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relevant factors. The identification restrictions used in this paper permit asymptotically
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as consistency, sparsity and the oracle property of these two-step estimators are estab-
lished. Simulation studies demonstrate the excellent finite sample performance of the
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TV-FAVAR model in predicting certain key macroeconomic series.
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1 Introduction

Factor-augmented (FA) forecasting models and their variants have garnered increasing at-
tention in finance and macroeconomics. By incorporating unobservable common factors into a
linear regression framework, these models effectively summarize high-dimensional information
and achieve significant dimension reduction. Empirical studies demonstrate that integrating
latent common factors improves economic predictions and clarifies economic relationships
(e.g., Stock and Watson (2002)). Seminal contributions include Bernanke et al. (2005)’s FA
vector autoregressive model (FAVAR) for identifying monetary transmission mechanisms,
Bai and Ng (2006)’s asymptotic theory for FA regressions, and Bai et al. (2016)’s work on
identification and inference for FAVAR models. This body of literature provides a crucial
theoretical foundation for FA forecasting.

However, most existing FA models rest on the assumption of time-invariant factor loadings
and regression coefficients, an assumption often too restrictive for financial and macroeco-
nomic datasets spanning long periods. Over such extended horizons, structural shifts in
institutional frameworks, business cycles, and technology can alter the interdependencies
among variables (e.g., Stock and Watson (2002), Stock and Watson (2009), Su and Wang
(2017), and Pelger and Xiong (2022)). To better capture these evolving nonlinear relation-
ships, it is essential to allow both factor loadings and regression coefficients to vary over
time.

While structural change is a well-studied econometric topic in both linear regressions
(e.g., Bai and Perron (1998) and Qu and Perron (2007)) and factor models (e.g., Breitung
and Eickmeier (2011), Chen et al. (2014), Corradi and Swanson (2014), Han and Inoue (2015),
Su and Wang (2017), Su and Wang (2020b), Baltagi et al. (2021), Fu et al. (2023) and Peng
et al. (2025)), few studies allow both components of FA models to be time-varying (TV).
Eickmeier et al. (2015) propose a TV-FAVAR model with parameters following random walks.
More recently, Fu et al. (2024) developed a framework with smoothly evolving parameters
and derived its asymptotic properties, while Wang et al. (2025) examined estimation and

testing in TV panels with TV factor structures.



A common thread in these studies is the assumption that all latent factors driving the
predictors are relevant to the forecast target. Yet, Kelly and Pruitt (2015) and Dendramis
et al. (2023) argue that only a subset of factors may be influential. To address this issue,
Dendramis et al. (2023) introduce a TV three-pass regression filter that dynamically selects
only the relevant factors for forecasting, independent of the total number of common factors.

Motivated by revisiting an empirical study using a large dataset of U.S. macroeconomic
variables, this article introduces a novel penalized TV-FA forecasting model that accommo-
dates smoothly evolving factor loadings and regression coefficients. A key innovation of our
approach is that it relaxes the common and often restrictive assumption that all latent fac-
tors are relevant to the forecast target, allowing instead for the selection of a sparse subset
of influential factors. Our estimation procedure consists of two stages. In the first stage, we
employ the local principal component analysis (LPCA) method of Su and Wang (2017) to
consistently estimate the common factors in a TV framework. In the second stage, we aug-
ment a TV regression model with these estimated factors and apply a weighted group LASSO
penalty within a local-linear smoothing framework. This enables the simultaneous estimation
of time-varying parameters and consistent selection of the relevant factors. To ensure identi-
fiability, we impose restrictions that permit asymptotically rotation-free estimation of both
factors and loadings, following Cheung (2024). Also, we establish the asymptotic properties
of our estimators, demonstrating the consistency of all estimators and the sparsity and oracle
property of the second-stage estimator. Simulations indicate the good performance of our
estimators, in comparison with the competitive estimators of Fu et al. (2024). Finally, in an
empirical application using a large dataset of U.S. macroeconomic variables, we demonstrate
that our penalized TV-FA model achieves superior forecasting performance for several key
variables compared to the conventional TV-FAVAR approach of Fu et al. (2024).

