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1 Introduction

Factor-augmented (FA) forecasting models and their variants have garnered increasing at-

tention in finance and macroeconomics. By incorporating unobservable common factors into a

linear regression framework, these models effectively summarize high-dimensional information

and achieve significant dimension reduction. Empirical studies demonstrate that integrating

latent common factors improves economic predictions and clarifies economic relationships

(e.g., Stock and Watson (2002)). Seminal contributions include Bernanke et al. (2005)’s FA

vector autoregressive model (FAVAR) for identifying monetary transmission mechanisms,

Bai and Ng (2006)’s asymptotic theory for FA regressions, and Bai et al. (2016)’s work on

identification and inference for FAVAR models. This body of literature provides a crucial

theoretical foundation for FA forecasting.

However, most existing FA models rest on the assumption of time-invariant factor loadings

and regression coefficients, an assumption often too restrictive for financial and macroeco-

nomic datasets spanning long periods. Over such extended horizons, structural shifts in

institutional frameworks, business cycles, and technology can alter the interdependencies

among variables (e.g., Stock and Watson (2002), Stock and Watson (2009), Su and Wang

(2017), and Pelger and Xiong (2022)). To better capture these evolving nonlinear relation-

ships, it is essential to allow both factor loadings and regression coefficients to vary over

time.

While structural change is a well-studied econometric topic in both linear regressions

(e.g., Bai and Perron (1998) and Qu and Perron (2007)) and factor models (e.g., Breitung

and Eickmeier (2011), Chen et al. (2014), Corradi and Swanson (2014), Han and Inoue (2015),

Su and Wang (2017), Su and Wang (2020b), Baltagi et al. (2021), Fu et al. (2023) and Peng

et al. (2025)), few studies allow both components of FA models to be time-varying (TV).

Eickmeier et al. (2015) propose a TV-FAVAR model with parameters following random walks.

More recently, Fu et al. (2024) developed a framework with smoothly evolving parameters

and derived its asymptotic properties, while Wang et al. (2025) examined estimation and

testing in TV panels with TV factor structures.
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A common thread in these studies is the assumption that all latent factors driving the

predictors are relevant to the forecast target. Yet, Kelly and Pruitt (2015) and Dendramis

et al. (2023) argue that only a subset of factors may be influential. To address this issue,

Dendramis et al. (2023) introduce a TV three-pass regression filter that dynamically selects

only the relevant factors for forecasting, independent of the total number of common factors.

Motivated by revisiting an empirical study using a large dataset of U.S. macroeconomic

variables, this article introduces a novel penalized TV-FA forecasting model that accommo-

dates smoothly evolving factor loadings and regression coefficients. A key innovation of our

approach is that it relaxes the common and often restrictive assumption that all latent fac-

tors are relevant to the forecast target, allowing instead for the selection of a sparse subset

of influential factors. Our estimation procedure consists of two stages. In the first stage, we

employ the local principal component analysis (LPCA) method of Su and Wang (2017) to

consistently estimate the common factors in a TV framework. In the second stage, we aug-

ment a TV regression model with these estimated factors and apply a weighted group LASSO

penalty within a local-linear smoothing framework. This enables the simultaneous estimation

of time-varying parameters and consistent selection of the relevant factors. To ensure identi-

fiability, we impose restrictions that permit asymptotically rotation-free estimation of both

factors and loadings, following Cheung (2024). Also, we establish the asymptotic properties

of our estimators, demonstrating the consistency of all estimators and the sparsity and oracle

property of the second-stage estimator. Simulations indicate the good performance of our

estimators, in comparison with the competitive estimators of Fu et al. (2024). Finally, in an

empirical application using a large dataset of U.S. macroeconomic variables, we demonstrate

that our penalized TV-FA model achieves superior forecasting performance for several key

variables compared to the conventional TV-FAVAR approach of Fu et al. (2024).

The remainder of this article is organized as follows. Section 2 introduces the TV-FA

forecasting model and its identification restrictions. Section 3 details the two-stage estimation

procedure for simultaneous factor selection and parameter estimation. Section 4 establishes

the asymptotic properties of the estimators, including consistency, sparsity, and the oracle
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property. Section 5 presents the computational algorithm for shrinkage estimation and the

criteria for selecting tuning parameters. The finite-sample performance of our estimators is

evaluated via simulations in Section 6, and Section 7 is devoted to an empirical application.

Section 8 concludes the paper. All proofs are contained in the online supplement.

Notation. For an m × n real matrix A, we denote its transpose as A⊤, its Frobenius

norm as 󰀂A󰀂 (≡ [tr(AA⊤)]1/2), its spectral norm as 󰀂A󰀂sp (≡
󰁳

µ1(A
⊤A)), and its Moore-

Penrose generalized inverse as A+, where ≡ means “is defined as” and µs(·) denotes the sth

largest eigenvalue of a real symmetric matrix by counting eigenvalues of multiplicity multiple

times. We will frequently use the submultiplicative property of these norms and the fact that

󰀂A󰀂sp ≤ 󰀂A󰀂 ≤ 󰀂A󰀂sprank(A)1/2. We also use µmax(B) and µmin(B) to denote the largest

and smallest eigenvalues of a symmetric matrix B, respectively. We use B > 0 to denote

that B is positive definite. Let PA ≡ A(A⊤A)+A⊤ and MA ≡ Im − PA, where Im denotes an

m×m identity matrix. Let 0m×n be a m×n zero matrix and [n] ≡ {1, 2, ..., n}. The operator
p→ denotes convergence in probability,

d→ convergence in distribution, and p lim probability

limit. We use (N, T ) → ∞ to denote that N and T pass to infinity jointly.

2 Model Setup

In this section we first introduce the model and consider some identification conditions

for the estimation of the factors and loadings.

2.1 Model

Let y = (y1, . . . , yT )
⊤ be the T × 1 vector of target variable time series. Let X =

(x1, . . . , xN) be the T ×N matrix of predictors, with xi = (xi1, . . . , xiT )
⊤. Assume that the

data are generated as follows

yt+1 = β0,t + β⊤
f,tft + ey,t+1 and xit = φ⊤

f,itft + φ⊤
g,itgt + ex,it ≡ φ⊤

itFt + ex,it, (2.1)
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where i ∈ [N ] , t ∈ [T ] , φf,it = (φ1it, . . . ,φRf it
)⊤, φg,it = (φ1it, . . . ,φRgit)

⊤, ft and gt are Rf ×1

and Rg × 1 vectors of relevant and irrelevant factors in the prediction of yt+1, respectively,

ey,t and ex,t = (ex,1t, . . . , ex,Nt)
⊤ are zero mean error terms such that E(ey,t+1|Ft) = 0 and

E(e2y,t+1|Ft) = σ2
t (Ft), where Ft = (f⊤

t , g
⊤
t )

⊤ is an R × 1 vector of common factors with

R = Rf +Rg. In addition, let φf,t = (φf,1t, . . . ,φf,Nt)
⊤ and φg,t = (φg,1t, . . . ,φg,Nt)

⊤. Finally,

denote β0,t and βf,t = (βf,1t, . . . , βf,Rf t
)⊤ as the target factor loadings. Then, we may write

(2.1) as

yt+1 = β⊤
t F

a
t + ey,t+1 and xit = φ⊤

itFt + ex,it, (2.2)

where βt = (1, β⊤
f,t, 0

⊤
Rg×1)

⊤, F a
t = (1, F⊤

t )⊤ and φit = (φ⊤
f,it,φ

⊤
g,it)

⊤. We allow the errors

{ey,t+1} in the y-equation in (2.2) to be conditionally heteroscedastic, so that it may depend

on Ft and time index t. Then, following Cai (2007), we denote εy,t+1 = ey,t+1/σt(Ft).

Following the nonparametric literature on TV models (e.g., Robinson (1989), Robinson

(1991), Cai (2007), and Su and Wang (2017)), we model βt and φit as nonrandom functions

of t/T :

βt = β(t/T ) = (β0(t/T ), β1(t/T ), . . . , βR(t/T ))
⊤ and φit = φi(t/T ),

where βl(·) and φi(·) are unknown piecewise smooth functions on [0, 1]. An intuitive expla-

nation to this requirement is that the increasingly intensive sampling of data points ensures

consistent estimation of β(t/T ) and φi(t/T ) for each i at some fixed point t/T when the

sample sizes increase. This intensity assumption is also applied to {εy,t} by assuming that

σt(Ft) = σ(Ft, t/T ). Importantly, we assume that βl(·) ∕= 0 on a nontrivial subset of its

support for any l ≤ Rf and βl(·) = 0 for any l > Rf . In other words, we assume that the

first Rf factors in Ft are truly relevant but the rest are not. This paper aims to identify the

relevant factors in Ft and perform forecasting simultaneously.
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2.2 Identification Conditions

It is well known that latent common factors and factor loadings are not separately iden-

tifiable even when one assumes that E(FtF
⊤
t ) = ΣF , which is not time-varying. Noting that

φ⊤
itFt = (H−1

t φit)
⊤H⊤

t Ft

for any R × R nonsingular matrix Ht ≡ H (t/T ). Without further restrictions, Ft and φit

can only be identified up to certain rotation matrix Ht. As discussed in Cheung (2024), the

continuity of H(·) can be violated under certain scenario with R > 1, which in turn causes

the discontinuity of H−1
t φit and subsequently undermines the performance of forecasting. To

deal with this problem, by letting Φt = (φ1t, . . . ,φNt)
⊤ and following Cheung (2024), we

consider the following set of identification restrictions:

(IR) E(FtF
⊤
t ) = ΣF = IR and Φt = (Φ⊤

1:R,t,Φ
⊤
R+1:N,t)

⊤,

where Φ1:R,t is a lower triangular matrix with positive diagonal elements. (2.3)

The above identification restrictions correspond to IR2 in Cheung (2024), which helps to

pin down the rotation matrix H(·) and improves multi-step-ahead forecasts. Indeed, (IR)

assumes that the common factors are weakly stationary with the second moment being the

identity matrix, which is much weaker than the restriction that 1
T
F ′F = IR in Bai and Ng

(2013), where IR is the R×R identity matrix. Furthermore, (IR) is analogous to a triangular

system of simultaneous equations. The choice of the first R variables of xt and their ordering

provide the auxiliary information for identification.

The above identification conditions are imposed on the population model. That is, we

assume the data is generated under such conditions perhaps after renormalizing the factors

and loadings. In Section 4.2, we will show that under (IR), by imposing specific transfor-

mation matrix on the estimators of factors and loadings, the transformed rotation matrix
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asymptotically converges to the identity matrix IR. Thus, we may write (2.2) as follows:

yt+1 = β⊤
t F̌

a
t + β⊤

t (F
a
t − F̌ a

t ) + ey,t+1 = β⊤
t F̌

a
t + wy,t+1 and xit = φ⊤

itFt + ex,it, (2.4)

where F̌ a
t = (1, F̌⊤

t )⊤, F̌t is an estimator of Ft satisfying (IR), and wy,t+1 = β⊤
t (F

a
t −F̌ a

t )+ey,t+1

is the new error term.

3 Estimation Procedures

In this section, we consider a two-stage approach to forecast yt+1. In the first stage, we

estimate Ft via the local PCA method of Su and Wang (2017) but using the restriction (IR)

in (2.3). In the second stage, we consider variable selection based on the estimated factor

by a penalized local linear method with weighted group LASSO proposed in Li et al. (2015)

and applied in Chen et al. (2025). Since R can be estimated consistently via the information

criterion proposed by Su and Wang (2017), we assume R is known in the following estimation

procedure.

3.1 Stage 1: Factor Estimation

At Stage 1, we obtain the estimator of Ft by using the local PCA approach as proposed by

Su and Wang (2017). Specifically, let kh0,tr = h−1
0 K((t− r)/(Th0)) where K (·) is a nonnega-

tive kernel function and h0 is a bandwidth. Define the T ×N matrices X(r) = (x
(r)
1 , . . . , x

(r)
N ),

where x
(r)
i = (k

1/2
h0,1r

xi1, . . . , k
1/2
h0,T rxiT )

⊤. Let F (r) = (k
1/2
h0,1r

F1, . . . , k
1/2
h0,T rFT )

⊤ and e
(r)
x =

(e
(r)
x,1, . . . , e

(r)
x,N), where e

(r)
x,i = (k

1/2
h0,1r

ex,i1, . . . , k
1/2
h0,T rex,iT )

⊤. Let Φt = (φ1t, . . . ,φNt)
⊤. The

local PCA estimators can be obtained via the following minimization problem:

min
F (r),Φr

tr

󰀗󰀕
X(r) − F (r)Φ⊤

r

󰀖󰀕
X(r) − F (r)Φ⊤

r

󰀖⊤󰀘
, (3.1)

s.t. F (r)⊤F (r)/T = IR and Φ⊤
r Φr = diagonal matirx.
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Then, the estimated factor matrix, denoted by F̃ (r) = (F̃
(r)
1 , . . . , F̃

(r)
T )⊤, is

√
T times eigen-

vectors corresponding to the R largest eigenvalues of the T × T matrix X(r)X(r)⊤, arranged

in descending order, and Φ̃⊤
r = (F̃ (r)F̃ (r)⊤)−1F̃ (r)⊤X(r) = F̃ (r)⊤X(r)/T for r ∈ [T ], are the

estimators of the corresponding TV factor loadings. We use φ̃ir to denote the ith column of

Φ̃⊤
r . Next, based on the consistent estimators φ̃it, we can obtain the consistent estimator F̃t

of Ft by considering the following least squares problem:

min
Ft∈RR

N󰁛

i=1

󰀗
xit − φ̃

⊤
itFt

󰀘2
, t ∈ [T ].

Note that F̃t =

󰀕󰁓N
i=1 φ̃itφ̃

⊤
it

󰀖−1󰀕󰁓N
i=1 φ̃itxit

󰀖
for t ∈ [T ]. As derived in Su and Wang

(2017), F̃t and φ̃it are consistent estimators of H⊤
t Ft and H−1

t φit, respectively, for some

rotation matrix Ht.

To ensure that the identification restrictions given in (2.3) are satisfied by the estimators,

we conduct the QR decomposition of the top R×R submatrix of Φ̃t, namely, Φ̃⊤
1:R,t = Q̃⊤

t R̃t,

where R̃t is upper triangular with positive diagonal elements and Q̃tQ̃
⊤
t = IR. Define the

rotated local PCA estimators Ft and Φt respectively as

F̂t = Q̃tF̃t and Φ̂t = Φ̃tQ̃
−1
t . (3.2)

The transformed rotation matrix becomes H∗
t = HtQ̃

⊤
t . One can verify that

Φ̂t =

󰀳

󰁅󰁃
Φ̂1:R,t

Φ̂(R+1):N,t

󰀴

󰁆󰁄 =

󰀳

󰁅󰁃
Φ̃1:R,tQ̃

−1
t

Φ̃(R+1):N,tQ̃
−1
t

󰀴

󰁆󰁄 =

󰀳

󰁅󰁃
R̃⊤

t

Φ̃(R+1):N,tQ̃
−1
t

󰀴

󰁆󰁄 .

By construction, Φ̂1:R,t is a lower triangular matrix with positive diagonal elements, satisfying

the conditions on Φt in (2.3).

Notice that the local PCA method involves a local constant estimation for time-varying

factor model, which may suffer from boundary bias problem when estimating a fixed condi-

tional mean object; see, for example, Su and Wang (2017) for detailed discussions on this
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point. To deal with this issue, we follow Hong and Li (2005) and Li and Racine (2007) to

apply the following boundary kernel:

k∗
h0,tr

=

󰀻
󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰀽

h−1
0 K((t− r)/Th0)/

󰁕 1

−r/(Th0)
K(v)dv if r ∈ [1, ⌊Th0⌋)

h−1
0 K((t− r)/Th0) if r ∈ [⌊Th0⌋, T − ⌊Th0⌋]

h−1
0 K((t− r)/Th0)/

󰁕 (1−r/T )/h0

−1
K(v)dv if r ∈ (T − ⌊Th0⌋, T ].

We replace kh0,tr in (3.1) with this boundary kernel and use the notation k∗
h0,tr

instead of

kh0,tr hereafter. For more about the boundary kernels, the reader is referred to the paper

by Gasser and Müller (1979). An alternative way to overcome this difficulty is to use the

so-called reflection approach proposed by Hall and Wehrly (1991).

