, then
its hedging price c is sublinear and each V7 is frictionless by the Fundamental
Theorem of Asset Pricing (Theorem 3.1). Thus, from above, (V!,..., V) are
complement for its hedging price c. Hence the market M has hedging comple-

ments.

e Assume V' ..., V"’ are complements for ¢ and V! = V@ for some 6 :=
(0,62,...,67) > 0. From Topkis (1998) the complementarity property of V1,..., V'’
is equivalent to:
c(VO+Va+VB)+c(VO) <c(VO+Va)+c(VO+Vp) for € R7, a >0,
B8>0anp=0.
Taking 6 := —1;,a:=1; > 0,3 := 60 > 0, one gets:
(VY +e(=V1) = e(VO) + ¢(V(—11)) < ¢(0) + ¢(0) = 0.
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From the subadditivity of ¢ we then deduce that ¢(V?!) 4+ ¢(=V1) > ¢(V! —
V1) =o. Q.E.D.

We now provide a proof of Proposition 2.8.

PROOF OF PROPOSITION 2.8: [(i) = (ii)] Let M = M := ((V*, ¢, q"),...,(V',¢’,77))
and V!,...,V’/ are strong hedging complements of c. We have M = M =
(M, M) since the three markets have clearly the same set of stochastic dis-
count factors. Thus, they have also the same hedging price c. We prove now
that the security payoffs (V... ., V/ V1 ... V) of (M, M) are strong comple-
ments of c. We denote by [V V] : R’ x R7 — R the linear mapping defined by
[V V](a,a) = Va+ Va. For all x € span{V!,... , V/ V1 ..V} = (V) and
all (a, ), (b, 3) in R{ x R one has
c(z+[V V](a,a)+[V V](b,B)) +c(x) = c(x+V(a+a)+V(b+B)) +c(x)

<clr+V(a+a)) +clx+V(b+ B)) since (V1,...,V7) are strong
complements

=c(z + [V V(a,a)) + c(z + [V V](b, B)).

Thus, (VY,..., V7, V1 ... V) are strong complements for ¢ (which is the
hedging price of both (M, M) and M), hence they are also complements of c.
But every V7 appears twice in the list of complements, thus V7 is frictionless by
the last assertion of Proposition 2.5.

[(it) & (iit) < (iv)] These are standard equivalent properties of a frictionless
market M.

[(73) = ()] From (éi¢) the hedging price ¢ is (finite-valued and) linear on the
space of replicable payoffs. It follows easily that M has strong hedging comple-
ments from the definition. Q.E.D.

5.2. Proof of the two-part formula (Theorem 2) and its consequences
5.2.1. Summary of the properties of va, vat+ and vg, Vpy

We prepare the proof of Theorem 3.5 with Lemma 5.2 that summarizes the
properties of va, vat, Vg, vg+ needed in the proof. Let S be a finite set, let
A C 2% such that ) € A, S € A, and let v : A — R such that v(()) = 0, then the
core of v is defined by:

core (v, A) :={A € R® : VK € A, A\(K) < v(K) and X(S) = v(5)}**

23Note that, as in cost sharing games, the core is defined with the inequality u(A) < v(A),
instead of the converse inequality considered in coalition games.
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and core (v,2°) is simply denoted core (v) when v : 25 — R.
In the following, for A € R”, we let
ME) =3 N for 0 # K C J and A\(0) = 0.

LEMMA 5.2 Let J := {1,...,J} be finite, let ¢° € R, let ¢ := (¢*,...,q7) €
R7,G:=(q',...,77) € RY, we define va : 27 = R and vay : 27 — R by:
vaA(K) ==min{ Y@, " =X 0 ¢} for all K C J,

var (K) s=min {3 @, ¢° =2k (@?)T} forall K C J.

(a) The following two conditions are equivalent:

e Ma:={AeR/ :g<A<Gand ;. ;N =q°} #0,

o (WAF)q<qand 3 ;c; ¢ <q° <35,
Assume My # 0, then

e v4(0) =0 and va(J) = ¢°,

o My =core(va) # 0,

® U4 s submodular.