The remainder of this article is organized as follows. Section 2 introduces the TV-FA
forecasting model and its identification restrictions. Section 3 details the two-stage estimation
procedure for simultaneous factor selection and parameter estimation. Section 4 establishes

the asymptotic properties of the estimators, including consistency, sparsity, and the oracle



property. Section 5 presents the computational algorithm for shrinkage estimation and the
criteria for selecting tuning parameters. The finite-sample performance of our estimators is
evaluated via simulations in Section 6, and Section 7 is devoted to an empirical application.
Section 8 concludes the paper. All proofs are contained in the online supplement.

Notation. For an m x n real matrix A, we denote its transpose as AT, its Frobenius
norm as | Al (= [tr(AAT)]/?), its spectral norm as ||A|ls, (= \/11;(ATA)), and its Moore-
Penrose generalized inverse as A*, where = means “is defined as” and p,(-) denotes the sth
largest eigenvalue of a real symmetric matrix by counting eigenvalues of multiplicity multiple
times. We will frequently use the submultiplicative property of these norms and the fact that
|Allsp < |A]l < ||A]lsprank(A)Y2. We also use fiy,(B) and fi,;,(B) to denote the largest
and smallest eigenvalues of a symmetric matrix B, respectively. We use B > 0 to denote
that B is positive definite. Let Py = A(ATA)*AT and M4 = I,,, — P4, where I,, denotes an
m x m identity matrix. Let 0,,x, be a m x n zero matrix and [n] = {1,2,...,n}. The operator
2 denotes convergence in probability, 4 convergence in distribution, and plim probability

limit. We use (N,T) — oo to denote that N and T pass to infinity jointly.

2 Model Setup

In this section we first introduce the model and consider some identification conditions

for the estimation of the factors and loadings.

2.1 Model

Let y = (y1,...,yr)" be the T x 1 vector of target variable time series. Let X =
(z1,...,7x) be the T x N matrix of predictors, with z; = (2;1,...,7;7) . Assume that the

data are generated as follows

Yrr1 = Boy + 5Lft +eyi1 and Ty = ¢}r7itft + ¢;]r,itgt + erit = ouFy + €zt (2.1)



where i € [N],t € [T], ¢y 5 = (druss - - - 7¢Rfit)Ta Ggit = (Drits - - ¢Rgit)T7 Jrand g, are Ry x1
and R, x 1 vectors of relevant and irrelevant factors in the prediction of y;41, respectively,
eyr and €,; = (€x14y--.,€xn¢) ' are zero mean error terms such that E(e,;11|F;) = 0 and
E(e},1|F) = 0f(F), where F; = (f,g/)" is an R x 1 vector of common factors with
R = R+ R,. In addition, let ¢, = (¢, - - - ,qbf,Nt)T and ¢, = (¢g14 - - ,¢>g,Nt)T. Finally,
denote 3y, and B;, = (B, - - - ,Bﬁth)T as the target factor loadings. Then, we may write
(2.1) as

Yt+1 = ﬁtTFta + €yt+1 and ;= ¢2;Ft + €zt (2-2)

where 8, = (1,5;t,oggxl)ﬁ F* = (1,ENT and ¢, = (¢}iit,¢;it)T. We allow the errors
{eyt+1} in the y-equation in (2.2) to be conditionally heteroscedastic, so that it may depend
on F; and time index ¢. Then, following Cai (2007), we denote €, 141 = ey ¢+1/0:(F}).

Following the nonparametric literature on TV models (e.g., Robinson (1989), Robinson
(1991), Cai (2007), and Su and Wang (2017)), we model 3, and ¢,, as nonrandom functions
of t/T:

By =B/T) = (Bo(t/T),B:(t/T),. .. 75R(t/T))T and ¢, = ¢,(t/T),

where ,(+) and ¢,(-) are unknown piecewise smooth functions on [0,1]. An intuitive expla-
nation to this requirement is that the increasingly intensive sampling of data points ensures
consistent estimation of 5(¢/T) and ¢,(t/T) for each i at some fixed point ¢/T when the
sample sizes increase. This intensity assumption is also applied to {e,,} by assuming that
oi(F;) = o(F,t/T). Importantly, we assume that ;(-) # 0 on a nontrivial subset of its
support for any [ < Ry and ,(-) = 0 for any [ > R;. In other words, we assume that the
first Ry factors in F} are truly relevant but the rest are not. This paper aims to identify the

relevant factors in F} and perform forecasting simultaneously.