3.2 Stage 2: Factor Selection

At this stage, we conduct factor selection for the prediction of yt+1. We replace the

generic estimator F̌t in (2.4) with the estimator F̂t obtained at the end of Stage 1. Let

zt = t/T and βt = β(zt) = (β0(zt), β1(zt), . . . , βR(zt))
⊤. For any given grid point zs ∈ [0, 1],

when zt is in a neighborhood of zs, β(zt) can be approximated by a polynomial function

as β(zt) ≈
󰁓ς

r=0 β
(r)(zs)(zt − zs)

r/r!, where ≈ denotes the approximation by ignoring the

higher order terms and β(r)(·) denotes the rth derivative of β(·). Let θ0r(·) = β(r)(·)/r! =

(θ0r,0(·), θ0r,1(·), . . . , θ0r,R(·))⊤ and θ0r,l = (θ0r,l(z1), . . . , θ
0
r,l(zT ))

⊤ be the true values. Note that

identifying the zero coefficients among θ01,l is equivalent to identifying the indices l ∈ 0 ∪

[R] such that Dl = 0, where Dl =

󰀫
󰁓T

t1=1[θ
0
0,l(zt1) − 1

T

󰁓T
s1=1 θ

0
0,l(zs1)]

2

󰀬1/2

. In practice,

we approximate Dl by D̃l =

󰀫
󰁓T

t1=1[θ̃0,l(zt1) − 1
T

󰁓T
s1=1 θ̃0,l(zs1)]

2

󰀬1/2

, where θ̃0,l(·) is the

unpenalized local linear estimator of θ00,l(·). Let θ̃0,l = (θ̃0,l(z1), . . . , θ̃0,l(zT ))
⊤ and F̂ a

t =

(1, F̂⊤
t )⊤.

Denote Θ0 = (θ0,0, θ0,1, . . . , θ0,R) ∈ RT×(R+1) and Θ1 = (θ1,0, θ1,1, . . . , θ1,R) ∈ RT×(R+1).
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We propose the following weighted group LASSO estimate:

󰀳

󰁅󰁃
Θ̂0

Θ̂1

󰀴

󰁆󰁄 ≡ argmin
Θ0,Θ1∈RT×(R+1)

Qλ(Θ0,Θ1), (3.3)

where

Qλ(Θ0,Θ1) =
1

T

T󰁛

t=1

T󰁛

s=1

󰀝
yt+1 − F̂ a⊤

t [θ0(zs) + θ1(zs)(zt − zs)]

󰀞2

Kh1(zt − zs)

+
R󰁛

l=0

P ′
λT
(󰀂θ̃0,l󰀂)󰀂θ0,l󰀂+

R󰁛

l=0

P ′
λT
(D̃l)󰀂h1θ1,l󰀂

with the penalty terms suggested by Li et al. (2015) and Chen et al. (2025). Here, Kh(·) =

h−1K(·/h), h1 = h1(n) is a bandwidth sequence, λT ∈ R is the tuning parameter, and P ′
λT
(·)

is the derivative of the SCAD penalty function:

P ′
λ(z) =

󰀻
󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰀽

λ if z ≤ λ

(aλ− z)/(a− 1) if λ < z ≤ aλ

0 if z > aλ.

(3.4)

Fan and Li (2001) suggests choosing a = 3.7. The weights P ′
λT
(󰀂θ̃0,l󰀂) and P ′

λT
(D̃l) for the

group LASSO in (3.3) are derived from the local linear approximation to the SCAD penalty

function as in Zou and Li (2008). It is worthwhile to note that we use D̃l instead of h1θ̃1,l

to construct the weight of the second penalty function. Indeed, as suggested in Chen et al.

(2025), the estimation of the time-varying coefficients in D̃l often exhibits greater stability

than that of h1θ̃1,l. Below, we write T × (R + 1) matrix Θ̂r as

Θ̂r = (θ̂r(z1), . . . , θ̂r(zT ))
⊤ for r = 0, 1,

where θ̂r(z) = (θ̂r,0(z), θ̂r,1(z), . . . , θ̂r,R(z))
⊤ ∈ RR+1. Finally, denote the final estimator as

β̂λ(zs) = (β̂λ,0(zs), β̂λ,1(zs), . . . , β̂λ,R(zs))
⊤ = (θ̂0,0(zs), θ̂0,1(zs), . . . , θ̂0,R(zs))

⊤ = θ̂0(zs). (3.5)
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Let θ̂r,l = (θ̂r,l(z1), . . . , θ̂r,l(zT ))
⊤ ∈ RT for r = 0, 1 and β̂λ,l = θ̂0,l.

Remark 3.1. As in Cheung (2024), the IR condition in Section 2.1 can always be fulfilled

by renormalization. To see this, notice that IR assumes that the first R×R submatrix of Φt

to be lower triangular. If this condition is not satisfied, we can still write

xt =

󰀳

󰁅󰁃
Φ1:R,t

ΦR+1:N,t

󰀴

󰁆󰁄Ft + ex,t =

󰀳

󰁅󰁃
R⊤

t

Φ(R+1):N,tQ
⊤
t

󰀴

󰁆󰁄QtFt + ex,t

where Φ⊤
1:R,t = Q⊤

t Rt is the QR decomposition of Φ1:R,t. If E(FtF
⊤
t ) = IR, then E(Q⊤

t FtF
⊤
t Qt)

= Q⊤
t Qt = IR and all conditions in IR are satisfied. In this case, we will be estimating ΦtQ

⊤
t

and QtFt instead of Φt and Ft if we apply the IR rotations. When E(FtF
⊤
t ) = Σ ∕= IR, we

need to normalize Ft before the above renormalization:

ΦtFt = (ΦtΣ
1/2)(Σ−1/2Ft) = Φ∗

tF
∗
t .

Now we can conduct the QR decomposition on the first R×R submatrix of Φ∗
t as above and

F ∗
t = Σ−1/2Ft satisfies E(F ∗

t F
∗⊤
t ) = IR.

4 Limiting Distributions

In this section we first state some basic assumptions and then study the asymptotic

properties of the two-stage estimators introduced in the last section.

4.1 Basic Assumptions

To proceed, we introduce some notations. Let ex,t = (ex,1t, . . . , ex,Nt)
⊤, γN(s, t) =

N−1E(e⊤x,sex,t), γN,F (s, t) = N−1E(Fse
⊤
x,sex,t), γN,FF (s, t) = N−1E(Fse

⊤
x,sex,tF

⊤
t ), and ζst =

N−1[e⊤x,sex,t − E(e⊤x,sex,t)]. Define

ϖNT,1(r) =
h1/2

√
NT

F (r)⊤e(r)x φr =
h1/2

√
NT

N󰁛

i=1

T󰁛

t=1

k∗
h,trFtex,itφ

⊤
ir, and

11



ϖNT,2(r, t) =
h1/2

√
NT

[F (r)⊤e(r)x ex,t − E(F (r)⊤e(r)x ex,t)]

=
h1/2

√
NT

N󰁛

i=1

T󰁛

t=1

k∗
h,sr[Fsex,isex,it − E(Fsex,isex,it)].

Let C < ∞ denote a generic constant that may vary across occurrences. We make the

following assumptions.

Assumption 4.1. (i) E(ex,it) = 0 and maxi,t E(e8x,it) < ∞.

(ii) maxt E󰀂Ft󰀂8 < ∞ and ΣF ≡ E(FtF
⊤
t ) = IR.

(iii) φi (·) is nonrandom and third-order continuously differentiable such that maxi∈[N ]

supz∈[0,1] 󰀂φ
(c)
i (z) 󰀂 ≤ c̄φ < ∞ for c = 0 ∪ [3]. In addition, N−1Φ⊤

r Φr = ΣΦr + O(N−1/2) for

some R×R positive definite matrix ΣΦr and for all r ∈ [T ].

(iv) maxt
󰁓T

s=1 |Cov(Fl1tFl2t, Fl1sFl2s)| ≤ C for l1, l2 ∈ [R], where Fl1t is the l1th element

of Ft.

(v) maxt
󰁓T

s=1 󰀂γ(s, t)󰀂 ≤ C and maxs
󰁓T

t=1 󰀂γ(s, t)󰀂 ≤ C for γ = γN , γN,F and γN,FF .

(vi) max1≤s,t≤T E|N1/2ζst|4 ≤ C and maxr,t E󰀂N−1/2Φ⊤
r ex,t󰀂4 ≤ C.

(vii) ϖNT,1(r) = Op(1) and maxt E󰀂ϖNT,2(r, t)󰀂2 ≤ C for each r.

(viii) For all r ∈ [T ], the eigenvalues of the R×R matrix Σ
1/2
Φr

ΣFΣ
1/2
Φr

are distinct.

Assumption 4.2. (i) 󰀂ex󰀂sp = Op(N
1/2+T 1/2) and maxt,s ||N−1

󰁓N
i=1[ex,itex,is−E(ex,itex,is)]|=

Op(N
−1/2(lnT )1/2).

(ii) maxr 󰀂N−1Φ⊤
r Φr −∆Φr󰀂 = o(1), and the eigenvalues of ∆Φr are bounded below from

0 and above from infinity uniformly in r.

(iii) maxi,r

󰀐󰀐󰀐󰀐
1
T

󰁓T
t=1 k

∗
h,trFtex,it

󰀐󰀐󰀐󰀐 = Op((Th0)
−1/2(ln(NT ))1/2), maxr

󰀐󰀐󰀐󰀐
1
T

󰁓T
t=1 k

∗
h,tr(FtF

⊤
t −

ΣF )

󰀐󰀐󰀐󰀐 = Op(T
−1/2(lnT )1/2) and maxr

󰀐󰀐󰀐󰀐
1
T

󰁓T
t=1 k

∗
h,tr(󰀂Ft󰀂 − E󰀂Ft󰀂)

󰀐󰀐󰀐󰀐 = Op(T
−1/2(lnT )1/2).

(iv) maxs,t

󰀐󰀐󰀐󰀐N
−1Φ⊤

s ex,t

󰀐󰀐󰀐󰀐 = Op(N
−1/2(lnT )1/2) and maxs

󰀐󰀐󰀐󰀐N
−1Φ⊤

s ex,sF
′
s

󰀐󰀐󰀐󰀐 = Op(N
−1/2

(lnT )1/2).

(v) maxr 󰀂ϖNT,1(r)󰀂 = Op((lnT )
1/2) and maxr,t 󰀂ϖNT,2(r, t)󰀂 = Op((lnT )

1/2).
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(vi) maxr

󰀐󰀐󰀐󰀐
1

NT

󰁓T
t=1 Φ

⊤
r e

(r)
x,tF

(r)
t

󰀐󰀐󰀐󰀐 = maxr

󰀐󰀐󰀐󰀐
1

NT

󰁓N
i=1

󰁓T
t=1 k

∗
h,trφirex,itF

⊤
t

󰀐󰀐󰀐󰀐 = Op((NTh0)
−1/2

(lnT )1/2).

Assumption 4.3. (i) The kernel function K(·) is a symmetric continuously differentiable

probability density function (PDF) with compact support [−1, 1]. Let µij =
󰁕
viKj(v)dv for

i, j = 0, 1, 2.

(ii) As (N, T ) → ∞, h0 → 0, Th7
0 → 0, Nh6

0 → 0, Th0/N → 0, Nh0/T → 0, Th2
0 → ∞,

Nh2
0 → ∞ and Th0/N

1/2 → ∞.

Assumption 4.1 are widely applied in the literature; see, e.g., Bai and Ng (2002), Bai

(2003) and Su and Wang (2017). In particular, Assumption 4.1(i) allows ex,it to be both un-

conditionally heteroscedastic over (i, t) and conditionally heteroscedastic given Ft. Assump-

tion 4.1(ii) corresponds to that in Su and Wang (2017) except we further require ΣF = IR.

The time-invariance of ΣF in Assumption 4.1(ii) is not as restrictive as it appears. For

instance, if E(FtF
⊤
t ) = ΣF,t, we could rewrite the common component as

φ⊤
itFt =

󰀕
Σ

−1/2
F Σ

1/2
F,t φit

󰀖⊤

Σ
1/2
F Σ

−1/2
F,t Ft = φ∗⊤

it F
∗
t ,

where φ∗
it = Σ

−1/2
F Σ

1/2
F,t φit and F ∗

t = Σ
1/2
F Σ

−1/2
F,t Ft satisfies E(F ∗

t F
∗⊤
t ) = ΣF by construction.

Similarly, if E(FtF
⊤
t ) = ΣF , we can redefine the factor as Σ

−1/2
F Ft, which will have second

moment IR. Assumption 4.1(iii) mainly imposes some smoothness conditions on φi (·) ex-

plicitly. Of course, it is possible to relax the third-order continuous differentiability in 4.1

4.1(iii) by allowing for Hölder continuity as in Cheung (2024). However, this would require

more complex notation and could slow the convergence rates of both the common factors

and loadings. Assumption 4.1(iv)-(vi) restricts the time and cross-sectional dependence for

the idiosyncratic errors and the weak dependence between the factors and errors, which are

in the same spirit as Assumptions C.2–C.5, D and E in Bai (2003). Assumption 4.1(vii) is a

kernel-weighted version of Assumptions F.1–F.2 in Bai (2003).

Assumption 4.2 parallels Assumption A.4 in Su and Wang (2017) and can be verified

13



under some primitive conditions that are used in the factor literature. For example, Moon

and Weidner (2017) demonstrate that the first part of Assumption 4.2(i) can be satisfied

for various processes and Su and Wang (2017) verify similar conditions to those in 4.2(iii)-

(vi) under some mixing conditions. Assumption 4.2(ii) strengthens 4.1(iii) as we now need

N−1Φ⊤
r Φr and its limit to be well behaved uniformly in r. Assumption 4.2(iii)-(vi) imposes

conditions on the uniform probability order of some summation objects. The first part of

Assumption 4.2(iii) corresponds to and extends Assumption D in Bai and Ng (2002), because

we need the condition to hold uniformity in (i, r). The second and third parts of Assumption

4.2(iii) are also imposed in Su and Wang (2017) and can be verified under some weak data

dependence conditions and moment conditions. Similarly, one can also verify the conditions

in Assumption 4.2(iv)-(vi). See the online supplementary appendix of Su and Wang (2017)

for the verification of 4.2(vi) under some primitive conditions. Assumption 4.3 imposes some

regularity conditions on the kernel function and bandwidth, similar to Assumption A.1∗(ii)

in Su and Wang (2020a).

4.2 Consistency of Transformed Rotation Matrix

In this section, we study the asymptotic properties of Stage 1 estimators.

Theorem 4.1. Suppose that Assumptions 4.1–4.3 hold. Then, under (IR) in (2.3), we have

maxt 󰀂H∗
t − IR󰀂 = Op((Th0/ lnT )

−1/2 + h2
0 +N−1 lnT ).

The above theorem states that the transformed rotation matrix converges to the identity

matrix uniformly in t under some conditions. Then the rotated local PCA estimators are

consistent with the true values without any rotations. Recall thatH∗
t = HtQ̃

⊤
t and F̂t = Q̃tF̃t.

Noting that

√
N(F̂t − Ft) =

√
NQ̃t(F̃t −H⊤

t Ft) +
󰁳

N/(Th0)
󰁳

Th0(H
∗
t − IR)

⊤Ft, (4.1)

we observe that the second term in the above decomposition reflects the contribution from

H∗
t , which is asymptotically nonnegligible and affects the asymptotic variance of F̂t under
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our assumptions. Therefore, to derive the asymptotic distribution of F̂t, we also need to

consider that of the transformed rotation matrix H∗
t . The following corollary reports the

uniform convergence rate of F̂t.

Corollary 4.2. Suppose that Assumptions 4.1–4.3 hold. Then, under (IR) in (2.3), we have

maxt 󰀂F̂t − Ft󰀂 = Op((N/ lnT )−1/2 + h2
0) + op((Th0/ lnT )

−1/2T 1/8 + h2
0T

1/8).

4.3 Asymptotic Normality

Let

Hr = (N−1Φ⊤
r Φr)(T

−1F (r)⊤F̃ (r))V
(r)−1
NT , (4.2)

where V
(r)
NT is anR×R diagonal matrix containing the firstR largest eigenvalues of (NT )−1X(r)

×X(r)⊤, ordered in descending magnitude along its main diagonal. Let Vr be a diagonal

matrix consisting of the eigenvalues of Σ
1/2
Φr

ΣFΣ
1/2
Φr

in descending order with Υr being the

corresponding (normalized) eigenvector matrix (Υ⊤
r Υr = IR), and Pr = V

1/2
r Υ−1

r Σ
−1/2
Φr

. Let

Σ̃
(r)
F ≡ T−1F (r)⊤F (r). We add the following assumption.

Assumption 4.4. (i) N−1/2Φ⊤
r ex,t

d→ Gr,t ∼ N(0,Γrt) for each r, t, where Γrt = limN→∞

N−1
󰁓N

i=1

󰁓N
j=1 φirφ

⊤
jrE(ex,itex,jt).

(ii) Z
(r)
i ≡

󰁳
h0/T

󰁓T
s=1 k

∗
h,srFsex,is

d→ Zi,r ∼ N(0,Ωi,r), where

Ωi,r = lim
T→∞

󰀗
h0

T

T󰁛

s=1

k∗2
h,srE(FsF

⊤
s e2x,is) +

2h0

T

T−1󰁛

s=1

T󰁛

t=s+1

k∗
h,srk

∗
h,trE(FsF

⊤
t ex,isex,it)

󰀘
.

(iii) (Z
(r)⊤
1 , . . . , Z

(r)⊤
R )

d→ (Z⊤
1,r, . . . ,Z⊤

R,r).