(b) The following two conditions are equivalent:
e Muyp:={AeR’:(¢)" <A<q and Zje.])\j =¢"} = MaNRL #0,
o (PAF) (@)t <G and 3;c;(d)" <d® < 3,0, 7.
Assume My # 0, then:
e 044 (0) =0 and vay(J) = q°,
o core(vat) = Mas #0,
® vyt is submodular and monotone.
(c) Let (Ay,..., Ay) be a partition of 0, we let:
Mg :={peR?: ¢ <pA;)) <@, Vjed and 1q-p=q"}.
Then the following two conditions are equivalent:
e Mg, = MEQR$ #* 0,
o (PAF) (@)t <G and 3;c;(d)" <d® < 3,0, 7.
Let A:={Ak :=UjexA; : K C J} be the algebra generated by the A; (j € J),
we define vp : A — R and vpy : 2% — R by:
vg(A) =va(J(A)) := min { 2 jea(A) 7, q° - 2 iga(A) ¢} if A€ A,
v+ (A) =va (J(A)) = min{ZjeJ(A) 7, qo_ngJ(A) (Qj)+} if ACQ,
where J(A) :={j € J: AV NA#0D}.
Assume Mgy # 0, then:
e gy (0) =vE(®) =0 and vE () = vp() = ¢°,
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e Mg = core(vg, A) # 0 and Mg, = core(vgy) # 0,
evp: A—Randvg, : 22 5 R are submodular and vE, @5 monotone.
(d) Assume (PAF), then the following assertion hold:
e Forall € R7 and all x = ijl 091 4,
fJdeA = fﬂxdvE and fJGdUA_,_ = szdvE+.
o supycpq, 0- A= [;0dva and supyep,, 0- A= [;0dvay for all§ € R7.

® SUP,cppy, T H = [qrdopy for allx € R,

Proor: Part (a) WAF = My # (] Define g : [0,1] — R by: g(t) =
ZjEJ[(l - t)gj + tg].

Since g is continuous and ¢(0) = Zjngj < < Zjequ = ¢g(1), by the
Mean Value Theorem, there exists tq € [0,1] such that g(tg) = ¢°. Define \ :=
(1 —to)q+tog. Then, A € M4 # () since ¢ < A <G and ZjeJ)‘j =g(ty) =¢°.O
o My #0 = WAF]. Let A € M4 # 0, that is, ¢ < A < 7 and ZjeJ)\j =¢°.
Consequently, ¢ <g and ;. ; ¢ < dieg N =¢"< Zjequ~ O
o [va(J) = ¢° and v(0) = 0] Indeed, since Zjequ > ¢° by WAF one has

UA(J) = min{Zjequ s qO - ngjﬂj} = qO_

va(0) :=min {37, ¢°=2c; 47} = Osince 3, ; ¢7 < ¢° by WAF.
o [M4 C core(va)]. Let A € My, that is A € R/ such that gj <M <@ for all
j€J and A\(J) = ¢°. Then, for all K C J, K # (), one has

ME) =2 ek N < Zjequ and

AME) =" =AMI)+ME) =" = ME) =¢* =20 N < ¢° =Y jap &,

Thus, A(K) <wva(K) := min{zjequ,qO - ngng}.

Moreover, A(J) = v4(J) since A\(J) = ¢° and ¢° = v4(J). Thus, X € core (v4).
|
* [core(va) € Ma]. Let A € core(va), that is A(J) = va(J)(= ¢°) and A(K) <
va(K) for all K C J. For K = {j} and for K = {;j}° one has:

A7) <val{i}) <&
¢ = A({7}H) = MJT) = A{5}) = M{i}e) <val{i}e) < ¢ = ¢

Thus, ¢/ < A({j}) <@ for all j € J and A\(J) = ¢°, that is A € M. |
* [core(va) = Ma # 0] We proved that core(vs) = My and My # 0, by
assumption. O