2.2 Identification Conditions

It is well known that latent common factors and factor loadings are not separately iden-

tifiable even when one assumes that E(F,F,") = X5, which is not time-varying. Noting that
Gy = (Hy ') H, Fy

for any R x R nonsingular matrix H; = H (t/T). Without further restrictions, F; and ¢,,
can only be identified up to certain rotation matrix H;. As discussed in Cheung (2024), the
continuity of H(-) can be violated under certain scenario with R > 1, which in turn causes
the discontinuity of H, '¢,, and subsequently undermines the performance of forecasting. To
deal with this problem, by letting ®; = (¢y;,...,¢x;) and following Cheung (2024), we

consider the following set of identification restrictions:

(IR) E(RF,") = Sp = Ip and & = (P15, Prprvg)

where ®4.z, is a lower triangular matrix with positive diagonal elements. (2.3)

The above identification restrictions correspond to IR2 in Cheung (2024), which helps to
pin down the rotation matrix H(-) and improves multi-step-ahead forecasts. Indeed, (IR)
assumes that the common factors are weakly stationary with the second moment being the
identity matrix, which is much weaker than the restriction that %F 'F = Ir in Bai and Ng
(2013), where Ig is the R x R identity matrix. Furthermore, (IR) is analogous to a triangular
system of simultaneous equations. The choice of the first R variables of x; and their ordering
provide the auxiliary information for identification.

The above identification conditions are imposed on the population model. That is, we
assume the data is generated under such conditions perhaps after renormalizing the factors
and loadings. In Section 4.2, we will show that under (IR), by imposing specific transfor-

mation matrix on the estimators of factors and loadings, the transformed rotation matrix



asymptotically converges to the identity matrix Ig. Thus, we may write (2.2) as follows:
AT tha T a ra AT 1ta T
Ytr1 = ﬁt Ft + /Bt (Ft — Ft ) + ey,t+1 = Bt Ft + wy,t+1 and Tit = (bitFt + e:r,ih (24)

where F* = (1, F;")T, F} is an estimator of F} satisfying (IR), and w, ;11 = B, (Ff—F*)+ey11

is the new error term.

3 Estimation Procedures

In this section, we consider a two-stage approach to forecast y,.1. In the first stage, we
estimate F} via the local PCA method of Su and Wang (2017) but using the restriction (IR)
in (2.3). In the second stage, we consider variable selection based on the estimated factor
by a penalized local linear method with weighted group LASSO proposed in Li et al. (2015)
and applied in Chen et al. (2025). Since R can be estimated consistently via the information
criterion proposed by Su and Wang (2017), we assume R is known in the following estimation

procedure.

3.1 Stage 1: Factor Estimation

At Stage 1, we obtain the estimator of F; by using the local PCA approach as proposed by
Su and Wang (2017). Specifically, let ky, s = ho *K((t —7)/(Thg)) where K () is a nonnega-

tive kernel function and Ay is a bandwidth. Define the 7' x N matrices X ) = (a;gr), . ,x%)),

where 2! = (k‘}ll(/flr:vﬂ,...,k,ifTrxiT)T. Let F) = (k,llﬁrFl,...,kifTrFT)T and e =
(), ely), where e} = (k% evit,. .. Ky enir)T. Let @ = (fy....6x) 7. The

local PCA estimators can be obtained via the following minimization problem:

.
min ¢r KX(’") —FoT ) <X(’”) - F@")cbj) 1 (3.1)

FO) B,

st. FOTFO) /T = I and ®'®, = diagonal matirx.