(iv) N̂ r ≡
√
Th0(Σ̃

(r)
F −ΣF )

d→ Nr. Here, vech(Nr) ∼ N(0R(R+1)/2,Ψr) for some positive

definite matrix

Ψr = lim
T→∞

󰀗
h0

T

T󰁛

s=1

k∗2
h,srE(ξsξs

⊤) +
2h0

T

T−1󰁛

s=1

T󰁛

t=s+1

k∗
h,srk

∗
h,trE(ξsξ

⊤
t )

󰀘
,

where ξt = vech(FtF
⊤
t − ΣF ).
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Assumption 4.4(i)-(ii) is standard; see, e.g., Su and Wang (2017). Both parts are used

to establish the asymptotic normality of our local PCA estimators and can be verified un-

der some primitive conditions. For example, by the central limit theorem (CLT hereafter)

for strong mixing processes (e.g., Theorem 5.20 in White (2001)), one can readily verify

Assumption 4.4(ii). Assumption 4.4(iii)-(iv) is also made by Cheung (2024). Assumption

4.4(iii) is needed for the derivation of the asymptotic distribution of H∗
t at Stage 1 under

(IR). Assumption 4.4(iv) imposes the condition on an asymptotically non-negligible term

in the asymptotic expansion of the transformed rotation matrix H∗
t . Since we assume that

E(FtF
⊤
t ) = IR instead of F⊤F/T = IR as in Bai and Ng (2013), the sample second moment

of the common factors remains a random variable.

To study the asymptotic distribution of H∗
t , we add some notation. Let Z1:R,t = (Z1,t, . . . ,

ZR,t), where Zi,t is defined in Assumption 4.4(ii).

Theorem 4.3. Suppose that Assumptions 4.1–4.4 hold. Let BΦ(1 : R, t) = [BΦ(1, t), ...,

BΦ(R, t)]⊤, where BΦ(i, t) is defined in (??) in the online appendix. Then under (IR) in

(2.3),
√
Th0(H

∗
t − IR −HtB

⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1)

d→ Ξt, where Ξt = ∆̄t − 0.5Nt and for any

k1, k2 ∈ [R] ,

󰀅
∆̄t

󰀆
k1,k2

=

󰀻
󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰀽

󰀅
Z1:R,t(Φ

⊤
1:R,t)

−1 + 0.5N t

󰀆
k1,k2

if k1 > k2

0 if k1 = k2

−(∆̄t)k2,k1 if k1 < k2

with [A]k1,k2 denoting the (k1, k2)th element of the matrix A.

Theorem 4.3 studies the asymptotic distribution of H∗
t . Compared to the results in

Cheung (2024), there is an asymptotic bias termHtB
⊤
Φ (1 : R, t) that is of order Op(h

2
0), similar

to the order of δt in Theorem 4.1 in Cheung (2024) under his Hölder continuity conditions.

This bias is asymptotically vanishing if we impose the additional condition Th5
0 → 0.

Given the result in Theorem 4.3, we study the asymptotic distributions of F̂t and φ̂it in

the following theorem.

Theorem 4.4. Suppose that Assumptions 4.1–4.4 hold and let Ξt be as defined in Theorem

4.3. Then, under (IR) in (2.3):
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(i) If N(Th0)
−1 → c0 < ∞ and Nh4

0 → 0, then
√
N [F̂t − Ft]

d→ Σ−1
Φt
Gt,t +

√
c0Ξ

⊤
t Ft; If

N(Th0)
−1 → ∞ and Th5

0 → 0, then
√
Th0(F̂t − Ft)

d→ Ξ⊤
t Ft.

(ii) If Th5
0 → 0, then

√
Th0(φ̂it − φit)

d→ Zi,t − Ξtφit.

Theorem 4.4(i) indicates that one can obtain the usual
√
N -rate of consistency for F̂t only

when N(Th0)
−1 → c0 < ∞. Unfortunately, the latter requirement rules out the case where

N and T diverge to infinity at the same rate. On the other hand, if N(Th0)
−1 → ∞ (which

allows N and T to diverge to infinity at the same rate), the estimation error in H∗
t dominates

the asymptotics so that we now only have
√
Th0-rate of consistency for F̂t. Theorem 4.4(ii)

implies that the estimator φ̂it enjoys the usual
√
Th0-rate of consistency when we impose an

undersmoothing condition (Th5
0 → 0) to eliminate the asymptotic bias of φ̂it.

4.4 Theoretical Properties of Shrinkage Estimators

To proceed, we add the following assumptions.

Assumption 4.5. (i) For l ∈ 0 ∪ [Rf ] , the second order derivative of coefficient βl(·) exists

and is continuous. In addition, σt(F ) = σ(F, zt), where σ(·, ·) is a bounded and continuous

function in RR× [0, 1]. Further, |σ(F, zt)−σ(F, zs)| ≤ M(F )|zt−zs| for some function M(·).

(ii) The process {(εy,t, Ft) : t ≥ 1} is a strictly stationary and α-mixing process such that

E(εy,t+1|Ft) = 0. There exists some δ > 0 such that E󰀂Ft󰀂2(2+δ) < ∞ and E|εy,tM(Ft)|2+δ <

∞, and the mixing coefficient satisfies α(n) = O(n−τ ) with τ = (2 + δ)(1 + δ)/δ.

(iii) As (N, T ) → ∞, for some c1 ∈ [0,∞), Th5
1 → c1, T (lnT )h1/N → 0 and Th1h

4
0 =

o(T−1/4).

(iv) As T → ∞,
√
h1λT → 0, limT→∞ infθ→0+ P ′

λT
(θ)/λT > 0. In addition, min1≤l≤Rf

󰀂θ00,l󰀂

≥ (a+ 1)λT and min1≤l≤Rf
Dl ≥ (a+ 1)λT , where a is defined in the SCAD function.

Assumption 4.5(i) imposes some smoothness conditions on the regression coefficients and

conditional variance in the y-equation, which are commonly used in literature; see Robinson

(1989), Robinson (1991) and Cai (2007). Assumption 4.5(ii) is a common condition with

weakly dependent data and is satisfied for many stationary financial time series such as
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ARMA, ARCH and GARCH processes (c.f., Cai (2002)). Assumption 4.5(iii) imposes some

conditions on (h0, h1) , similar to those in Assumption A.2(iii) of Fu et al. (2024), which

guarantee that the estimation error F̂t −Ft at Stage 1 does not contribute to the asymptotic

distribution of β̂(·). The first part of Assumption 4.5(iv) specifies the conditions on the

regularization parameter λT . The second part of Assumption 4.5(iv) is also imposed by

Chen et al. (2025), which ensures that with probability approaching one, the significant

functionals and their derivatives can be detected.

To state the next asymptotic result, we add some notation. Let F̂ a
a,t = (1, F̂1t, . . . , F̂Rf t)

⊤ ∈

RRf+1. Similarly, let F a
a,t = (1, F1t, . . . , FRf t)

⊤ ∈ RRf+1. In addition, we define β̂a,λ(z) =

(β̂λ,0(z), β̂λ,1(z), . . . , β̂λ,Rf
(z))⊤ ∈ RRf+1 and β̂b,λ(z) = (β̂λ,Rf+1(z), . . . , β̂λ,R(z))

⊤ ∈ RR−Rf .

Also, let βa(z) = (β0(z), β1(z), . . . , βRf
(z))⊤ and βb(z) = (βRf+1(z), . . . , βR(z))

⊤. Moreover,

let Ra,u(zt) = Cov(σ(Ft, zt)εy,tF
a
a,t, σ(Ft+u, zt)εy,t+uF

a
a,t+u) and Σa,0(zt) =

󰁓∞
u=−∞ Ra,u(zt).

Under Assumption 4.5(ii), we know that Σa,0(zt) exists by Lemma ?? in the online Appendix.

Finally, denote Σa
F = E(F a

a,tF
a⊤
a,t ) and Σa,β(zt) = (Σa

F )
−1Σa,0(zt)(Σ

a
F )

−1.

The following theorem establishes the sparsity and asymptotic normality of the penalized

estimator in (3.5).

Theorem 4.5. Suppose that Assumptions 4.1–4.5 hold and Rg = R−Rf > 0. Then we have

(a) (Sparsity) P (supz∈[0,1] 󰀂β̂b,λ (z) 󰀂 = 0) → 1.

(b) (Asymptotic Normality)

󰁳
Th1

󰀕
β̂a,λ(z)− βa(z)−

h2
1µ21

2
β(2)
a (z) + op(h

2
1)

󰀖
d→ N(0, µ02Σa,β(z)),

where µ21 and µ02 are defined in Assumptions 4.3(i).

Remark 4.6. Denote F̂ a∗
a,t = (F̂ a⊤

a,t , ((zt − z)/h1)F̂
a⊤
a,t )

⊤ and define the oracle estimator (i.e.,

the unpenalized estimator obtained under the true model) as

β̂
oracle

(z) = [IRf+1,0(Rf+1)×(Rf+1)]

󰀕
T−1

󰁓T
t=1 F̂

a∗
a,tF̂

a∗⊤
a,t Kh1(zt − z)

󰀖−1

×
󰀕
T−1

󰁓T
t=1 F̂

a∗
a,tyt+1Kh1(zt − z)

󰀖
.
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By using arguments similar to those in Wang and Xia (2009), one can show that under

some regularity conditions, supz∈[0,1] 󰀂β̂a,λ(z) − β̂
oracle

(z)󰀂 = op((Th1)
−1/2). This indicates

that β̂a,λ(z) shares the same asymptotic distribution as the oracle estimator β̂
oracle

(z).

5 Computational Implementations

In this section, we provide the computational algorithm for estimation at Stage 2 and

discuss how to select the tuning parameter λT in our computing.

5.1 Computational Algorithm for Stage 2

Following Li et al. (2015) and Chen et al. (2021), we introduce an iterative procedure to

compute the penalized local linear estimates of the functional coefficients proposed at Stage

2 in Section 3. This algorithm can be viewed as a nonparametric extension of the coordinate

descent algorithm, which is commonly applied to successively minimize a function along the

coordinate directions.

Define Ω̃T l(ℓ) = diag{Ω̃T l,1(ℓ), . . . , Ω̃T l,T (ℓ)} for l ∈ 0 ∪ [R] and ℓ = 0, 2, where Ω̃T l,s(ℓ) =

2
T

󰁓T
t=1 F̂

2
lt[(zt − zs)/h1]

ℓKh1(zt − zs), with F̂0t ≡ 1. Now, the procedure goes as follows:

1. Find the initial estimates of θ00,l (·) and θ01,l (·), which are denoted by

θ̂
(0)

0,l = (θ̂
(0)

0,l (z1), . . . , θ̂
(0)

0,l (zT ))
⊤ and θ̂

(0)

1,l = (θ̂
(0)

1,l (z1), . . . , θ̂
(0)

1,l (zT ))
⊤

respectively. These initial estimates can be obtained by using the conventional (non-

penalized) local linear estimation method.

2. Let θ̂
(m)

0,l (·) and θ̂
(m)

1,l (·) be the estimates after the mth iteration. We next update the

(l + 1)th functional coefficient starting from l = 0. Let

θ̂
(m)

0,−l(zs) = (θ̂
(m+1)

0,0 (zs), . . . , θ̂
(m+1)

0,l−1 (zs), 0, θ̂
(m+1)

0,l+1 (zs), . . . , θ̂
(m+1)

0,R (zs))
⊤,

θ̂
(m)

1 (zs) = (θ̂
(m)

1,0 (zs), . . . , θ̂
(m)

1,R (zs))
⊤,
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ŷ
(m)
t+1,−l = yt+1 − F̂ a⊤

t [θ̂
(m)

0,−l(zs) + θ̂
(m)

1 (zs)(zt − zs)], and

ẼT l = (ẼT l,1, . . . , ẼT l,T )
⊤,

where ẼT l,s =
2
T

󰁓T
t=1 F̂ltŷ

(m)
t+1,−lKh1(zt−zs). If 󰀂ẼT l󰀂 < P ′

λT
(󰀂θ̃0,l󰀂), we update θ̂

(m+1)

0,l =

0T×1; otherwise, let

θ̂
(m+1)

0,l =

󰀕
Ω̃T l(0) + P ′

λT
(󰀂θ̃0,l󰀂)IT/cl

󰀖−1

ẼT l, (5.1)

where cl = 󰀂θ̂
(m)

0,l 󰀂 if 󰀂θ̂
(m)

0,l 󰀂 ∕= 0, and cl = maxk ∕=l 󰀂θ̂
(m)

0,k 󰀂 if 󰀂θ̂
(m)

0,l 󰀂 = 0.

3. Update the derivative of the (l + 1)th functional coefficient starting from l = 0. Let

θ̂
(m+1)

0 (zs) = (θ̂
(m+1)

0,0 (zs), . . . , θ̂
(m+1)

0,R (zs))
⊤,

θ̂
(m)

1,−l(zs) = (θ̂
(m+1)

1,0 (zs), . . . , θ̂
(m+1)

1,l−1 (zs), 0, θ̂
(m)

1,l+1(zs), . . . , θ̂
(m)

1,R (zs))
⊤,

y̌
(m)
t+1,−l = yt+1 − F̂ a⊤

t [θ̂
(m+1)

0 (zs) + θ̂
(m)

1,−l(zs)(zt − zs)], and

ĚT l = (ĚT l,1, . . . , ĚT l,T )
⊤,

where ĚT l,s =
2
T

󰁓T
t=1 F̂lty̌

(m)
t+1,−l[(zt−zs)/h1]Kh1(zt−zs). If 󰀂ĚT l󰀂 < P ′

λT
(D̃l), we update

θ̂
(m+1)

1,l = 0T×1; otherwise, let

h1θ̂
(m+1)

1,l =

󰀕
Ω̃T l(2) + P ′

λT
(D̃l)IT/dl

󰀖−1

ĚT l, (5.2)

where dl = 󰀂h1θ̂
(m)

1,l 󰀂 if 󰀂θ̂
(m)

1,l 󰀂 ∕= 0, and dl = maxk ∕=l 󰀂h1θ̂
(m)

1,k 󰀂 if 󰀂θ̂
(m)

1,l 󰀂 = 0.

4. Repeat Steps 2 and 3 until certain convergence criterion is achieved.

5.2 Tuning Parameter Selection

Following Chen et al. (2025), we can use the following generalized information criterion

(GIC) to select λT at Stage 2. The GIC is introduced by Fan and Tang (2013) in the con-

text of high-dimensional penalized likelihood estimation. Since our model involves unknown
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TV coefficients, the GIC needs to be modified as in Li et al. (2015). Specifically, Cheng

et al. (2009) argues that each unknown functional coefficients would amount to 36/(35h1)

unknown constant parameters when the Epanechnikov kernel is used. Hence, we define the

GIC objective function as

GIC(λT ) = ln

󰀥
1

T

T󰁛

t=1

󰀝
yt+1 − F̂ a⊤

t β̂λT
(zt)

󰀞2
󰀦
+

γT,R

T
· 36Rf (λT )

35h1

, (5.3)

where γT,R is a function of T and R, β̂λT
(zt) is the TV weighted group LASSO estimate at

Stage 2 using the tuning parameter λT , and Rf (λT ) is the number of selected TV coefficients

using λT . We choose γT,R = γ ln(ln(T )) ln(36R/35h1) with γ ∈ (0, 1]. We determine the

tuning parameter by minimizing GIC(λT ) defined in (5.3) with respect to λT . See Chen

et al. (2025) for more discussions about the GIC(λT ) criterion.

6 Monte Carlo Simulation Studies

In this section, we conduct Monte Carlo simulations to evaluate the finite sample perfor-

mance of our estimators. For each simulation study, we assume that the factor loadings are

generated such that the identification restriction (IR) in (2.3) is satisfied. We compare the

performance of our method with that of Fu et al. (2024). To facilitate the comparison, we

ignore the intercept term in each data generating process (DGP) in our simulations with loss

of generality.

6.1 Data Generating Process

We generate the data with R = Rf +Rg = 4 common factors:

xit = φ⊤
itFt + ex,it and yt+1 = β⊤

t Ft + ey,t+1,
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where for simplicity we do not include a TV intercept term in the y-equation. Here, Ft =

(f⊤
t , g

⊤
t )

⊤, βt = (β1,t, β2,t, β3,t, β4,t)
⊤ and φit = (φ1it,φ2it,φ3it,φ4it)

⊤, where

φ1it = G(10t/T ; 2, 5i/N + 2) + 3.5, φ2it = µi +G(10t/T ; 0.1, (2, 4, 6, 8)⊤), µi ∼ IID N(3.5, 1),

φ3it =

󰀻
󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰀽

φi0 + 0.5b0 for 0.6T < t ≤ 0.8T

φi0 − 0.5b0 for 0.2T < t ≤ 0.4T

φi0 otherwise

, b0 = 2, φi0 ∼ IID N(4, 1),

φ4it =

󰀻
󰁁󰀿

󰁁󰀽

φi0 for t = 1, 2, . . . , T/2

φi0 + b1 for t = T/2 + 1, . . . , T
, b1 = 1, φi0 ∼ IID N(4, 1),

G(z;κ, γ) = {1+ exp[−κ0

󰁔p
l=1(z− γl)]}−1 denotes the Logistic function with tuning param-

eter κ0 and location parameter γ = (γ1, . . . , γp)
⊤. For l ∈ [4] , we generate flt independently

as an AR(1) process: flt = 0.5fl,t−1+ult, where ult ∼ IID N(0, 1). We consider the following

setups for βt and the error terms ex,it and ey,t+1:

DGP 1: (Rf = 1, serial correlation + cross sectional dependence)

ft = f1t, gt = (g1t, g2t, g3t)
⊤, glt = 0.5gl,t−1 + vlt for l ∈ [3], where vt ≡ (v1t, v2t,

v3t)
⊤ ∼ IIDN(0,Σg3), where Σg3 = diag{2.25σ2

f1, 3.25σ
2
f1, 3.75σ

2
f1} with σ2

f1 =Var(f1t),

and u1t and vt are mutually independent. ex,t = (e1t, . . . , eNt)
⊤ ∼ IID N(0N ,Σe),

where Σe = (cij)i,j∈[N ] with cij = 0.5|i−j|, β1,t = cos(t/T ), β2,t = β3,t = β4,t = 0,

ey,t = 0.5ey,t−1 + uy,t, where uy,t ∼ IID N(0, 4−2).