e [vy4 is submodular], that is,
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va(KNL)+va(KUL) <wva(K)+4wva(L) foral K CJ, LCJ.
The proof will distinguish four cases.
(1) va(K) = Zjequ and va (L) = Zjequ' Then
va(K) +va(L) = ZjGKﬂqu + ZjeKquj >va(KNL)+va(KUL).
(2) va(K) = ¢° — ZJEKC ¢’ and va(L) = q° — ZjeLC gj. Then,
vA(K) +va(L) = ¢° - > jeKeuLe @44 - > jeKenLe 7
= 4" = Yiernny € + 4" =X jcxon) ¢
>va(KNL)+va(KUL).
(3) va(K) =Y ex @ and va(L) = ¢° = 3, 1c ¢’ Then
vA(K) +va(l) =Y jcxnr @ + Do jer\L 7 +q°— 2 je(KuL)e @ - DjeK\L @
= jeKnL 7 +[¢° - > je(KuL)e @1+ ZjeK\L@j - ).
>va(KNL)+va()KUL) since ¢ < g by WAF.
(4) va(K) =¢" =3 jcge ¢ and wa(L) = 32, @’ The proof is similar to (3). O
Part (b) We notice that v44 has the same form as v4 but with (qo,g7 q) replaced
by (¢°, (¢)*,q). Thus, from Part (a) we directly deduce the following properties:
[PAF . May # 0], var(J) = ¢° = va(J), var(0) = 0, va, is submodular,
together with
core(vay) = May = {A € RY : (¢)F < A <gand 3, ; NV = ¢} =
ManN Ri #0.
e [va4 is monotone]. That is, va4 (K) < vaq (L) for K C L. This follows from
the two following inequalities:
ZjEqu < Zjequ since K C L and ¢/ > 0 for all j, [for ¢/ > (¢/)* > 0],
¢° =2k (@) <4 =3 0 (¢7)T since L¢ C K€ and (¢/)* > 0 for all j.
(|
Part (c) e [Mgy # 0 < (PAF)] One has
Mpp ={peR} : u(Q) =¢°, and ¢ < pu(A;) <@, VjeJ}#0
S{AeRL:ANI)=¢" and ¢/ <N <G, VjeJ}#0
S{AeR :AJ)=¢" and (¢)T <N <@, Vjed} #0
& (PAF) (¢)" <gand 35, ;(¢/) < ¢° <35, @ [by Part (b)]. O

In the following, we will use extensively the following properties
Aec Ae A=Ak :=UjekxA; for some K C J,
UE(AK) = UA(K) = min { Z]EK@J ’ qO - Z]Qng}v
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vp+(Ak) =va4+(K) = min { Zjequ  q° - ng[{(ﬂj)+}7
and the properties of vg and vg, are deduced from those of v4 and v4 .
o 64 (9) = vs(2) = ¢°, v+ (0) = vi(0) = 0]

We have vg(Q) = va(J(2)) = va(J) = ¢° by Part (a). Moreover, vg()) =
va(J(0)) = va(0) = 0 by Part (a). Similarly, we have vg, (Q) = ¢°, vg,(0) =0
from Part (b).

o [Mg = core(vg,.A)] Indeed one has
pEMg e XNi=(u(Ar),...,n(Ay)) € My
< A= (u(Ay),...,u(Ay)) € core(vy) (since My = core(va))
S pc{peRY: u(Q) =vp(Q) and u(Ax) < vep(Ag) =va(K) VK C J}
< u € core(vg) (since vg(A) = +00 whenever A & A). m|
o [vg : A — R is submodular] Let A € A and B € A, that is A = Ag and
B = Ay, for some K C J, L C J. Then one has
vp(Ak NAL) +ve(Axk UAL) = vg(AknL) + ve(Akur)
=va(KNL)+va(KUL)
<wa(K)+wva(L) since va is submodular from Part (a)
=vg(Ak) +ve(AL). O
o [Mp; = core(vpy)] Let p € Mpy := MgNRE, then u >0, ¢/ < u(A;) <¢
for all j € J (thus (¢/)* < u(A;)) and () = ¢°. Then p € core(vpy) since
w(Q) = ¢° = v (), and for all A C Q one has u(A) < vgy(A), which is a
consequence of the two following inequalities:
1(A) < p(Ujerad;) = ZjeJ(A) n(A;) < ZjEJ(A) 7,
¢° = p(A) = u(Q) — w(A) = p(A) > p(Ujgra)4;)
=Ygy MA) = gy @) T