Then, the estimated factor matrix, denoted by F") = (F", ..., F}r))T, is VT times eigen-
vectors corresponding to the R largest eigenvalues of the 7' x 7' matrix X X®T arranged
in descending order, and ®! = (FWEFOT-1ROT X0 — FOT X /T for r € [T)], are the
estimators of the corresponding TV factor loadings. We use ¢;,. to denote the ith column of
®T. Next, based on the consistent estimators &it, we can obtain the consistent estimator F;

of F; by considering the following least squares problem:

Note that F, = (Zfil &lt&);)_l(zzj\il g?)itxit) for t € [T]. As derived in Su and Wang
(2017), F, and ¢, are consistent estimators of H, F, and H;'¢,,, respectively, for some
rotation matrix H;.

To ensure that the identification restrictions given in (2.3) are satisfied by the estimators,
we conduct the QR decomposition of the top R x R submatrix of ®;, namely, fflT Rt = QtT Ry,

where R, is upper triangular with positive diagonal elements and QtQtT = Ir. Define the

rotated local PCA estimators F; and ®, respectively as
E = Qtpt and ét = étQt_l. (32)
The transformed rotation matrix becomes H; = HtQ;r . One can verify that

s (I)I:Rt (i)I:R,tQt_l R;I'
D pi1y:n (I)(R—i-l):N,tQt_l (I)(R—I-l):N,tQt_l
By construction, o r.t 1s a lower triangular matrix with positive diagonal elements, satisfying
the conditions on ®; in (2.3).
Notice that the local PCA method involves a local constant estimation for time-varying

factor model, which may suffer from boundary bias problem when estimating a fixed condi-

tional mean object; see, for example, Su and Wang (2017) for detailed discussions on this



point. To deal with this issue, we follow Hong and Li (2005) and Li and Racine (2007) to

apply the following boundary kernel:

ho 'K ((t=7)/Tho)/ [, ippy K(@)dv  if r € [1,[Tho])
Fhoar =\ o' K((t —7)/Tho) if € [[Thol,T — [Tho]]
ho 'K ((t —1)/The)/ [ K(v)dv if r € (T — |The), T).

We replace kp, s in (3.1) with this boundary kernel and use the notation &} .. instead of
kpy 1 hereafter. For more about the boundary kernels, the reader is referred to the paper
by Gasser and Miiller (1979). An alternative way to overcome this difficulty is to use the

so-called reflection approach proposed by Hall and Wehrly (1991).

3.2 Stage 2: Factor Selection

At this stage, we conduct factor selection for the prediction of ;.. We replace the
generic estimator [} in (2.4) with the estimator F, obtained at the end of Stage 1. Let
2z =t/T and B, = B(z) = (Bo(2¢), B1(21), - - -, Br(2:))". For any given grid point z, € [0, 1],
when z; is in a neighborhood of zs, B(z;) can be approximated by a polynomial function
as B(z) ~ Y0_y 8" (2) (2 — 2)" /7!, where ~ denotes the approximation by ignoring the
higher order terms and 5(-) denotes the rth derivative of 8(-). Let 6°(-) = ") (-)/r! =
(026(),001(), .., 0 5(-))" and 60, = (69,(z1),...,60,(27))" be the true values. Note that

identifying the zero coefficients among 9(1)’1 is equivalent to identifying the indices [ € 0 U

1/2
[R] such that D; = 0, where D; = {Zzzl[egyl(ztl) - %Zi:l 98,l<231>]2} . In practice,

1/2
we approximate D; by D; = { Zzzﬂé&l(%) - %251:1 éo,l(zsl)]Q} , where 0,(-) is the
unpenalized local linear estimator of 6j,(-). Let 001 = (Bou(21),....00:(2r))T and Fo =
(17 FtT)T‘

Denote ©g = (000,001, --,00r) € RT*ETD and O = (019,014,...,0, ) € RTXEFD,



We propose the following weighted group LASSO estimate:

©
= argmin @\ (0, 01), (3.3)
él @0,@1GRTX(R+1)

where

T

01(80,01) = 3 s = ATl + )= 2]} Ko=)

t=1 s=1

R
+ 3 P (16011160 +—j£:-F3T (Do) |72

=0 =0

with the penalty terms suggested by Li et al. (2015) and Chen et al. (2025). Here, Kj(-) =
h™'K(-/h), hy = hi(n) is a bandwidth sequence, Ay € R is the tuning parameter, and P§_(:)

is the derivative of the SCAD penalty function:

A if 2 < A
Pi(2) = ¢ (aA—2)/(a—1) if A<z <a) (3.4)
0 if z > a.