DGP 2: (Rf = 2, serial correlation + cross sectional dependence)

ft ≡ (f1t, f2t)
⊤, gt = (g1t, g2t)

⊤, glt = 0.5gl,t−1 + vlt for l ∈ [2], where vt ≡ (v1t, v2t)
⊤ ∼

IID N(0,Σg2), where Σg2 = diag{4.25σ2
f1, 4.75σ

2
f1}, with σ2

f1 =Var(f1t), ut ≡ (u1t, u2t)
⊤

and vt are mutually independent. ex,t = (e1t, . . . , eNt)
⊤ ∼ IID N(0N ,Σe), where Σe =

(cij)i,j∈[N ] with cij = 0.5|i−j|, β1,t = cos(t/T ), β2,t = sin(t/T ), β3,t = β4,t = 0, ey,t =

0.5ey,t−1 + uy,t, where uy,t ∼ IID N(0, 4−2).

DGP 3: (Rf = 3, serial correlation + cross sectional dependence)
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ft = (f1t, f2t, f3t)
⊤, g1t = 0.5g1,t−1 + v1t, where v1t ∼ IID N(0,Σg1), Σg1 = 8.75σ2

f1,

and σ2
f1 =Var(f1t); ut ≡ (u1t, u2t, u3t)

⊤ and v1t are mutually independent. ex,t =

(e1t, . . . , eNt)
⊤ ∼ IID N(0N ,Σe), where Σe = (cij)i,j∈[N ] with cij = 0.5|i−j|, β1,t =

cos(t/T ), β2,t = sin(t/T ), β3,t = ln(1 + t/T ), β4,t = 0, ey,t = 0.5ey,t−1 + uy,t, where

uy,t ∼ IID N(0, 4−2).

DGP 4: (Rf = 4, serial correlation + cross sectional dependence)

ft = (f1t, f2t, f3t, f4t)
⊤, ex,t = (e1t, . . . , eNt)

⊤ ∼ IID N(0N ,Σe), where Σe = (cij)i,j∈[N ]

with cij = 0.5|i−j|, β1,t = cos(t/T ), β2,t = sin(t/T ), β3,t = ln(1+t/T ), β4,t = 4(t/T )(1−

t/T ), ey,t = 0.5ey,t−1 + uy,t, where uy,t ∼ IID N(0, 4−2).

DGPs 5-8: (Serial correlation + cross sectional dependence + heteroskedasticity)

All settings are the same as that in DGPs 1–4, respectively, except that for each setting,

ey,t = σy,tεy,t, where σ2
y,t =

󰁓3
l=1 f

2
l,t−1 and εy,t = 0.5εy,t−1 + vy,t with vy,t ∼ IID

N(0, 4−2).

6.2 Performance of Variable Selection

For the experiment of variable selection, we simulate 500 data sets with N , T = 100, 200

or 500. To conduct the local PCA approach, we use the Epanechnikov kernel and Silverman’s

rule of thumb (RoT) to set the bandwidth as h0 = (2.35/
√
12)T−1/5N−1/10. To determine the

number of factors, we consider the information criteria suggested by Su and Wang (2017).

In particular, let F̂t(R) and φ̂it(R) denote the local PCA estimators of the factors and factor

loadings by assuming R factors in the model and using the following normalization rule:

N−1Φ⊤
r Φr = IR and T−1F (r)⊤F (r) is a diagonal matrix with descending diagonal elements,

where we make the dependence of the R × 1 vectors F̂t(R) and φ̂it(R) on R explicit. Let

Φ̂
(R)
r = (φ̂1r(R), . . . , φ̂Nr(R))⊤ and Φ̆

(R)
r = (NT )−1X(r)⊤X(r)Φ̂

(R)
r for r ∈ [T ]. Let φ̆ir(R)
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denote the transpose of the ith row of Φ̆
(R)
r . Define

V (R, {Φ̆(R)
r }) = min

F̆=(F̆⊤
1 ,...,F̆⊤

T )⊤

1

NT

N󰁛

i=1

T󰁛

r=1

󰀗
xir − F̆⊤

r φ̆ir(R)

󰀘2
.

Then, we use the following BIC-type information criterion to determine R:

IC(R) = ln
󰁱
V (R, {Φ̆(R)

r })
󰁲
+R · N + Th0

NTh0

ln(C2
NT ), (6.1)

where CNT = min{
√
Th0,

√
N}. Let R̂ = argminR IC(R).1 As is commonly done in the

empirical research, each series of {xi}Ni=1 for implementing the local PCA method is demeaned

and standardized to have unit variance.

To apply our method, we first fit an unpenalized functional coefficient estimate based on

the local linear method, for which the Epanechnikov kernel is used and the optimal bandwidth

is selected via a 4-fold cross-validation criterion proposed in Cai et al. (2000). Then, the

same bandwidth is used as h1 for the TV LASSO, where the optimal tuning parameter λT

is determined by minimizing the GIC criterion in (5.3). Finally, the number of factors R̂ is

also determined by the criterion in (6.1).

We classify the model selection results into three distinct scenarios: an underfitted model

(missing at least one relevant predictor), an overfitted model (containing irrelevant predictors

but omitting none), and a correctly fitted model (identical to the true model). The percent-

ages of experiments resulting in each scenario are presented in Table 1. The results clearly

indicate that the probability of selecting the true model increases steadily with larger N and

T , approaching 100% quickly.
1Note that in Su and Wang (2017), they derive the selection consistency of the BIC criterion in (6.1)

and compare the performance of (6.1) to that of criterions for the factor model with constant loadings, the
four criteria of Bai and Ng (2002), the eigenvalue ratio (ER) and growth ratio (GR) of Ahn and Horenstein
(2013), and the sequential testing procedure of Onatski (2010). Since all datasets in our simulation study are
generated from the TV factor models, we prefer to using (6.1) to determine the number of factors.
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Table 1: Proportion of the experiments with correctly, under and over fitted regression models

(T,N) DGP Under fitted Correctly fitted Over fitted DGP Under fitted Correctly fitted Over fitted

(100,100) 1 0.000 0.972 0.028 5 0.000 0.958 0.042

(100,200) 0.000 0.986 0.014 0.000 0.966 0.034

(200,100) 0.000 0.994 0.006 0.000 0.972 0.028

(200,200) 0.000 0.990 0.010 0.000 0.982 0.018

(500,500) 0.000 1.000 0.000 0.000 1.000 0.000

(100,100) 2 0.000 0.996 0.004 6 0.016 0.936 0.048

(100,200) 0.012 0.984 0.004 0.018 0.920 0.062

(200,100) 0.000 1.000 0.000 0.000 0.974 0.026

(200,200) 0.000 1.000 0.000 0.000 0.986 0.014

(500,500) 0.000 1.000 0.000 0.000 1.000 0.000

(100,100) 3 0.012 0.978 0.010 7 0.040 0.934 0.026

(100,200) 0.012 0.988 0.000 0.032 0.940 0.028

(200,100) 0.002 0.998 0.000 0.000 0.988 0.012

(200,200) 0.000 1.000 0.000 0.002 0.982 0.016

(500,500) 0.000 1.000 0.000 0.000 1.000 0.000

(100,100) 4 0.000 1.000 0.000 8 0.002 0.998 0.000

(100,200) 0.000 1.000 0.000 0.004 0.996 0.000

(200,100) 0.000 1.000 0.000 0.000 1.000 0.000

(200,200) 0.000 1.000 0.000 0.000 1.000 0.000

(500,500) 0.000 1.000 0.000 0.000 1.000 0.000
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6.3 Performance of Forecasting

In this subsection, we study the finite sample performance of one-step ahead prediction

for the target variable yt+1. We also compare our forecasting results (namely, LCS) with that

obtained from the approach proposed by Fu et al. (2024), abbreviated with FSW below, with

the local constant method in their second step being replaced by the local linear approach.

For each method, we simulate 500 data sets with N , T = 100, 200.

Recall that zt = t/T , given the observations (yt+1, zt, xt) with t ∈ [T − 1] and (zT , xT ),

the one-step ahead prediction of yt+1 is as follows:

ŷT+1|T = β̂
⊤
T−1(zT )f̂T ,

where β̂
⊤
T−1(·) is the nonparametric estimation of βT−1(zT ) using the sample {yt+1, zt, xt}t∈[T−1]

and zT = 1. For both the methods of Fu et al. (2024) and ours, we first use the data

{xt : t ∈ [T ]} to obtain the estimates {f̂1, . . . , f̂T−1, f̂T}, and then conduct nonparametric

estimation based on the sample (yt, zt, f̂t) with t ∈ [T ] to obtain ŷT+1|T , which is similar to

the procedure in Li et al. (2020).

The forecasting performance is evaluated by dividing the simulated sample into two seg-

ments: an in-sample period containing the first 90% of observations for model estimation,

and an out-of-sample period comprising the remaining 10% for assessing prediction accuracy.

This assessment is based on the following mean squared forecast errors (MSFE):

MSFE =
1

⌊0.1T ⌋

T󰁛

t=T−⌊0.1T ⌋+1

(ŷt+1|t − yt+1)
2.

We report the median and standard deviation (in parentheses) of 500 MSFE values in Table

2. The results show that our estimator outperforms the benchmark from Fu et al. (2024) in

all scenarios. A key finding is that forecast accuracy improves with the time series length

(T ), as evidenced by the declining median and standard deviation of the MSFE. This aligns

with the theoretical principle that the convergence rate is driven by T , not the cross-sectional

size (N). Therefore, performance metrics understandably show little variation with increases
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in N .

Table 2: Comparision of the median and standard deviation (in parentheses) of 500 MSFE
values of the our approach (LCS) with that of FSW

(T,N) DGP LCS (LASSO) FSW (TV-FAVAR) DGP LCS (LASSO) FSW (TV-FAVAR)

(100,100) 1 0.201 (0.138) 0.274 (0.197) 5 0.428 (0.367) 0.739 (0.625)

(100,200) 0.197 (0.137) 0.243 (0.176) 0.389 (0.367) 0.685 (0.549)

(200,100) 0.157 (0.065) 0.181 (0.088) 0.368 (0.212) 0.512 (0.298)

(200,200) 0.145 (0.063) 0.175 (0.076) 0.376 (0.228) 0.547 (0.327)

(100,100) 2 0.170 (0.146) 0.289 (0.298) 6 0.417 (0.432) 0.757 (0.761)

(100,200) 0.191 (0.138) 0.285 (0.253) 0.426 (0.393) 0.778 (0.678)

(200,100) 0.137 (0.071) 0.189 (0.095) 0.377 (0.203) 0.551 (0.283)

(200,200) 0.138 (0.064) 0.192 (0.085) 0.358 (0.205) 0.501 (0.300)

(100,100) 3 0.278 (0.227) 0.339 (0.340) 7 0.512 (0.435) 0.774 (0.680)

(100,200) 0.276 (0.208) 0.340 (0.278) 0.527 (0.500) 0.755 (0.690)

(200,100) 0.172 (0.079) 0.197 (0.108) 0.423 (0.242) 0.579 (0.297)

(200,200) 0.177 (0.092) 0.205 (0.118) 0.417 (0.248) 0.517 (0.297)

(100,100) 4 0.324 (0.235) 0.337 (0.289) 8 0.612 (0.489) 0.802 (0.609)

(100,200) 0.348 (0.280) 0.366 (0.353) 0.609 (0.506) 0.776 (0.621)

(200,100) 0.195 (0.099) 0.197 (0.109) 0.457 (0.256) 0.560 (0.305)

(200,200) 0.200 (0.095) 0.206 (0.104) 0.475 (0.260) 0.573 (0.303)

7 Revisiting U.S. Macroeconomic Predictions

This section applies our approach to do predictions using the FRED-QD quarterly macroe-

conomic dataset that was originally developed by McCracken and Ng (2016) maintained by

the Federal Reserve Bank of St. Louis. We use data for the period of 1959:03–2025:03,

transforming each series according to its prescribed transformation code (T-code) as detailed

in the appendix of the source publication and summarized in Table 3. The first two quarters

are excluded due to missing values induced by differencing, resulting in a final dataset of

N = 207 series with T = 262 observations per series. Each series was standardized to have

zero mean and unit variance prior to analysis.

Our main objective is to compare the forecasting performance of our TV-LASSO-based

method with that of the TV-factor augmented forecasting approach proposed in Fu et al.
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(2024). The estimated predictive regression model is

ŷτT+τ |T = β̂
⊤
T−τ (zT )f̂T , (7.1)

where β̂T−τ (·) is the nonparametric estimation of βT−τ (zT ) using the sample {yt+τ , zt, xt}t∈[T−τ ].

Similar to Stock and Watson (2009) and Cheung (2024), let xt be the original series, the trans-

formed series yt and the τ -month ahead variable yτt+τ are defined according to Table 3. The

procedure of estimating ŷτT+τ |T is similar to that in Section 6. That is, a TV factor model was

estimated with data from 1959:03 through 2022:12-τ . Then, the prediction model is used to

forecast yτ2022:12. The whole estimation procedure is repeated with data from 1959:03 through

2023:03-τ to forecast yτ2023:03, and so on.

We first determine the appropriate number of common factors for the local PCA ap-

proach. The maximum number of common factors is set to be 8 in this empirical study.

Other pre-settings such as the kernel and bandwidth are the same as those in the simulation

section. Then, we use the whole data from 1959:03 through 2025:03 to select the number of

factors, which is R̂ = 5. As is observed in Cheung (2024), the number of factors vary across

different time periods in this dataset. Therefore, our method provides a unified framework

to consistently select the factors that are relevant for predicting at different time spans.

After determining the number of factors, we estimate the common factors by local PCA

with the kernel and bandwidth h0 chosen in the same way as those in the simulation study.

In addition, h1 is selected using the cross-validation criterion discussed in Section 6 and

the tuning parameter λT is determined by the GIC criterion in (5.3). The identification

restriction (IR) is discussed in Section 2.2 and the ordering of the data matters in the set

of restriction. Since R̂ = 5, we need to fix the order of the first five series. To this end,

we rearrange the data such that the first six series are (a) PAYEMS (All Employees: Total

nonfarm); (b) INDPRO (IP Index); (c) GS5 (5-Year Treasury Constant Maturity Rate);

(d) PCEPI (Personal Consumption Expenditures: Chain-type Price Index); (e) TOTRESNS

(Total Reserves of Depository Institutions). Our target variables of interest include eight

series from four categories; see Table 4 for details.
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To evaluate the forecasting performance, we compute the mean squared forecast errors

(MSFE) as follows:

MSFE(τ) =
1

T2022:12

T󰁛

t=T−T2022:12+1

(ŷτt+τ |t − yτt+τ )
2.

Table 5 reports the MSFEs for τ -step-ahead forecasts, where τ ∈ [4]. Our penalized TV-FA

model outperforms the TV-FA model of Fu et al. (2024) in 29 of the 32 cases (90.625%), with

superior performance being particularly pronounced at larger forecast horizons (τ = 3, 4),

where it achieves uniform dominance. We conjecture that this occurs because the prediction

error in equation (7.1) increases with τ , making the role of regularization more critical. These

results suggest that irrelevant factors become increasingly prevalent in the prediction model

at longer horizons, which can be effectively mitigated by our penalized approach.

Table 3: Transformations of variables.

T-code Transformation (yt) τ -month ahead variable (yτt+τ )

1 yt = xt yτt+τ = xt+τ

2 yt = ∆xt yτt+τ = xt+τ − xt

3 yt = ∆2xt yτt+τ = τ−1
󰁓τ−1

j=0 ∆xt+τ−j −∆xt

4 yt = ln(xt) yτt+τ = ln(xt+τ )

5 yt = ∆ ln(xt) yτt+τ = ln(xt+τ )− ln(xt)

6 yt = ∆2 ln(xt) yτt+τ = τ−1
󰁓τ−1

j=0 ∆ ln(xt+τ−j)−∆ ln(xt)

7 yt = ∆(xt/xt−1 − 1) yτt+τ = τ−1
󰁓τ−1

j=0 xt+τ−j/xt+τ−j−1 − xt/xt−1

8 Conclusion

This paper introduces a time-varying factor-augmented (TV-FA) forecasting model that

accommodates smoothly evolving factor loadings and allows the number of factors relevant

for forecasting to be smaller than the number driving the entire predictor set. We propose

a two-stage procedure that performs nonparametric estimation and variable selection simul-

taneously, establishing the asymptotic properties of the estimators within a large N , large
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Table 4: Variables of interest for forecasting.