Conversely, let p € core(vgy), that is, p(Q) = ve+(Q) = ve(Q2) and for all
ACQ, w(A) <vpi(A) <wvg(A). Thus p € core(vg) and core(vg) = Mg from
Part (a). It only remains to prove that p > 0, that is u(w) > 0 for all w € €,

which is a consequence of
1(Q) = p({w}) = p{w}) < ves({w}) < ve(Q) = u(Q). m
e [vgy is submodular] For all A C Q, B C Q we first notice that
(x) J(ANB) CJ(A)NJ(B) and J(AUB) C J(A) U J(B).
Consequently
vE+(ANB)+vpr(AUB) =vayr (J(ANB)) +var (J(AU B))
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< var(J(A)NJ(B)) +vay(J(A) U J(B)) from (*) and the mono-
tonicity of vay
<var(J(A)) + vas(J(B)) since vay is submodular from Part (b)
=vp4(A) +vet(B).
e [vp4 is monotone] Let A C B C Q, then J(A) C J(B). Hence vg4(4) :=
Va4 (J(A)) <vaq(J(B)) =: vgy(B) since v44 is monotone by Part (b).
Part (d) e [[,0dva = [, xdvgfor § € R and z = Z;-Izl 671 4,] Indeed, without
any loss of generality we assume that ' > 62 > ..., > 6. By definition of the
Choquet integral one has:
Jozdve = (0" —0*)vp(A) +- -+ (07 — 0" T vp(A1U---UA;) +-+07vg(Q).
But vg(A1U---UA;) =va({1,...,5}) for all j. Consequently
S dvs = (0 = 02)oa({1}) + -+ (07 — 07 Yoa({L,....G}) + - + 07 0a(Q)
= fJ Odva.
o [[;0dvay = [xdvgy for § e RY, z = Z'j]:l 671 4,] The proof is similar to
the previous one. O
o [supyear,, 0- A = [;0dvay for all § € R’] From Part (a) we have My =
core(va) # 0 and v 4 is submodular. Consequently, from the extension of Schmei-

dler’s theorem (Schmeidler (1986)) to the non-monotone case (e.g., Marinacci
and Montrucchio (2004)), one has:

SUDccore (vy) A -0 = [;0dva for all € R7.
® [Supycpq,, 0N = J;0dvay forall 6 e R’] The proof is similar to the previous

one. Under (PAF), from Part (b), M a4 = core(vat) # 0 and va4 is submodular.
Thus, from Schmeidler (1986), one deduces:

SUDNe 4, 0 - A = SUDrccore(vas) O A = [y 0dvay for all § € RY.

® [Sup ey, T pt = [qrdopy forall z € R®] Under (PAF), from Part (c), we
have M g4 = core(vgy) and vgy is submodular. Thus, from Schmeidler (1986),

one deduces:

SUP e My & I = SUPyccore (vpy) T H = Jozdvgy for all z € R®. Q.E.D.

5.2.2. Proof of the two-part formula (Theorem 3.5)

STEP 1: Proof under the additional assumption: V° = 7. ; V7, that is,
J =J. Let 6 € R7, then one has:

(V) := inf {ijo Tl — i1 ) (o — BV = VO, (a, 8) € RY x R}W}.
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Since V0 = ijl Vi=V1yand VJ = V1, and V is one-to-one:
VO =3l = VI =V((a® = 8)Lr + 37 (o7 = B)1;),
holds if and only if & = (a® — 8%)1; + 327, (a7 — #7)1;. Thus
(Vo) =inf { /@0l — ¢4 (a° = BO)1y + ), (7 — B)1, =0,
(a,B) € RLT x Rf“’} =:ca(0).
We notice that the above right-hand side c4(6) is the hedging price of the
following market:

Ma = ((15,4°), (11,¢4,7"),....(1s,¢7,7”)).
whose set of stochastic discount factors is:
My:={AeR/:g<A<gand dieaN =4}
Moreover, the market M is present arbitrage-free, hence from the Fundamental
Theorem of Asset Pricing M # . This clearly implies that M 4 # 0. Thus, for
all @ € R/, one has:

ca(0) = supye g, A- 0 from the Fundamental Theorem of Asset Pricing,

= [, 0dva by Lemma 5.2.d.

Recalling that since J = J, the second term of the two-part formula of Theo-

rem 3.5 is null, and from above we deduce that:
c(VO) = ca(0) = [;0dvy for all € R”. Q.E.D.
STEP 2: General case: V0 =3, ;5 V/ for some J C J.
We first prove a lemma.

LEMMA 5.3 Consider the market M := ((Vl,gljl), cel (VJ,QJ,GJ)), and as-
sume that the vectors VY, ..., V7 are independent and q <q. Then, one has:
e c(VO)=q-0" —q-0~ foralld e R’.
o f:=coV :R’ — R is modular (for the coordinate-wise order > on R”),
that is,
FOVO)+ FONO) = F(O)+ F(O) for all 0,0" in R7.
e ¢: (V) = R is modular (for the order >y on (V) ).

PROOF OF LEMMA 5.3: First, since the V7 (j € J) are independent, one has
for all € R/
fO):=c(VO) :=inf{Gg-a—q-B:a>0,8>0,V(a— ) =V0}
=inf{g-a—¢-f:0a>0,>0,0—3=0} <q-07—q-6".
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Conversely, if 0 = oo —  with o > 0,8 > 0, then 8 > 0~ = max{—0,0} and
G —q > 0 imply:
§.9+_g.9— = g.(9+_9—)+(§_g).9— < q.(a_5)+(§_g).ﬂ =q-a—
G0t —q- 0 <inf{g-a—q¢-B:a>0,>0,a—=0}=f(0). Q.

We now come back to the proof of Theorem 3.5.

8.
.D.

eSS

PROOF OF THEOREM 3.5:  We have V° = 7.5 V7 for some J C J. and the
proof will distinguish the following three cases.
e Assume first that J = J. The result follows from Step 1.
e Assume now that J = (), that is, V0 = 0. Then ¢° = 0 since M is present
arbitrage-free. Let M := ((V17g1,§1), cee (VJ,QJ@J)), then
M = ((0,0),(VY, ¢, @"),...,(V/,¢’,77)) = M.
Hence the markets M and M have the same hedging price ¢ and from Lemma 5.3
one deduces that
c(VO) =q-6" —q-0~ for all § € R”. |
e Finally, assume that () # J C J, say J := {1,...,J} with 1 < J < J. We
claim that:
(V) [:= (X, 07V)] = e( S, 61V7) + o3, 6V7).
Indeed, since the vectors V!, ...,V are independent and V0 = ijl V7 since

M is written in normal form (see Definition 3.1), one gets:
(Vo) =inf {37 7l — ¢ B7 : 3]_(ad — BI)VI = V0, (a, B) > 0},
= inf { Y]y @al — g/ S]_o(ad — VI = T 09V, (a, B) = 0}
tint {3757l —¢/B7 - 3 5(a =BV = 31709V (e, B) 2 0},
= (X 09VI) + (35 09V,
Then one sees that f: R/ — R and g : R\ — R defined by
FBr,..,07) = (X, 09VI) and g(65,....0,) = (X]_;67V)

are the hedging prices, respectively, of the markets
((VO’ q0)7 (Vlag1a61)7 AR (Vj7gjagj)) and ((Vjagjvqj)a LR (VJ7gJan))'

The first market has independent securities (Definition 3.1) and V° = Z]‘Ll Vi,
and for the second market, the payoff vectors V7, ..., V7 are independent. Thus

from Step 1 of the proof and Lemma 5.3, one gets:

c(VO) = [5(01,...,07)dva + 3, 5 5@ ()" = ¢ (67)” VO = (61,...,05) € R/
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where v4 : 27 5 R is submodular and defined by:

vA(K) =min {3, @, ¢" =Y 0} if KCJ. Q.E.D.

5.2.3. Proofs of Corollary 1 and Corollary 2
We first provide a proof of Corollary 1.

PROOF OF COROLLARY 1: e If co V' is a Choquet integral, then ¢(V1y) =
—¢(=V1y). But
c(Vig) =va(J) + 2,0 @ and —c(=V1y) = va(J) + Y e @-
Thus ZjeJ\:]qj = ZjeJ\Jﬂj' But ¢ < g from PAF, hence ¢/ = ¢’ for all
jeJ\J.
Conversely, assume that g/ = gj for all j € J\ J. We first notice that
M= 1= ((70,8), (VY ¢\ @), .., (V7,0 7%)),
with V0 := VO 4+ D jenT VI and ¢° = ¢° + djend q.
We note that VO := VO + dier V7 and co V is a Choquet integral from
Theorem 3.5.

e The proofs of the two remaining assertions of Corollary 1 are immediate.
Q.E.D.