Series T-code

(a) Output and income

INDPRO, IP Index 5

DPIC96: Real Disposable Personal Income 5

(b) Labor market

HWIx, Help-Wanted Index 1

UNRATE, Civilian Unemployment Rate 2

(c) Consumption, orders and inventories

PCECC96: Real Personal Consumption Expenditures 5

ISRATIOx: Total Business: Inventories to Sales Ratio 2

(d) Prices

WPSFD49207: PPI by Commodity for Final Demand: Finished Goods 6

CUSR0000SA0L2: CPI: All items less shelter 6

Table 5: The comparison of our forecasting result with that of Fu et al. (2024)

Variables τ LCS (LASSO) FSW (TV-FAVAR) Variables LCS (LASSO) FSW (TV-FAVAR)

INDPRO 1 0.138 0.292 PCECC96 0.251 0.684

2 0.176 0.363 0.202 0.855

3 0.202 0.269 0.193 1.201

4 0.237 0.274 0.190 1.230

DPIC96 1 1.755 3.102 ISRATIOx 0.301 0.402

2 3.161 7.031 0.900 1.795

3 3.036 4.929 0.838 1.926

4 2.023 4.488 0.896 1.889

HWIx 1 8.575 7.135 WPSFD49207 3.210 3.465

2 7.448 6.578 2.698 3.593

3 7.352 8.746 3.058 3.971

4 6.259 7.722 3.385 4.133

UNRATE 1 2.469 2.728 CUSR0000SA0L2 0.850 0.924

2 1.158 1.011 1.338 1.569

3 2.202 2.886 1.871 2.034

4 2.277 2.627 2.081 2.355

Note: Bold entries highlight better performance in each case.
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T framework. Monte Carlo simulations demonstrate the strong performance of our estima-

tors and forecasts against competing methods. Finally, an empirical application to a U.S.

macroeconomic dataset shows that our penalized TV-FA model outperforms conventional

TV-FAVAR models as in Fu et al. (2024) in predicting key macroeconomic time series.
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Online Supplement for “Time-varying Factor-augmented

Forecasting Models with Variable Selection”

This online supplement is comprised of two sections. Section A contains the proofs of the main

results in the paper, which call upon some technical lemmas. Section B contains the proofs of

technical lemmas in Section A.

A Proofs of the main results in the paper

LetHr, V
(r)
NT , Vr, Υr and Pr be as defined in the beginning of Section 4.3 Let Φ

(c)
r = (φ

(c)
1 (r/T ), . . . ,

φ
(c)
N (r/T ))⊤, where φ

(c)
i (·) denotes the cth order derivative of φi(·) for c ∈ [2]. Recall that k∗h0,tr

=

h−1
0 K∗

r ((t− r)/(Th0)) and K∗
r is the boundary kernel defined in the main text and used in Su and

Wang (2017). Let

B
(r)
t =

󰀥
C̄

(r)
1

󰀕
t− r

T

󰀖
+ C̄

(r)
2 µ21h

2
0 + C̄

(r)
3

󰀕
t− r

T

󰀖2
󰀦
F

(r)
t ,

where

C̄
(r)
1 = V

(r)−1
NT H⊤

r ΣF (Φ
⊤
r Φ

(1)
r /N),

C̄
(r)
2 = V

(r)−1
NT

󰀗
1

2
H⊤

r ΣF (Φ
(2)⊤
r Φr/N) + C̄

(r)
1 ΣF (Φ

⊤
r Φ

(1)
r /N)

󰀘
, and

C̄
(r)
3 =

1

2
V

(r)−1
NT H⊤

r ΣF (Φ
⊤
r Φ

(2)
r /N).

Let B(r) = (B
(r)
1 , . . . , B

(r)
T )⊤. Finally, let ∆

(r)
it = di(t, r)

⊤F
(r)
t and ∆

(r)
i = (∆

(r)
i1 , . . . ,∆

(r)
iT )⊤, where

di(t, r) = φi

󰀃
t
T

󰀄
− φi

󰀃
r
T

󰀄
.

Noting that by T−1F̃ (r)⊤F̃ (r) = IR, we make the following decomposition:

φ̃ir = T−1F̃ (r)⊤x
(r)
i = T−1F̃ (r)⊤F (r)φir + T−1F̃ (r)⊤e

(r)
x,i + T−1F̃ (r)⊤∆

(r)
i

= H−1
r φir + T−1H⊤

r F (r)⊤e
(r)
x,i + T−1

󰀓
F̃ (r) − F (r)Hr −B(r)

󰀔⊤
e
(r)
x,i

−T−1F̃ (r)⊤
󰀓
F̃ (r) − F (r)Hr −B(r)

󰀔
H−1

r φir + T−1
󰀓
F̃ (r) − F (r)Hr −B(r)

󰀔⊤
∆

(r)
i
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+T−1H⊤
r F (r)⊤∆

(r)
i + T−1B(r)⊤e

(r)
x,i − T−1F̃ (r)⊤B(r)H−1

r φir + T−1B(r)⊤∆
(r)
i

≡ H−1
r φir +

8󰁛

m=1

Dm(i, r). (A.1)

Recall that maxt = maxt∈[T ] and maxi,t = maxi∈[N ],t∈[T ] . The following four lemmas are needed

in the proofs of Theorem 4.1, Corollary 4.2 and Theorem 4.3.

Lemma A.1. Suppose that Assumptions 4.1–4.3 hold. Then

(i) maxi,t

󰀐󰀐󰀐󰀐φ̃it −H−1
t φit

󰀐󰀐󰀐󰀐 = Op((Th0/ lnT )
−1/2 + h20);

(ii) maxt

󰀐󰀐󰀐󰀐F̃t −H⊤
t Ft

󰀐󰀐󰀐󰀐 = Op((N/ lnT )−1/2 + h20);

(iii) maxi,t

󰀐󰀐󰀐󰀐φ̃
⊤
it F̃t − φ⊤

itFt

󰀐󰀐󰀐󰀐 = op((Th0/ lnT )
−1/2T 1/8 + h20T

1/8).

Lemma A.2. Suppose that Assumptions 4.1–4.3 hold. Then

(i)
√
Th0Dm(i, r) = op(1), for m = 2, 3, 4, 6;

(ii)
√
Th0D5(i, r) =

√
Th0

µ21h
2
0

2 P−1⊤
r ΣFφ

(2)
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Th0D7(i, r) = −

√
Th0µ21h
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Th0D8(i, r) =

√
Th0µ21h

2
0C̄

(r)
1 ΣFφ

(1)
ir + op(1).

Lemma A.3. Suppose that Assumptions 4.1–4.3 hold. Then

(i) N−1Φ̃⊤
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(ii)
󰁓N

i=1

󰀗
φ̂it −H−1

t φit

󰀘
ex,it = op(N

−1/2);
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Lemma A.4. Suppose that Assumptions 4.1–4.3 hold. Let CNT = min{
√
Th0,

√
N, h−2
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BΦ(i, r) =

󰀗
C̄

(r)
1 ΣFφ

(1)
ir +

1

2
P−1⊤
r ΣFφ

(2)
ir − (H⊤

r ΣF C̄
(r)
2 +H⊤

r ΣF C̄
(r)
3 + C̄

(r)
1 ΣF C̄

(r)⊤
1 )H−1

r φir

󰀘
µ21h

2
0,

(A.2)

and B
(r)
Φ = (BΦ(1, r), . . . , BΦ(N, r))⊤. Then
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−1

󰀐󰀐󰀐󰀐F̃
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Lemma A.1 studies the uniform convergence of φ̃it, F̃t and φ̃
⊤
it F̃t, which is mainly needed in the

derivation of the convergence of H∗
t in Theorem 4.1.

Proof of Theorem 4.1.

First, we observe that

max
r

󰀂T−1H⊤
r F (r)⊤F (r)Hr − IR󰀂

= max
r

󰀂T−1[(H⊤
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= Op((Th0)
−1 +N−1 lnT + (Th0/ lnT )

−1/2h0 + h20), (A.3)

where the first inequality holds by the triangle inequality, the second inequality holds by the fact

that T−1F̃ (r)⊤F̃ (r) = IR and the triangle inequality, and the last equality holds by Lemma A.4(ii),

(iii), (vii) and (x).

Second, by the error analysis in Riemann sum approximation of a definite integral and Assump-

tions 4.1(ii) and 4.3, we have T−1
󰁓T
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⊤
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Th0
)

uniformly in r/T ∈ (0, 1]. Let ιm be an R×1 vector with one in its mth position and zero elsewhere.

For any m, n ∈ [R], we have by Assumptions 4.1(iv) and 4.3,
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−1).

This, in conjunction with (IR) in (2.3), implies that T−1F (r)⊤F (r)−IR = Op((Th0)
−1/2). Also note

that by Assumption 4.2(iii),
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r
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−1/2) +O((Th0)

−1) = O((Th0/ lnT )
−1/2).(A.4)

Then, by the triangle inequality, (A.3) and (A.4)

max
r

󰀂H⊤
r Hr − IR󰀂 ≤ max

r

󰀐󰀐󰀐H⊤
r Hr −H⊤

r T−1F (r)⊤F (r)Hr

󰀐󰀐󰀐+max
r

󰀐󰀐󰀐H⊤
r T−1F (r)⊤F (r)Hr − IR

󰀐󰀐󰀐

= Op((Th0)
−1/2 +N−1 lnT + h20). (A.5)

Thus, Hr is an orthogonal matrix up to a term that is of order Op((Th0)
−1/2 +N−1 lnT + h20), and

so is HrQ̃
⊤
r since Q̃r is orthogonal by construction. Pre- and post-multiplying H⊤

r Hr by Q̃r and

Q̃⊤
r respectively and using (A.5) yields

max
r

󰀂Q̃rH
⊤
r HrQ̃

⊤
r − IR󰀂 = Op((Th0)

−1/2 +N−1 lnT + h20).

Now, by the definition of Φ̃⊤
1:R,r and Lemma A.1(i), we have that

max
r

󰀂Q̃⊤
r R̃r −H−1

r Φ⊤
1:R,r󰀂 = max

r
󰀂Φ̃⊤

1:R,r −H−1
r Φ⊤

1:R,r󰀂 = Op((Th0/ lnT )
−1/2 + h20),
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where R̃r is an upper triangular matrix with positive diagonal elements. Since Φ⊤
1:R,r is also an upper

triangular matrix and H−1
r is uniformly an orthogonal matrix up to a Op((Th0)

−1/2+N−1 lnT+h20)

term by (A.5), by the uniqueness of the QR decomposition, we have

max
r

󰀂Q̃⊤
r −H−1

r 󰀂 = Op((Th0/ lnT )
−1/2 +N−1 lnT + h20).

This, in conjunction with the definition of H∗
r after equation (3.3) in Section 3.1, implies that

max
r

󰀂H∗
r − IR󰀂 = max

r
󰀂HrQ̃

⊤
r − IR󰀂 = Op((Th0/ lnT )

−1/2 +N−1 lnT + h20). 󰃈 (A.6)

Proof of Corollary 4.2.

First, by equation (3.3) in the main text, we make the following decomposition:

F̂t − Ft = Q̃t(F̃t −H⊤
t Ft) + (Q̃tH

⊤
t − IR)Ft. (A.7)

Noting that xit = φ̃
⊤
itH

⊤
t Ft + ex,it + (H−1

t φit − φ̃it)
⊤H⊤

t Ft, we have

F̃t −H⊤
t Ft = S̃−1

φ,t

󰀣
1

N

N󰁛

i=1

φ̃itxit

󰀤
−H⊤

t Ft

= S̃−1
φ,t

󰀫
H−1

t

1

N

N󰁛

i=1

φitex,it +
1

N

N󰁛

i=1

(φ̃it −H−1
t φit)ex,it −

1

N

N󰁛

i=1

φ̃it(φ̃it −H−1
t φit)

⊤H⊤
t Ft

󰀬

≡ A1(t) +A2(t) +A3(t), (A.8)

where S̃φ,t ≡ N−1Φ̃⊤
t Φ̃t ≡ N−1

󰁓N
i=1 φ̃itφ̃

⊤
it . By the definition of B

(r)
Φ and Lemma A.4(xii)-(xv), we

have maxt 󰀂A2(t)󰀂+maxt 󰀂A3(t)󰀂 = Op(h
2
0 + C−2

NT lnT ). Then

max
t

󰀂F̃t −H⊤
t Ft󰀂 = max

t

󰀐󰀐󰀐󰀐󰀐(N
−1Φ̃⊤

t Φ̃t)
−1H−1

t

1

N

N󰁛

i=1

φitex,it

󰀐󰀐󰀐󰀐󰀐+Op(h
2
0 + C−2

NT lnT ).

By the fact that Q̃tQ̃
⊤
t = IR and the result in Theorem 4.1, we have

max
t

󰀂Q̃t −Ht󰀂 ≤ max
t

󰀂Q̃tH
−1
t − IR󰀂max

t
󰀂Ht󰀂 = max

t
󰀂Ht󰀂max

t
󰀂(Q̃⊤

t )
−1H−1

t − IR󰀂

≲ max
t

󰀂(HtQ̃
⊤
t )

−1 − IR󰀂 = max
t

󰀂H∗−1
t − IR󰀂 = op(1),

where a ≲ b denotes that a/b = Op (1) . Then, by Assumption 4.2(iv), Lemma A.3(i), Theorem 4.1
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and (A.3),

max
t

󰀂F̂t − Ft󰀂 ≤ max
t

󰀂Q̃t󰀂
󰀫
max

t

󰀐󰀐󰀐󰀐󰀐(N
−1Φ̃⊤

t Φ̃t)
−1 1

N

N󰁛

i=1

φitex,it

󰀐󰀐󰀐󰀐󰀐+Op(h
2
0 + C−2

NT lnT )

󰀬

+max
t

󰀂(H∗
t − IR)

⊤Ft󰀂

≲ max
t

󰀐󰀐󰀐󰀐󰀐
1

N

N󰁛

i=1

φitex,it

󰀐󰀐󰀐󰀐󰀐+max
t

󰀂H∗
t − IR󰀂max

t
󰀂Ft󰀂+Op(h

2
0 + C−2

NT lnT )

= Op((N/ lnT )−1/2 + h20) +Op((Th0/ lnT )
−1/2 + h20)op(T

1/8),

= Op((N/ lnT )−1/2 + h20) + op((Th0/ lnT )
−1/2T 1/8 + h20T

1/8),

where the second last equality follows from the fact that maxt 󰀂Ft󰀂 = op(T
1/8) under Assumption

4.1(ii). 󰃈

Proof of Theorem 4.3.

Let Σ̃
(r)
F ≡ T−1F (r)⊤F (r). Then, using the same deduction as in (A.3) and by the fact that Q̃r

is orthogonal,

max
r

󰀂(Σ̃(r)1/2
F HrQ̃

⊤
r )

⊤(Σ̃
(r)1/2
F HrQ̃

⊤
r )− IR󰀂 = Op((Th0)

−1 +N−1 lnT + (Th0/ lnT )
−1/2h0 + h20).

(A.9)

Now, let δr ≡ Σ̃
(r)1/2
F HrQ̃

⊤
r − IR. Then

max
r

󰀂(δr + IR)
⊤(δr + IR)− IR󰀂 = Op((Th0)

−1 +N−1 lnT + (Th0/ lnT )
−1/2h0 + h20).

Therefore, maxr 󰀂δ⊤r δr + δr + δ⊤r 󰀂 = Op((Th0)
−1+N−1 lnT +(Th0/ lnT )

−1/2h0+h20). Noting that

max
r

󰀂δr󰀂 = max
r

󰀐󰀐󰀐HrQ̃
⊤
r − IR +

󰀓
Σ̃
(r)1/2
F − IR

󰀔
HrQ̃

⊤
r

󰀐󰀐󰀐

≲ max
r

󰀐󰀐󰀐HrQ̃
⊤
r − IR

󰀐󰀐󰀐+max
r

󰀐󰀐󰀐Σ̃(r)1/2
F − IR

󰀐󰀐󰀐 = Op((Th0/ lnT )
−1/2 +N−1 lnT + h20)

by (A.4) and (A.6), we have

max
r

󰀂δ⊤r δr󰀂 ≤ max
r

󰀂δr󰀂2 = Op

󰀝󰀓
(Th0/ lnT )

−1/2 +N−1 lnT + h20

󰀔2
󰀞

= Op((Th0/ lnT )
−1 +N−2 (lnT )2 + h40).

Then by the triangle inequality,

max
r

󰀂δr + δ⊤r 󰀂 ≤ max
r

󰀂δ⊤r δr󰀂+max
r

󰀂δ⊤r δr + δr + δ⊤r 󰀂 = Op([(Th0)
−1 +N−1] lnT + h20),
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which means that δr is skew-symmetric,1 up to an asymptotically negligible term.

Now, by (A.1) and Lemma A.2,
󰁓8

m=2Dm(i, r) = BΦ(i, r) + op((Th0)
−1/2), where BΦ(i, r) is

defined in Lemma A.4. Therefore, by the proof of Theorem 2.5(i) in Su and Wang (2020), we have

uniformly in (i, r) ∈ [N ]× [T ] ,

φ̃ir −H−1
r φir = T−1H⊤

r F (r)⊤e
(r)
x,i +BΦ(i, r) + op((Th0)

−1/2) .