We now provide a proof of Corollary 2.

PROOF OF COROLLARY 2: e Part (a) [V > 0] Assume that V7 > 0 for all
j€J. Let z € (V), then x = V@ for some 6 € R” and
¢+ (V) :=inf { Zj:o 7ol — @Bl (o, B) € A}
where A := {(a,ﬁ) e RV X RIF . Z;-Izo(aj - BHVI > V@}.
Since V7 = V1;, VO =37 V/ =V1y, and V > 0, one has:
ADB:= {(a,ﬁ) € RV XRI ¢ (a—B0) 1+ 370 (0f 1)1 > e}.
Consequently, from the definition of ¢, one gets:
e (VO) <inf { 327 70l — ¢ : (o, 8) € B} = (ca)+ (0),
We notice that (c4)4 is the super-hedging price of the following market:
Ma = ((1s,¢°¢"),(11,¢%.T"),....(1s,¢”.T")).
We denote by M and M 4 the set of stochastic discount factors of the markets
M and M ,. Since the market M is present arbitrage-free, from the Fundamental
Theorem of Asset Pricing, there exists u € R, such that

u6M+:={u€R$:ngj§Vj-u§§j and V0. = ¢°}.
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Thus, A == (V' p,..., V7' op) e Ma:={AeR’: ¢ <A <gand YieaN =
0
"}
and A > 0 since V' > 0. Hence, M4y := M4 N Ri # (), and by Lemma 5.2.b,
one has:
M, = core(vay ), where vay : 27 — R is submodular and defined by:
vat (K) := min{zjequ N ngK(gjﬁ} for all K C J.
Consequently, since M4, # (), for all # € R”, one has:
c+(V0) < (ca)+(0) = supyepq,, A-0 by the Fundamental Theorem of Asset
Pricing
= [;0dvay by Lemma 5.2.d. Q.E.D.
o Part (b). V>0 and V-1 >0 Let z € (V), then 2 = Z;.Izl Vigi = V@ for
some 6 € R”. Since V@ > 0 implies § > 0, by a similar argument as the one

made in Part (a), one gets:
cr (VO) i=inf { $_,Fad - ¢?87 s X)_oad = B)VI 2 V0, (0, 8) € R x
Ri+]}

= inf { Y@l — g B (¥ = By + 7 (af — BI)1; > 0, (0, B) > 0}
— (ca)+(6).
The end of the proof is the same as in the first part. Since M4 # 0 (from
Part (a)):
cr(VO) = (ca)+(0)
Asset Pricing

= SUDxe M4, A - 0 by the Fundamental Theorem of

= [;6dvay by Lemma 5.2.d.

Consequently, from above and Part (a) we get ¢ (V0) = [, 0 dvay for all 6.
Q.E.D.

5.3. Generalized Choquet integral

The goal of this section is to show that the notion of generalized Choquet inte-
gral (used in Theorem 3.5) on the finite dimensional space X of replicable payoffs
is equivalent to the notion of generalized Choquet integral on Riesz spaces, intro-
duced by Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio (2015) (and
studied in infinite dimensional Archimedean spaces).

Note that, hereafter the function f : X — R is assumed to be finite-valued but

f is neither assumed to be monotone, nor assumed to be defined on the whole
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space RS2, This level of generality is important to allow f to be the hedging
price of a market (whereas the super-hedging price f; is always monotone, and
is defined and finite on the whole space R under mild assumptions).

Some general definitions are recalled hereafter; see Aliprantis and Border
(1999) for a general reference on the subject. A partially ordered set (poset)
(X,>x) is a set endowed with a partial order >x, that is, >x is a transitive,
reflexive, antisymmetric relation (but not necessarily total). We define y >x «
by y >x x and y # x. The notation z <x y means y >x z and z <x y means
y >x x. A partial ordered set X is said to be a lattice if, for each pair =,y of
elements in X, the set {x,y} has a supremum (least upper bound) in X and
an infimum (greatest lower bound) in X. A real vector space X, endowed with
a partial order >, is said to be a Riesz space (also called a vector lattice) if it
satisfies the following two properties:

r>xy=>ar+z>xay+zVaeR, Vz e X; [Ordered Vector Space]

X is a lattice with respect to >x. [Riesz Property]
The Riesz space X is said to be Archimedean if

0 <x nx <x y for all n € N and some y € X implies 2 = 0. [Archimedean
Property]
An element e is said to be an order unit of X if

e>x 0and X = Upen{z € X : |z| < ne}, where |z| := 2 A —z. [Order Unit
Property]
Examples of Archimedean Riesz spaces with order unit used in our paper are:

° (RJ ,>,17), where > is the coordinate-wise order,

e ((V),>v,e:=V1y) where (V) :=span{V!, ..., V’} for independent vec-
tors V1,..., V7

in R (Q finite), and the order = >y 2’ is defined by 6 > #' whenever z =
Vo, 2’ =V

THEOREM 5.4  Let Q be a finite set, let X C R be a vector subspace, let e € X,
and let f: X — R. Then the following assertions are equivalent:

(1) f is a generalized Choquet functional on X, i.e., there exist an integer
J, a set function v : 27 — R such that v(0)) = 0 and a linear isomorphism
V:R’ = X such thate =V1y and

f(VO) = [,0dv forall eR7 [& f(z)= [,V (z)dv for all x € X].

(2) (X,>x,e) is an Archimedean Riesz space with order unit and f satisfies
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[Unit Additivity] f(x + te) = f(z) + f(te) for allx € X and all t > 0;
[Unit Modularity] f(x Vx te) + f(x Ax te) = f(z) + f(te) for all x € X and all
teR;
[Bounded Variation] For all x € X,
Var (0, ) := sup { Zle |f(xp)—f(zp—1)|: 0= <x ---<x axg =2 and K €
N} < 4oo.

(3) (X, >x,e) is an Archimedean Riesz space with order unit and f : X — R
is a Choquet functional in the sense of Cerreia-Vioglio, Maccheroni, Marinacci,
and Montrucchio (2015).

The equivalence [(2) < (3)] is the fundamental result proved by Cerreia-
Vioglio, Maccheroni, Marinacci, and Montrucchio (2015) that allows them to
characterize their notion of Choquet functional on the Archimedean Riesz space
X (see their paper for the formal definition) by the properties of Unit Additivity,
Unit Modularity, and Bounded Variation that have some intuitive interpreta-
tion when applied to the hedging and super-hedging prices (see Cerreia-Vioglio,
Maccheroni, and Marinacci (2015) and Cerreia-Vioglio, Maccheroni, Marinacci,

and Montrucchio (2015)). The proof below will thus only prove the equivalence
(1) & (2)].
PrOOF: [(1) = (2)] o [(X,>x,e) is an Archimedean Riesz space with unit] It
is standard routine argument to show that the linear isomorphism, V : RV — X
allows to transport the Archimedean Riesz structure with order unit of (R, >
,17) as an Archimedean Riesz space with order unit (X, >x, e), with > denoting
the coordinate-wise order of R”, e := V(15), and the order 2 >x 2’ on the space
X is defined by V~1(x) > V~1(a’).
o [f is unit additive] We have for every z € X and every ¢ > 0
flx +te): fJ Yo +te)dv = [,[V1(2) +t1 ] dv [since e := V(15)]
= [, V"H=)dv + [;t1;dv [since the Choquet integral [ is unit ad-
ditive for 1]
= f(z) + f(te) [since f(te) := [,V (te)dv = [;t1dv].
e [f is unit modular] We have for every z € X and every t € R
f(zVxte)+ flx Ax te) = [, V™ x\/Xte dv+ [,V (z Ax te)dv
= [V Ha)vVL(te)] dv+ [, [V (z)AV 1 (te)] dv [from the definition
of >x]
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= [,V z) Vil dv+ [V~ (x) Atls]dv [since e :== V(1;)]
= [,V Y x) dv+ [;t1;dv [since the Choquet integral [, is unit
modular for 1]
= f(z) + f(te) [since f(te) := [, t1ydv].
e [f is of bounded variation] The proof follows Marinacci and Montrucchio
(2004). From Aumann-Shapley, we can write v (which is of bounded variation
since  is finite) as the difference of two capacities, that is, v = v+ — v~ where
+ and v~ are set functions defined on 27 such that v*(}) = v~ () = 0 and both
vt and v~ are monotone. Then, for all z € X, K € N, and (zq,...,2x) € X'TX
such that 0 = 2o <x 1 <x --- <x g = x one has
flag) = flap—r) = [V (o dv—fJ Yap_1)dv=at —a~
where a™ := [ V" ap) dvt — [,V (@p_1) dot,
o= [V @e) dvm = [V (ko) do.
But x), >y zx_1 is equivalent to V=1 (zy) > V~1(x,_1), and since v+ and v™