Then uniformly in r ∈ [T ] ,

Φ̃⊤
1:R,r −H−1

r Φ⊤
1:R,r = H⊤

r T−1
T󰁛

s=1

k∗h,srFse
⊤
x,(1:R)s +B⊤

Φ (1 : R, r) + op((Th0)
−1/2), (A.10)

where e⊤x,(1:R)s = (ex,1s, ...ex,Rs), and

B⊤
Φ (1 : R, r) =

󰀗
C̄

(r)
1 ΣFΦ

(1)⊤
1:R,r +

1

2
Q−1⊤

r ΣFΦ
(2)⊤
1:R,r

−
󰀕
H⊤

r ΣF C̄
(r)
2 +H⊤

r ΣF C̄
(r)
3 + C̄

(r)
1 ΣF C̄

(r)⊤
1

󰀖
H−1

r Φ⊤
1:R,r

󰀘
µ21h

2
0.

Similar to the derivation of (A.3),

H⊤
r = H⊤

r (Σ̃
(r)
F Hr)(Σ̃

(r)
F Hr)

−1 = (Σ̃
(r)
F Hr)

−1 +Op([(Th0)
−1 +N−1] lnT + h20).

Premultiplying Hr on both sides of (A.10) yields

HrΦ̃
⊤
1:R,r − Φ⊤

1:R,r = Σ̃
(r)−1
F T−1

T󰁛

s=1

k∗h,srFse
⊤
x,(1:R)s +HrB

⊤
Φ (1 : R, r) + op((Th0)

−1/2). (A.11)

Now, by the QR decomposition of Φ̃⊤
1:R,r,

Σ̃
(r)1/2
F HrΦ̃

⊤
1:R,r = Σ̃

(r)1/2
F HrQ̃

⊤
r R̃r = (Σ̃

(r)1/2
F HrQ̃

⊤
r − IR)R̃r + R̃r = δrR̃r + R̃r.

Subtracting Φ⊤
1:R,r from both ends of the last equation and solving for δr yields

δr = (Φ⊤
1:R,r − R̃r)R̃

−1
r + (Σ̃

(r)1/2
F HrΦ̃

⊤
1:R,r − Φ⊤

1:R,r)R̃
−1
r .

Similar to the argument in Bai and Ng (2013), since both Φ⊤
1:R,r and R̃r are upper triangular, the

below diagonal elements of δr are determined by those of the second term on the right hand side

of the last equation. Moreover, since δr is skew-symmetric up to an asymptotically negligible term,

1A matrix A is skew-symmetric (also known as anti-symmetric) if A + A⊤ = 0. So the diagonal elements of a
skew-symmetric matrix are zero, and Aij = −Aji
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the elements of δr above the diagonal are also given, that is,

[δr]k,l =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

󰀗󰀕
Σ̃
(r)1/2
F HrΦ̃

⊤
1:R,r − Φ⊤

1:R,r

󰀖
R̃−1

r

󰀘

k,l

if k>l

Op([(Th0)
−1 +N−1] lnT + h20) if k=l

− [δr]l,k +Op([(Th0)
−1 +N−1] lnT + h20) if k<l.

(A.12)

Therefore, we only need to consider the first case with k > l. Noting that by (A.11)

󰀓
Σ̃
(r)1/2
F HrΦ̃

⊤
1:R,r − Φ⊤

1:R,r

󰀔
(Φ⊤

1:R,r)
−1

= Σ̃
(r)1/2
F

󰀓
HrΦ̃

⊤
1:R,r − Φ⊤

1:R,r

󰀔
(Φ⊤

1:R,r)
−1 + (Σ̃

(r)1/2
F − IR)

= Σ̃
(r)−1/2
F

󰀣
T−1

T󰁛

s=1

k∗h,srFse
⊤
x,(1:R)s

󰀤
(Φ⊤

1:R,r)
−1 + Σ̃

(r)1/2
F HrB

⊤
Φ (1 : R, r)(Φ⊤

1:R,r)
−1 + (Σ̃

(r)1/2
F − IR)

+op((Th0)
−1/2). (A.13)

Note that by the Binomial theorem (see, e.g., Fact 10.11.24 in Bernstein (2005)),

Σ̃
(r)1/2
F =

󰀓
IR − (IR − Σ̃

(r)
F )

󰀔1/2
= IR +

1

2
(Σ̃

(r)
F − IR) + op((Th0)

−1/2),

Σ̃
(r)−1/2
F =

󰀓
IR − (IR − Σ̃

(r)
F )

󰀔−1/2
= IR − 1

2
(Σ̃

(r)
F − IR) + op((Th0)

−1/2). (A.14)

In addition, by the uniqueness of QR decomposition, R̃r
p→ Φ⊤

1:R,r. Consequently, we have that by

Assumption 4.4(iii) and (iv), (A.13), the second equation in (A.14), and the fact that Σ̃
(r)
F − IR =

op(1) under (IR) in (2.3),

󰁳
Th0Σ̃

(r)−1/2
F

󰀓
Σ̃
(r)1/2
F HrΦ̃

⊤
1:R,r − Φ⊤

1:R,r

󰀔
R̃−1

r −
󰁳

Th0HrB
⊤
Φ (1 : R, r)(Φ⊤

1:R,r)
−1

= Σ̃
(r)−1
F

󰀣
󰁳

h0/T

T󰁛

s=1

k∗h,srFse
⊤
x,(1:R)s

󰀤󰁫
(Φ⊤

1:R,r)
−1 + op(1)

󰁬
+ Σ̃

(r)−1/2
F

󰁳
Th0(Σ̃

(r)1/2
F − IR) + op(1)

= (IR + op(1))

󰀣
󰁳

h0/T

T󰁛

s=1

k∗h,srFse
⊤
x,(1:R)s

󰀤
(Φ⊤

1:R,r)
−1 −

󰁳
Th0(Σ̃

(r)−1/2
F − IR) + op(1)

=

󰀣
󰁳

h0/T

T󰁛

s=1

k∗h,srFse
⊤
x,(1:R)s

󰀤
(Φ⊤

1:R,r)
−1 +

1

2

󰁳
Th0(Σ̃

(r)
F − IR) + op(1)

d→ Z1:R,r(Φ
⊤
1:R,r)

−1 +
1

2
N r.

Now, by the definition of δr, HrQ̃
⊤
r = Σ̃

(r)−1/2
F (δr+IR). Then by (A.14) and Assumption 4.4(iv),
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we have that under IR,

󰁳
Th0(H

∗
r − IR −HrB

⊤
Φ (1 : R, r)(Φ⊤

1:R,r)
−1)

=
󰁳

Th0

󰁫
HrQ̃

⊤
r − IR −HrB

⊤
Φ (1 : R, r)(Φ⊤

1:R,r)
−1

󰁬

=
󰁳

Th0Σ̃
(r)−1/2
F δr −

󰁳
Th0HrB

⊤
Φ (1 : R, r)(Φ⊤

1:R,r)
−1 +

󰁳
Th0(Σ̃

(r)−1/2
F − IR)

=
󰁳

Th0Σ̃
(r)−1/2
F δr −

󰁳
Th0HrB

⊤
Φ (1 : R, r)(Φ⊤

1:R,r)
−1 − 1

2

󰁳
Th0(Σ̃

(r)
F − IR) + op(1)

d→ ∆̄r −
1

2
N r.

where ∆̄r is defined in the statement of Theorem 4.3. 󰃈

Proof of Theorem 4.4.

(i) By equation (3.3) in the main text, we have

F̂t − Ft = Q̃t(F̃t −H⊤
t Ft) + (Q̃tH

⊤
t − IR)Ft.

Note that F̃t − H⊤
t Ft = A1(t) + A2(t) + A3(t) by (A.8). By Lemma A.3,

√
NA2(t) = op(1) and

√
NA3(t) = (N−1Φ̃⊤

t Φ̃t)
−1

√
NȞ⊤

t Ft + op(1), where Ȟ⊤
t is defined in the statement of Lemma A.3.

It follows that

√
N(F̃t −H⊤

t Ft) = (N−1Φ̃⊤
t Φ̃t)

−1H−1
t

1√
N

N󰁛

i=1

φitex,it − (N−1Φ̃⊤
t Φ̃t)

−1
√
NȞ⊤

t Ft + op(1).

Now, by the fact that Q̃t is an orthogonal matrix and Theorem 4.1, we have that

Q̃t = Q̃tH
−1
t Ht = (Q̃⊤

t )
−1H−1

t Ht = (HtQ̃
⊤
t )

−1Ht = H∗−1
t Ht = Ht + op(1). (A.15)

It follows by Lemma A.6 (ii) in Su and Wang (2020) and Lemma A.3(i) that

√
N(F̂t − Ft)

= Q̃t

√
N(F̃t −H⊤

t Ft) +
√
N(Q̃tH

⊤
t − IR)Ft

= Q̃t(N
−1Φ̃⊤

t Φ̃t)
−1H−1

t

1√
N

N󰁛

i=1

φitex,it − Q̃t(N
−1Φ̃⊤

t Φ̃t)
−1

√
NȞ⊤

t Ft +
√
N(Q̃tH

⊤
t − IR)Ft + op(1)

= Ht(N
−1Φ̃⊤

t Φ̃t)
−1H−1

t

1√
N

N󰁛

i=1

φitex,it {1 + op(1)}−Ht(N
−1Φ̃⊤

t Φ̃t)
−1

√
NȞ⊤

t Ft {1 + op(1)}

+
󰁳

N/(Th0)
󰁳

Th0(H
∗
t − IR)

⊤Ft + op(1)

= P−1
t (PtΣΦtP

⊤
t )−1Pt

1√
N

N󰁛

i=1

φitex,it {1 + op(1)}− P−1
t (N−1Φ̃⊤

t Φ̃t)
−1

√
NȞ⊤

t Ft {1 + op(1)}
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+
󰁳

N/(Th0)
󰁳

Th0(H
∗
t − IR)

⊤Ft + op(1)

= (P⊤
t Pt)

−1Σ−1
Φt

1√
N

N󰁛

i=1

φitex,it {1 + op(1)}− P−1
t (N−1Φ̃⊤

t Φ̃t)
−1

√
NȞ⊤

t Ft {1 + op(1)}

+
󰁳

N/(Th0)
󰁳

Th0(H
∗
t − IR)

⊤Ft + op(1).

Again, by (A.5), Ht is an orthogonal matrix up to a term that is of order Op((Th0)
−1/2 +

N−1 lnT + h20). Then, by Lemma A.6(ii) in Su and Wang (2020), it is easy to show that Pt is also

an orthogonal matrix up to a term that is of order Op((Th0)
−1/2 +N−1 lnT + h20). Thus,

√
N(F̂t − Ft) = {IR + op(1)}Σ−1

Φt

1√
N

N󰁛

i=1

φitex,it − P−1
t (N−1Φ̃⊤

t Φ̃t)
−1

√
NȞ⊤

t Ft

+
󰁳

N/(Th0)
󰁳

Th0(H
∗
t − IR −HtB

⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1)⊤Ft

+
√
NHtB

⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1 + op(1).

In addition, under the condition that Nh40 → 0 and by the definition of Ȟt, the bias term
√
NȞ⊤

t Ft

is asymptotically vanishing and
√
NHtB

⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1 = O(

√
Nh20) = o(1). Then, the

first part of Theorem 4.4 follows from Assumption 4.4 and Theorem 4.3. On the other hand, if

N(Th0)
−1 → ∞ and Th50 → 0, then, by Lemma A.1(ii), we have

󰁳
Th0(F̂t − Ft) = Q̃t

󰁳
Th0(F̃t −H⊤

t Ft) +
󰁳

Th0(Q̃tH
⊤
t − IR)Ft

=
󰁳

Th0(H
∗
t − IR −HtB

⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1)⊤Ft

+
󰁳

Th0HtB
⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1 + op(1).

Therefore, the second part of Theorem 4.4 follows from Theorem 4.3 and the fact that
√
Th0HtB

⊤
Φ (1 :

R, t)(Φ⊤
1:R,t)

−1 = O(
√
Th0h

2
0) = O(Th50) = o(1).

(ii) By using arguments as used in the proof of Theorem 2.2 in Su and Wang (2020), we can

show that

φ̃it −H−1
t φit = H⊤

t T−1
T󰁛

s=1

k∗h,stFsex,is +BΦ(i, t) + op((Th0)
−1/2).

Then, by the condition Th50 → 0, the definition of BΦ(i, t) and (A.15), we have

󰁳
Th0(φ̂it − φit) = (Q̃⊤

t )
−1

󰁳
Th0(φ̃it −H−1

t φit) +
󰁳

Th0

󰁫
(HtQ̃

⊤
t )

−1 − IR

󰁬
φit

= (Q̃⊤
t )

−1H⊤
t

󰁳
h0/T

T󰁛

s=1

k∗h,stFsex,is +
󰁳

Th0(H
∗−1
t − IR)φit + op(1)

= (HtQ̃
−1
t )⊤

󰁳
h0/T

T󰁛

s=1

k∗h,stFsex,is −
󰁳

Th0(H
∗
t − IR)(H

∗−1
t − IR + IR)φit + op(1)
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= {IR + op(1)}
󰁳

h0/T

T󰁛

s=1

k∗h,stFsex,is −
󰁳

Th0(H
∗
t − IR) {IR + op(1)}φit + op(1)

=
󰁳

h0/T

T󰁛

s=1

k∗h,stFsex,is −
󰁳

Th0(H
∗
t − IR −HtB

⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1)φit

−
󰁳

Th0HtB
⊤
Φ (1 : R, t)(Φ⊤

1:R,t)
−1φit + op(1)

d→ Zi,t − Ξtφit.

This completes the proof of (ii). 󰃈

Lemma A.5. Suppose that Assumptions 4.1–4.3 and 4.5 hold. Let {(εy,t, Ft) : t ≥ 1} be a strictly

stationary and α-mixing process with mixing coefficient as in Assumption 4.5(ii). Then

sup
z∈[0,1]

󰀐󰀐󰀐󰀐󰀐
1

T

T󰁛

t=1

󰁫
FtF

⊤
t − E(FtF

⊤
t )

󰁬
Kh1(zt − z)

󰀐󰀐󰀐󰀐󰀐 = Op

󰀣󰀕
lnT

Th1

󰀖1/2
󰀤
.

Lemma A.6. Let ru(zs)(k,l) denote the (k, l)th element of Ru(zs), where

Ru(zs) = Cov(σ(Ft, zs)εy,tF
a
t ,σ(Ft+u, zs)εy,t+uF

a
t+u).

Suppose that Assumptions 4.1–4.3 and 4.5 hold, then,
󰁓∞

u=−∞ |ru(zs)(k,l)| < ∞.

Lemma A.7. Suppose that Assumptions 4.1–4.3 and 4.5 hold. Denote

ê0(zs) = T−1/2h
1/2
1

T󰁛

t=1

F̂ a
t

󰀝
F̂ a⊤
t [β(zt)− θ00(zs)− θ01(zs)(zt − zs)] + ey,t+1

󰀞
Kh1(zt − zs), and

ê1(zs) = T−1/2h
1/2
1

T󰁛

t=1

F̂ a
t

󰀝
F̂ a⊤
t [β(zt)− θ00(zs)− θ01(zs)(zt − zs)] + ey,t+1

󰀞󰀣
zt − zs
h1

󰀤
Kh1(zt − zs),

where F̂ a
t , θ

0
0(·) and θ01(·) are defined in Section 3.2 in the main text. Let ê(zs) = (ê0(zs)

⊤, ê1(zs)
⊤)⊤

and ê = (ê(z1), . . . , ê(zT ))
⊤ ∈ RT×2(R+1). Then, T−1󰀂ê󰀂2 = Op(1).

Lemma A.8. Suppose that Assumptions 4.1–4.3 and 4.5 hold. Then,

T−1
T󰁛

t=1

󰀂β̂λ(zt)− β(zt)󰀂2 = Op((Th1)
−1) and

T−1
T󰁛

t=1

󰀂θ̂1(zt)− θ01(zt)󰀂2 = Op((Th1)
−1h−2

1 ),

where θ̂1(zt) is defined in Section 3.2 in the main text.
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Lemma A.9. Suppose that Assumptions 4.1–4.3 and 4.5 hold. Then, P
󰀓
󰀂θ̂0,l󰀂 = 0

󰀔
→ 1 and

P
󰀓
󰀂h1θ̂1,l󰀂 = 0

󰀔
→ 1 for any Rf < l ≤ R.