are capacities we deduce that at > 0 and a= > 0. Thus
|flar) = flar—) <at+a™ = ( [,V ap) dot — [V ap_y) doT)
(fJ Yap)do™ — [V~ Yap—1)dv™).
Summing up these inequalities we get

S ) = flzrmy)]

< (fJ Vol (k) dvt— fJ o) dvt)+( [, V™ dv™ = [; V= (wo) dv”)
= [,V (z)dvt +f V=1(z)dv~ since [zO:Oand xK:x].
Thus, Var(0,z) < fJ z)dvt 4+ [V (z)dv™ < 4oo0.

o ¢ [(2) = (1)] We first recall that if (X,>x) is an Archimedean Riesz space of
finite dimension J > 1, then there exists a lattice isomorphism V from (R”,>)
onto (X, >x), that is, > is the coordinatewise order of R/, and V : R — X is
a linear isomorphism which is lattice preserving, i.e., V(8 VvV 0') =V (0) Vx V(0')
and V(OAO) = V(0) Ax V(€) for all 0,0" in R’ (Luxemburg and Zaanen, 1971,
Theorem 26.11).

e We now prove that we can assume that e = V(1) by eventually modifying
the lattice isomorphism V. Since V is a lattice isomorphism from (R”,>) onto
(X,>x), a standard routine argument shows that V~1(e) is an order unit of
(R7,>) and moreover 6 := V~1(e) > 0. We now define the mapping V : R/ —
R by V() := Z}']:1 6767V (1;) and one checks that V : R/ — R? is a lattice
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isomorphism satisfying e = V(17). In the following, we will thus consider the
lattice isomorphism V/, simply denoted by V' for the sake of simpler notations.
We now prove that the three properties of Unit Additivity, Unit Modularity,
and of Bounded Variation, satisfied by f, are also satisfied by foV : R/ — R
for the unit 1.
e [f oV is unit additive for 1;] We have for all § € R’ and all ¢ > 0
foV(0+1tly) = f(V(8) + f(te) [since since f is unit-additive for e :=
V(1))
=foV(f)+ foV(tly) [since e :=V(1y)].
e [f oV is unit modular for 1] For every § € R’ and every ¢t € R we have
foV(OVily)+ foV(ONtLy) = f(V(O)Vx tV(L1y)) + f(V(0) Ax tV(1y))
= f(V(0) Vx te) + f(V(0) Ax te) [since e :=V(14)]
= f(V(8)) + f(te) [since the f is unit modular on X]
= foV(0)+ foV(tly) [since e :=V(1y)].
e [f oV is of bounded variation] For all # € R”, all K € N, all (6y,...,0k) €
(R7)HE such that 0 =y < 0; <--- < fx =6 one has 0 = V() <x V(1) <
- <x V(0g) = V() and:
Sr 1 foV(0k) = foV(0k)l
< sup { X5 | f(@n)—flero1)| : 0=z <x --- <x o = V(0) and K €
N}
=:Var;(0,V(0)) < +o0o [since f is of Bounded Variation].
Hence f oV is of Bounded Variation.
e We can now apply the Choquet Representation Theorem (Cerreia-Vioglio,
Maccheroni, Marinacci, and Montrucchio, 2015, Theorem 22) (taking L := R”)
that claims that if the function g : R7 — R satisfies Unit Additivity, Unit
Modularity (both for the unit 1;), and is of Bounded Variation, then it is a

standard Choquet integral on the whole space R7. Applying it to g := foV we
deduce the existence of a set function v : 27 — R such that v(()) = 0 and

g(0) == foV(0) = [;0dv for all § € R”. Q.E.D.
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