Denote F̂ a∗
a,t = (F̂ a⊤

a,t , ((zt − zs)/h1)F̂
a⊤
a,t )

⊤, where F̂ a
a,t is defined in Section 4.4 in the main

text and define θ̂a(z) = (θ̂a,0(z)
⊤, h1θ̂a,1(z)

⊤)⊤, where θ̂a,0(z) = (θ̂0,0(z), θ̂0,1(z), . . . , θ̂0,Rf
(z))⊤ and

θ̂a,1(z) = (θ̂1,0(z), θ̂1,1(z), . . . , θ̂1,Rf
(z))⊤. Similarly, define θ̂b(z) = (θ̂b,0(z)

⊤, h1θ̂b,1(z)
⊤)⊤, where

θ̂b,0(z) = (θ̂0,(Rf+1)(z), . . . , θ̂0,R(z))
⊤ and θ̂b,1(z) = (θ̂1,(Rf+1)(z), . . . , θ̂1,R(z))

⊤. Finally, recall that

θ0r,l = (θ0r,l(z1), . . . , θ
0
r,l(zT ))

⊤ ∈ RT is the vector of the true values for r = 0, 1.

Proof of Theorem 4.5.

(a) Recall that F̂0t ≡ 1, let F̂a,lt be the (l + 1)th element of F̂ a
t for l ∈ 0 ∪ [Rf ] and F̂b,lt be the

(l + 1)th element of F̂ a
t for l > Rf . By Lemma A.9 and Hunter and Li (2005), we know that as

m → ∞, 󰀂θ̂(m)

0,l 󰀂 p→ 󰀂θ̂0,l󰀂 for every 0 ≤ l ≤ R, where θ̂
(m)

0,l is defined in Section 5.1 and θ̂0,l is defined

in (3.4) in the main text. Then, we must have 󰀂θ̂(m)

0,l 󰀂 converge to a positive value in probability

for every l ≤ Rf , while 󰀂θ̂(m)

0,l 󰀂 p→ 0 for every l > Rf . To this end, let B
(m)
l = P ′

λT
(󰀂θ̃0,l󰀂)/cl. If

0 ≤ l ≤ Rf , we define B
(m)
l ≡ B

(m)
a,l ; otherwise, let B

(m)
l ≡ B

(m)
b,l . By the definition of B

(m)
l , B

(m)
a,l

must converge to a finite value in probability, whereas B
(m)
b,l must diverge to infinity in probability,

as m → ∞.

Now, we begin to study the convergence of θ̂
(m+1)

0,l (zs) in Section 5.1 of the main text. By (5.1)

in the paper, we have θ̂
(m+1)

0,l (zs) =

󰀝
Ω̃T l,s(0) +B

(m)
l

󰀞−1

ẼT l,s, and recall that

Ω̃T l,s(0) =
2

T

T󰁛

t=1

F̂ 2
ltKh1(zt − zs) and

ẼT l,s =
2

T

T󰁛

t=1

F̂ltŷ
(m)
t+1,−lKh1(zt − zs),

where ŷ
(m)
t+1,−l is defined in Section 5.1. Let θ̂

(m+1)

a,0,l (zs) =

󰀝
Ω̃a,T l,s(0)+B

(m)
a,l

󰀞−1

Ẽa,T l,s and θ̂
(m+1)

b,0,l (zs)

=

󰀝
Ω̃b,T l,s(0) +B

(m)
b,l

󰀞−1

Ẽb,T l,s where

Ω̃a,T l,s(0) =
2

T

T󰁛

t=1

F̂ 2
a,ltKh1(zt − zs), Ẽa,T l,s =

2

T

T󰁛

t=1

F̂a,ltŷ
(m)
t+1,−lKh1(zt − zs), for l ∈ 0 ∪ [Rf ]

Ω̃b,T l,s(0) =
2

T

T󰁛

t=1

F̂ 2
b,ltKh1(zt − zs), and Ẽb,T l,s =

2

T

T󰁛

t=1

F̂b,ltŷ
(m)
t+1,−lKh1(zt − zs), for l > Rf .

By Corollary 4.2, Ω̃ℓ,T l,s(0) = Mℓ,l(zs)+op(1) and Ẽℓ,T l,s = Nℓ,l(zs)+op(1) for ℓ ∈ {a, b}, uniformly

on [0, 1], where Mℓ,l(zs) = 2
󰁓T

t=1 F
2
ℓ,ltKh1(zt − zs)/T and Nℓ,l(zs) = 2

󰁓T
t=1 Fℓ,ltŷ

(m)
t+1,−lKh1(zt −
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zs)/T . Then, we only need to consider the convergence of

󰀝
Ma,l(zs) + B

(m)
a,l

󰀞−1

Na,l(zs) and

󰀝
Mb,l(zs) + B

(m)
b,l

󰀞−1

Nb(zs) and the rest of the proof is the same as that of Theorem 1 in Wang

and Xia (2009).

(b) By Lemma A.9, we know immediately that θ̂b(z) = 0 with probability approaching one

(w.p.a.1). Consequently, we know that θ̂a(z) must be the solution to the following normal equation:

1

T

T󰁛

t=1

F̂ a∗
a,t

󰀕
yt+1 − F̂ a∗⊤

a,t θ̂a(z)

󰀖
Kh1(zs − z) +

Rf󰁛

l=0

󰀣
P ′
λT

(󰀂θ̃0,l󰀂)θ̂0,l/󰀂θ̂0,l󰀂
P ′
λT

(D̃l)h1θ̂1,l/󰀂h1θ̂1,l󰀂

󰀤
= 0.

By the standard result of local linear smoothing, we can show that max1≤l≤Rf
󰀂θ̃0,l − θ00,l󰀂 =

Op(h
−1/2
1 ). Then, by Assumption 4.5(iv), it can be shown that

min
1≤l≤Rf

󰀂θ̃0,l󰀂 ≥ min
1≤l≤Rf

󰀂θ00,l󰀂 − max
1≤l≤Rf

󰀂θ̃0,l − θ00,l󰀂 ≥ aλT w.p.a.1,

with probability approaching one, which together with the SCAD structure, indicates that the

penalty term P ′
λT

(󰀂θ̃0,l󰀂) is asymptotically negligible. Similarly, P ′
λT

(D̃l) = 0 when D̃l ∕= 0 and

when T is large. Thus, we have

1

T

T󰁛

t=1

F̂ a∗
a,t

󰀕
yt+1 − F̂ a∗⊤

a,t θ̂a(z)

󰀖
Kh1(zs − z) = 0,

which implies that

θ̂a(z) =

󰀫
1

T

T󰁛

t=1

F̂ a∗
a,tF̂

a∗⊤
a,t Kh1(zt − z)

󰀬−1
1

T

T󰁛

t=1

F̂ a∗
a,tyt+1Kh1(zt − z).

Then,

β̂a,λ(z) = [IRf+1,0(Rf+1)×(Rf+1)]θ̂a(z)

= [IRf+1,0(Rf+1)×(Rf+1)]

󰀕
T−1

T󰁛

t=1

F̂ a∗
a,tF̂

a∗⊤
a,t Kh1(zt − z)

󰀖−1󰀕
T−1

T󰁛

t=1

F̂ a∗
a,tyt+1Kh1(zt − z)

󰀖
.

Therefore, by Lemma A.6 and Assumptions 4.5, the rest of the proof follows directly from that of

Theorem 2 in Cai (2007). 󰃈
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B Proofs of the technical lemmas in Section A

Proof of Lemma A.1-A.3. The proofs are completely analogous to that of Theorem 2.5, Lemma

A.4 and Lemma A.5 in Su and Wang (2020), respectively, and thus omitted. 󰃈

Proof of Lemma A.4. We only prove (vii) and (x), because the proof of the rest of the lemma is

analogous to that of Lemma A.6 in Su and Wang (2020).

(vii) Note that T−1B(r)⊤F (r)H(r) = T−1
󰁓T

t=1B
(r)
t F

(r)⊤
t H(r) ≤ T−1

󰁓T
t=1[C̄

(r)
1 ( t−r

T )+C̄
(r)
2 µ21h

2
0+

C̄
(r)
3 ( t−r

T )2]F
(r)
t F

(r)⊤
t H(r) ≡

󰁓3
c=1Cc,r. For C1,r = T−1

󰁓T
t=1[C̄

(r)
1 ( t−r

T )]k∗h0,tr
FtF

⊤
t Hr. Then, by the

structure of the boundary kernel, we have

max
r

󰀂C1,r󰀂 ≤ max
r

󰀂C̄(r)
1 󰀂max

r
󰀂Hr󰀂max

r

󰀐󰀐󰀐󰀐T
−1

T󰁛

t=1

󰀕
t− r

T

󰀖
k∗h0,trFtF

⊤
t

󰀐󰀐󰀐󰀐

≲ max
r

󰀐󰀐󰀐󰀐T
−1

T󰁛

t=1

󰀕
t− r

T

󰀖
k∗h0,trFtF

⊤
t

󰀐󰀐󰀐󰀐

≤ max
r

󰀐󰀐󰀐󰀐T
−1

T󰁛

t=1

󰀕
t− r

T

󰀖
k∗h0,trΣF

󰀐󰀐󰀐󰀐+max
r

󰀐󰀐󰀐󰀐T
−1

T󰁛

t=1

󰀕
t− r

T

󰀖
k∗h0,tr(FtF

⊤
t − ΣF )

󰀐󰀐󰀐󰀐

= Op((Th0)
−1) +Op((Th0/ lnT )

−1/2h0)

by the triangle inequality and the uniform approximation of Riemann summation to a definite

integral. Similarly, one can show that maxr 󰀂Cc,r󰀂 = Op((Th0/ lnT )
−1/2h20) for c = 2, 3. If follows

that maxr 󰀂T−1B(r)⊤F (r)H(r)󰀂 = Op((Th0/ lnT )
−1/2h0).

(x) Notice that

󰀐󰀐󰀐󰀐T
−1F̃ (r)⊤B(r)

󰀐󰀐󰀐󰀐 ≤
󰀐󰀐󰀐󰀐T

−1(F̃ (r) − F (r)H(r) −B(r))⊤B(r)

󰀐󰀐󰀐󰀐+

󰀐󰀐󰀐󰀐T
−1H(r)⊤F (r)⊤B(r)

󰀐󰀐󰀐󰀐

+

󰀐󰀐󰀐󰀐T
−1B(r)⊤B(r)

󰀐󰀐󰀐󰀐 ≡
3󰁛

c=1

Dc,r.

First, following the proof of Lemma A.6(ix) in Su and Wang (2020), we can show that maxr D1,r =

maxr

󰀐󰀐󰀐󰀐T
−1(F̃ (r)−F (r)H(r)−B(r))⊤B(r)

󰀐󰀐󰀐󰀐 = Op([(Th0)
−1+N−1 lnT ]h0)+op(h

4
0). Second, similar to

the proof of Lemma A.6(vii) in Su andWang (2020), we have maxr D2,r = maxr

󰀐󰀐󰀐󰀐T
−1H(r)⊤F (r)⊤B(r)

󰀐󰀐󰀐󰀐

= Op((Th0)
−1 + (Th0/ lnT )

−1/2h0 + h20) and maxr D3,r = maxr

󰀐󰀐󰀐󰀐T
−1B(r)⊤B(r)

󰀐󰀐󰀐󰀐 = Op(h
2
0). Thus,

maxr

󰀐󰀐󰀐󰀐T
−1F̃ (r)⊤B(r)

󰀐󰀐󰀐󰀐 = Op((Th0)
−1 + (Th0/ lnT )

−1/2h0 + h20 +N−1h0 lnT ). 󰃈

Proof of Lemma A.5. The proof is analogous to that of Theorem 2 in Hansen (2008) and thus

omitted. 󰃈
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Proof of Lemma A.6. The proof follows from that of Lemma 1 in Cai (2007) and thus omitted.

󰃈

Proof of Lemma A.7. Let ê0 = (ê0(z1), . . . , ê0(zT ))
⊤ and ê1 = (ê1(z1), . . . , ê1(zT ))

⊤. Noting that

T−1󰀂ê󰀂2 = T−1
T󰁛

s=1

󰀂ê(zs)󰀂2 = T−1
T󰁛

s=1

(󰀂ê0(zs)󰀂2 + 󰀂ê1(zs)󰀂2),

it suffices to prove that T−1󰀂êℓ󰀂2 = Op(1) for ℓ = 0 and 1. Below we focus on the proof for the case

of ℓ = 0 as the proof is analogous for ℓ = 1.

Noting that F̂ a
t F̂

a⊤
t = F a

t F
a⊤
t + F a

t (F̂
a
t − F a

t )
⊤ + (F̂ a

t − F a
t )

⊤F a⊤
t + (F̂ a

t − F a
t )(F̂

a
t − F a

t )
⊤ and

F̂ a
t = F a

t + (F̂ a
t − F a

t ), we have

T−1󰀂ê0󰀂2 = T−1
T󰁛

s=1

󰀂ê0(zs)󰀂2

≲ T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

F̂ a
t F̂

a⊤
t ςtsKh1,ts

󰀐󰀐󰀐󰀐󰀐

2

+ T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

F̂ a
t ey,t+1Kh1,ts

󰀐󰀐󰀐󰀐󰀐

2

≲ T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

F a
t F

a⊤
t ςtsKh1,ts

󰀐󰀐󰀐󰀐󰀐

2

+ T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

F a
t ey,t+1Kh1,ts

󰀐󰀐󰀐󰀐󰀐

2

+T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

(F̂ a
t − F a

t )ey,t+1Kh1,ts

󰀐󰀐󰀐󰀐󰀐

2

+ T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

F a
t (F̂

a
t − F a

t )
⊤ςtsKh1,ts

󰀐󰀐󰀐󰀐󰀐

2

+T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

(F̂ a
t − F a

t )F
a⊤
t ςtsKh1,ts

󰀐󰀐󰀐󰀐󰀐

2

+ T−2h1

T󰁛

s=1

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

(F̂ a
t − F a

t )(F̂
a
t − F a

t )
⊤ςtsKh1,ts

󰀐󰀐󰀐󰀐󰀐

2

≡ A+B +D1 +D2 +D3 +D4,

where ςts ≡ β(zt)− θ00(zs)− θ01(zs)(zt − zs) and Kh1,ts ≡ Kh1(zt − zs).

First, we consider A. Notice that

A = T−2h1

T󰁛

s=1

󰁛

t ∕=u

ς⊤tsF
a
t F

a⊤
t F a

uF
a⊤
u ςusKh1,tsKh1,us + T−2h1

T󰁛

s=1

󰁛

t

ς⊤tsF
a
t F

a⊤
t F a

t F
a⊤
t ςtsK

2
h1,ts

= T−2h1

T󰁛

s=1

󰁛

t ∕=u

ς⊤tsF
a
t F

a⊤
t F a

uF
a⊤
u ςusKh1,tsKh1,us + T−2h1

󰁛

1≤t ∕=s≤T

ς⊤tsF
a
t F

a⊤
t F a

t F
a⊤
t ςtsK

2
h1,ts

+T−2h1

T󰁛

t=1

ς⊤ttF
a
t F

a⊤
t F a

t F
a⊤
t ςttK

2
h1,tt

≡ A1 +A2 +A2.

Since A ≥ 0, it suffices to prove A = Op (1) by showing that E (Al) = O (1) for l ∈ [3] . For A1, note
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that zt is non-random. Let zth = (zt − zs)/h1. By Taylor expansion of β(zt) at zs, we have

ςts ≡ β(zt)− θ00(zs)− θ01(zs)(zt − zs) =
1

2
β(2)(zs + ζtsh1zth)z

2
thh

2
1

for some ζts ∈ (0, 1), where β(2) (·) denotes the second order derivative of β (·) . Then

|E(A1)| =

󰀏󰀏󰀏󰀏󰀏󰀏
T−2h1

T󰁛

s=1

󰁛

t ∕=u

ς⊤tsE
󰁫
F a
t F

a⊤
t F a

uF
a⊤
u

󰁬
ςusKh1,tsKh1,us

󰀏󰀏󰀏󰀏󰀏󰀏

=

󰀏󰀏󰀏󰀏
1

4
T−2h51

T󰁛

s=1

󰁛

t ∕=u

󰁫
β(2)(zs + ζtsh1zth)

󰁬⊺
E(F a

t F
a⊤
t F a

uF
a⊤
u )

×β(2)(zs + ζush1zuh)z
2
thz

2
uhKh1,tsKh1,us

󰀏󰀏󰀏󰀏

≲ Th51

󰀣
1

T

T󰁛

s=1

z2thKh1,ts

󰀤2

= O(Th51) = O(1).

where the last equality holds by Assumptions 4.5(iii). As for A2, notice that by the Riemann sum

approximation of an integral,

|E(A2)| =

󰀏󰀏󰀏󰀏󰀏󰀏
T−2h1

󰁛

1≤t ∕=s≤T

ς⊤tsE
󰁫
F a
t F

a⊤
t F a

t F
a⊤
t

󰁬
ςtsK

2
h1,ts

󰀏󰀏󰀏󰀏󰀏󰀏

=

󰀏󰀏󰀏󰀏󰀏󰀏
1

2
T−2h51

󰁛

1≤t ∕=s≤T

󰁫
β(2)(zs + ζtsh1zth)

󰁬⊤
E(F a

t F
a⊤
t F a

t F
a⊤
t )β(2)(zs + ζtsh1zth)z

4
thK

2
h1,ts

󰀏󰀏󰀏󰀏󰀏󰀏

≲ h51
1

T 2

󰁛

1≤t ∕=s≤T

z4thK
2
h1,ts ≲ h41

󰁝 1

0
u4K2(u)du = O(h41) = o(1).

In addition, it is trivial to show that E(A3) = O(T−1h31) = o(1). Therefore, E(A) = O(1), implying

that A = Op(1) by the Markov inequality.

Now, we consider B. Note that

B = T−2h1

T󰁛

s=1

󰁛

t,u

F a⊤
t F a

u ey,t+1ey,u+1Kh1,tsKh1,us

= T−2h1

T󰁛

s=1

󰁛

t ∕=u

F a⊤
t F a

u ey,t+1ey,u+1Kh1,tsKh1,us + T−2h1

T󰁛

s=1

T󰁛

t=1

F a⊤
t F a

u e
2
y,t+1K

2
h1,ts

= T−2h1
󰁛

s ∕=t,s ∕=u,u ∕=t

F a⊤
t F a

u ey,t+1ey,u+1Kh1,tsKh1,us
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+ 2T−2h1
󰁛

t ∕=u

F a⊤
u F a

t ey,t+1ey,u+1Kh1,ttKh1,ut + T−2h1

T󰁛

s=1

T󰁛

t=1

F a⊤
t F a

t e
2
y,t+1K

2
h1,ts

≡ B1 +B2 +B3.

As in the analysis of A, we prove that B = Op(1) by showing that E (Bl) = O (1) for l ∈ [3] .

We first study E(B1). By the Davydov inequality (see, e.g., Corollary A.2 of Hall and Heyde

(2014)), one has

|Cov(F a
l1ey,2, F

a
l(u+1)ey,(u+2))| ≤ Cαδ/(δ+2)(u)(E|F a

l1ey,2|δ+2)1/(2+δ) ≲ αδ/(δ+2)(u) for all l, u. (B.1)

Noting that Kh1,tsKh1,us ≤ 1
2(K

2
h1,ts

+K2
h1,us

) by the Cauchy-Schwarz inequality, we have

|E (B1)| =

󰀏󰀏󰀏󰀏󰀏󰀏
T−2h1

󰁛

s ∕=t,s ∕=u,u ∕=t

E
󰁫
F a⊤
t F a

u ey,t+1ey,u+1

󰁬
Kh1,tsKh1,us

󰀏󰀏󰀏󰀏󰀏󰀏

≤ T−2h1
󰁛

s ∕=t,s ∕=u,u ∕=t

󰀏󰀏󰀏E
󰁫
F a⊤
t F a

u ey,t+1ey,u+1

󰁬󰀏󰀏󰀏K2
h1,ts ≲

󰀳

󰁃T−2h1
󰁛

s ∕=t

K2
h1,ts

󰀴

󰁄
∞󰁛

τ=1

αδ/(2+δ)(τ)

= O(1)O(1) = O(1).

For B2 and B3, we have

|E (B2)| =

󰀏󰀏󰀏󰀏󰀏󰀏
2T−2h1

󰁛

t ∕=u

E
󰀓
F a⊤
u F a

t ey,t+1ey,u+1

󰀔
Kh1,ttKh1,ut

󰀏󰀏󰀏󰀏󰀏󰀏
≲ T−2

󰁛

t ∕=u

Kh1,ut = O (1) ,

|E (B3)| =

󰀏󰀏󰀏󰀏󰀏T
−2h1

T󰁛

s=1

T󰁛

t=1

E
󰀓
F a⊤
t F a

t e
2
y,t+1

󰀔
K2

h1,ts

󰀏󰀏󰀏󰀏󰀏 ≲ T−2h1

T󰁛

s=1

T󰁛

t=1

K2
h1,ts = O(1).

In sum, we have shown that E(B) = O(1).

Using the result in Corollary 4.2, we can show that D1 = op(B) = op (1) and Dℓ = op(A) = op (1)

for ℓ = 2, 3, 4. Then the proof of the lemma is completed. 󰃈

Proof of Lemma A.8

For an arbitrary matrixA = (akl), let 󰀂A󰀂 = {
󰁓

k,l a
2
kl}1/2. LetU = (v⊤1 , w

⊤
1 , v

⊤
2 , w

⊤
2 , . . . , v

⊤
T , w

⊤
T )

⊤,

where vt = (v0t, v1t, . . . , vRt)
⊤ and wt = (w0t, w1t, . . . , wRt)

⊤. Define

B∗(C) =

󰀝
U : T−1

T󰁛

t=1

(󰀂vt󰀂2 + 󰀂wt󰀂2) = T−1󰀂V 󰀂2 + T−1󰀂W 󰀂2 = C

󰀞
,

where C is a positive constant which can be sufficiently large, V = (v⊤1 , . . . , v
⊤
T )

⊤, and W =
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(w⊤
1 , . . . , w

⊤
T )

⊤. Let

Θ0
ℓ = (θ0ℓ,0, θ

0
ℓ,1, . . . , θ

0
ℓ,R) where θ

0
ℓ,l = (θ0ℓ,0(z1), . . . , θ

0
ℓ,R(zT ))

⊤ for ℓ = 0, 1.

Thus, it suffices to show that for any small probability 󰂃 > 0, we can always find a large constant

C > 0, such that

lim
T

inf P

󰀣
inf

U∈B∗(C)
Qλ

󰀕
Θ0

0+(Th1)
−1/2V ,Θ0

1+(Th1)
−1/2W /h1

󰀖
> Qλ

󰀕
Θ0

0,Θ
0
1

󰀖󰀤
= 1− 󰂃, (B.2)

where Qλ(·, ·) is defined in (3.4) in the main text. Observe that

h1

󰀫
Qλ

󰀕
Θ0

0 + (Th1)
−1/2V ,Θ0

1 + (Th1)
−1/2W /h1

󰀖
−Qλ

󰀕
Θ0

0,Θ
0
1

󰀖󰀬
= Π1 +Π2 +Π3, (B.3)

where

Π1 =
h1
T

T󰁛

t=1

T󰁛

s=1

󰀝
yt+1 − F̂ a⊤

t

󰀗
θ00(zs) + (Th1)

−1/2vt + (h1θ
0
1(zs) + (Th1)

−1/2wt)
zt − zs
h1

󰀘󰀞2

Kh1,ts

− h1
T

T󰁛

t=1

T󰁛

s=1

󰀝
yt+1 − F̂ a⊤

t [θ00(zs) + h1θ
0
1(zs)

zt − zs
h1

]

󰀞2

Kh1,ts,

Π2 = h1

R󰁛

l=0

P ′
λT

(󰀂θ̃0,l󰀂)
󰀕
󰀂θ00,l + (Th1)

−1/2vl󰀂 − 󰀂θ00,l󰀂
󰀖
, and

Π3 = h1

R󰁛

l=0

P ′
λT

(D̃l)

󰀕
󰀂h1θ01,l + (Th1)

−1/2wl󰀂 − 󰀂h1θ01,l󰀂
󰀖
.

Here, θ0r(z) = (θ0r,0(z), θ
0
r,1(z), . . . , θ

0
r,R(z))

⊤ ∈ RR+1 for r = 0, 1, vl = (vl1, . . . , vlT )
⊤ and wl =

(wl1, . . . , wlT )
⊤. By simple algebraic calculation, we have

Π1 = −2T−1
T󰁛

s=1

(v⊤s , w
⊤
s )ê(zs) + h1(Th1)

−1
T󰁛

s=1

(v⊤s , w
⊤
s )Σ̂

∗(zs)(v
⊤
s , w

⊤
s )

⊤, (B.4)

where Σ̂∗(zs) = T−1
󰁓

t=1 F̂
a∗
t F̂ a∗⊤

t Kh1,ts with F̂ a∗
t = (F̂ a⊤

t , ((zt − z)/h1)F̂
a⊤
t )⊤. Similar to the

derivation as in the proof of Theorem 4.1 and by Corollary 4.2, we can show that Σ̂∗(zs) =

T−1
󰁓

t=1 F̂
a∗
t F̂ a∗⊤

t Kh1,ts = Σ∗
F (zs) + Op((N/ lnT )−1/2 + h20) + op((Th0/ lnT )

−1/2T 1/8) uniformly
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in s, where

Σ∗
F (zs) =

󰀻
󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰀽

󰀣
1 0

0 µ21

󰀤
⊗ Σ∗

F if zs ∈ (0, 1),

󰀣
µ01,c µ11,c

µ11,c µ21,c

󰀤
⊗ Σ∗

F if zs = ch1,

for some constant c ∈ (0, 1). A similar result holds for the right boundary point zs = 1− ch1. Here,

µij is defined in Assumption 4.3(i), µij,c =
󰁕 1
−c v

iKj(v)dv and Σ∗
F = E(F a

t F
a⊤
t ) is a (R+1)×(R+1)

positive definite matrix by Assumption 4.5(ii), which implies that Σ∗
F (zs) is a 2 (R+ 1)× 2 (R+ 1)

positive definite matrix uniformly in s. Then, by Assumption 4.1(ii) and 4.5(ii),

µmin(Σ̂
∗(zs)) = min

󰀂x󰀂=1

󰀝
x⊤Σ∗

F (zs)x+ x⊤
󰀕
Σ̂∗(zs)− Σ∗

F (zs)

󰀖
x

󰀞
≥ µmin(Σ

∗
F (zs))− 󰀂Σ̂∗(zs)− Σ∗

F (zs)󰀂

= µmin(Σ
∗
F (zs))− (Op((N/ lnT )−1/2 + h20) + op((Th0/ lnT )

−1/2T 1/8))

≥ µmin(Σ
∗
F (zs))/2 w.a.p.1, (B.5)

where µmin(A) denotes the minimal eigenvalue of a positive definite matrix A. Meanwhile, by the

definition of B∗(C), Lemma A.7 and the Cauchy-Schwartz inequality, we can prove that for some

large positive constant C1,

T−1
T󰁛

s=1

(v⊤s , w
⊤
s )ê(zs) ≤ (T−1󰀂U󰀂2)1/2(T−1󰀂ê󰀂2)1/2 ≤ CC1 w.a.p.1. (B.6)

Combining (B.4)-(B.6) and by choosing sufficiently large C, we have w.a.p.1,

Π1 ≥ T−1
T󰁛

s=1

󰀐󰀐󰀐(v⊤s , w⊤
s )

󰀐󰀐󰀐
2
min
s

µmin

󰀓
Σ̂∗(zs)

󰀔
− 2T−1

T󰁛

s=1

(v⊤s , w
⊤
s )ê(zs)

≥ 1

2
C2min

s
µmin(Σ

∗
F (zs))T

−1󰀂U󰀂2 − 2CC1 >
C2mins µmin(Σ

∗
F (zs))

4
T−1󰀂U󰀂2. (B.7)

On the other hand, by applying triangle inequality,

Π2 +Π3 ≥ −T−1/2h
1/2
1

Rf󰁛

l=0

P ′
λT

(󰀂θ̃0,l󰀂)󰀂vl󰀂 − T−1/2h
1/2
1

Rf󰁛

l=0

P ′
λT

(D̃l)󰀂wl󰀂.

Similar to the proof of Theorem 4.5(b), we have that P (min1≤l≤Rf
󰀂θ̃0,l󰀂 ≥ aλT ) → 1 and

P (min1≤l≤Rf
D̃l ≥ aλT ) → 1, which implies that Π2+Π3 = 0 w.a.p.1. Therefore, (B.3) is dominated

by Π1 and the proof is completed. 󰃈

Proof of Lemma A.9
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We only show that P (󰀂θ̂0,l󰀂 = 0) → 1 for any Rf < l ≤ R, as the proof of that P (󰀂h1θ̂1,l󰀂 =

0) → 1 is analogous. It suffices to prove that P (󰀂θ̂0,l󰀂 = 0) → 1 with l = R. The proofs for the

case of Rf < l < R are similar. If the claim is not true (i.e., 󰀂θ̂0,R󰀂 ∕= 0), then (Θ̂0, Θ̂1) must be the

solution of the following normal equation

0 = T · ∂Qλ(Θ0,Θ1)

∂θ0,R

󰀏󰀏󰀏󰀏
(Θ0,Θ1)=(Θ̂0,Θ̂1)

= J1 + J2 + J3, (B.8)

where (Θ0
0,Θ

0
1) is the true value of (Θ0,Θ1), J2 = T ·

P ′
λT

(󰀂θ̃0,R󰀂)θ0,R
󰀂θ0,R󰀂 and J3 = T ·

P ′
λT

(D̃l)h1θ1,R

󰀂h1θ1,R󰀂 , J1 is

a T -dimensional vector with its sth component given by J1s = −2
󰁓T

t=1 F̂Rt

󰀝
yt+1 − F̂ a⊤

t [β̂λ(zs) +

θ̂1(zs)(zt − zs)]

󰀞
Kh1(zt − zs). Notice that

J1s = −2

T󰁛

t=1

FRt

󰀝
yt+1 − F a⊤

t [β̂λ(zs) + θ̂(zs)(zt − zs)]

󰀞
Kh1(zt − zs)

+2

T󰁛

t=1

FRt

󰀝
(F̂ a

t − F a
t )

⊤[β̂λ(zs) + θ̂(zs)(zt − zs)]

󰀞
Kh1(zt − zs)

−2

T󰁛

t=1

(F̂Rt − FRt)

󰀝
yt+1 − F a⊤

t [β̂λ(zs) + θ̂(zs)(zt − zs)]

󰀞
Kh1(zt − zs)

+2

T󰁛

t=1

(F̂Rt − FRt)

󰀝
(F̂ a

t − F a
t )

⊤[β̂λ(zs) + θ̂(zs)(zt − zs)]

󰀞
Kh1(zt − zs)

≡ J11s + J12s + J13s + J14s.

By Corollary 4.2 and similar to the proof of Lemma A.7, J1ℓs = op(J11s) for ℓ = 2, 3, 4. Therefore,

we only need to bound J11s. Indeed,

J11s =−
T󰁛

t=1

FRtey,t+1Kh1(zt − zs)−
T󰁛

t=1

FRtF
a⊤
t {β(zt)− θ00(zs)− θ01(zs)(zt − zs)}Kh1(zt − zs)

−
T󰁛

t=1

FRtF
a⊤
t {θ00(zs)− β̂λ(zs)}Kh1(zt − zs)

−
T󰁛

t=1

FRtF
a⊤
t {[θ01(zs)− θ̂1(zs)](zt − zs)}Kh1(zt − zs)

≡J11s,1 + J11s,2 + J11s,3 + J11s,4.

From the proof of Lemma A.7, we have {
󰁓T

s=1 J
2
11s,1}1/2 = Op(Th

−1/2
1 ) and {

󰁓T
s=1 J

2
11s,2}1/2 =

Op(Th
−1/2
1 ). Following from Lemma A.5 and the proof of Theorem 4.1, we have 1

T

󰁓T
t=1 FRtF

⊤
t

×Kh1(zt − zs) = Op(1), uniformly for all s. Finally, by Lemma A.8 and the boundedness of
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(zt − zs)/h1, we have

󰀣
T󰁛

s=1

J2
11s,3

󰀤1/2

≤
󰀣

T󰁛

s=1

󰀐󰀐󰀐󰀐θ
0
0(zs)− β̂λ(zs)

󰀐󰀐󰀐󰀐
2

max
s

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

FRtF
⊤
t Kh1(zt − zs)

󰀐󰀐󰀐󰀐󰀐

2󰀤1/2

=

󰀕
TOp((Th1)

−1)Op(T
2)

󰀖1/2

= Op(Th
−1/2
1 ).

and

󰀣
T󰁛

s=1

J2
11s,4

󰀤1/2

≤
󰀣

T󰁛

s=1

󰀐󰀐󰀐󰀐[θ
0
1(zs)− θ̂1(zs)](zt − zs)

󰀐󰀐󰀐󰀐
2

max
s

󰀐󰀐󰀐󰀐󰀐

T󰁛

t=1

FRtF
⊤
t Kh1(zt − zs)

󰀐󰀐󰀐󰀐󰀐

2󰀤1/2

=

󰀕
TOp((Th1)

−1)Op(T
2)

󰀖1/2

= Op(Th
−1/2
1 ).

Then,

󰀂J1󰀂 =

󰁹󰁸󰁸󰁷
T󰁛

s=1

J2
1s = Op(Th

−1/2
1 ).

On the other hand, 󰀂J2󰀂 = TP ′
λT

(󰀂θ̃0,R󰀂) =
P ′
λT

(󰀂θ̃0,R󰀂)
λT

h
1/2
1 λTTh

−1/2
1 and 󰀂J3󰀂 =

P ′
λT

(D̃l)

λT
h
1/2
1 λT

·Th−1/2
1 . Since

P ′
λT

(󰀂θ̃0,R󰀂)
λT

> 0,
P ′
λT

(D̃l)

λT
> 0 and h

1/2
1 λT → 0 by Assumption 4.5(iv), we have

P (󰀂J2󰀂+ 󰀂J3󰀂 < 󰀂J1󰀂) → 1, which is contradict with (B.8). This implies that θ̂0,l must be located

at the place where the objective function Qλ(Θ0,Θ1) is not differentiable. Since the only place where

Qλ(Θ0,Θ1) is not differentiable for θ0,R is the origin, we know immediately that P (󰀂θ̂0,l󰀂 = 0) → 1

when l = R. This completes the proof. 󰃈
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