Fan and Li (2001) suggests choosing a = 3.7. The weights PﬁT(Héo,zH) and Py (Dy) for the
group LASSO in (3.3) are derived from the local linear approximation to the SCAD penalty
function as in Zou and Li (2008). It is worthwhile to note that we use D, instead of hlél,l
to construct the weight of the second penalty function. Indeed, as suggested in Chen et al.
(2025), the estimation of the time-varying coefficients in D, often exhibits greater stability

than that of h,0;,. Below, we write T x (R + 1) matrix O, as

A

O, = (0,(z),...,0.(zp)) forr=0,1,

where 0,(2) = (0,.0(2),0,1(2), ..., 0.r(2))T € RE!. Finally, denote the final estimator as

A ~ A ~ A A ~ A

Br(zs) = (Bro(2s), Bra(2s), -, Bar(2)) " = (Bo0(2s), O0,1(2), - . Oo.r(2:)) " = bo(2). (3.5)

10



Let é,«,l = (9r7l(z1), e ,énl(ZT))T I~ RT fOI‘ T = 0, 1 and BA,Z = éO,l-

Remark 3.1. As in Cheung (2024), the IR condition in Section 2.1 can always be fulfilled
by renormalization. To see this, notice that IR assumes that the first R X R submatrix of ®,

to be lower triangular. If this condition is not satisfied, we can still write

(I)lzR,t RT
Ty = Fi+epr = ' QiF; + ey

Ppiint ‘I)(R+1);N,tQtT

where @ p, = Q/ Ry is the QR decomposition of ®1.p. If E(FyF,") = Ig, then E(Q/ FLF," Q;)
= Q; Q; = Iy and all conditions in IR are satisfied. In this case, we will be estimating ®,Q/
and Qi F; instead of ®; and F if we apply the IR rotations. When E(F.F,") = X # I, we

need to normalize F; before the above renormalization:
O,F, = (0,32)(5V2F,) = O F.

Now we can conduct the QR decomposition on the first R x R submatriz of ®; as above and

Fr = X712F, satisfies BE(FyFyT) = Ig.

4 Limiting Distributions

In this section we first state some basic assumptions and then study the asymptotic

properties of the two-stage estimators introduced in the last section.

4.1 Basic Assumptions

To proceed, we introduce some notations. Let €,; = (ex1t,---,€xnt) s Yn(s,t) =
NﬁlE(elsew,t)a Yy (s, t) = NflE(Fse;SeI,t), YN rr(s;t) = NﬁlE(Fsel,semFtT)a and ¢, =
N~'e] sz — E(e] e04)]. Define

z,8-T,

h1/2
wNT,l(T) = \/ﬁ

h1/2 N T

m Z Z k;’;,trFtez,itQS;, and

i=1 t=1

F(T’)TG;T)@ _

11



h1/2

wnra(r,t) = [F nT (r Cxt — E(F(T)Teg)ezﬂg)]

7

h1/2 N T
Z kh s?" F s€a,isCait — E(Fse:c,isea:,it)] .

IIM

Let C' < oo denote a generic constant that may vary across occurrences. We make the

following assumptions.

Assumption 4.1. (i) E(ey) = 0 and max;; E(e} ;) < oo.

(ii) max; E|| Fy||® < oo and Xp = E(F,F,") = Ig.

(iii) ¢; (-) is nonrandom and third-order continuously differentiable such that max;cin
SUD,¢[0.1] 1619 (2) || < € < 0o for ¢ =0U [3]. In addition, N"'® ®, = Sg, + O(N~Y/2) for
some R X R positive definite matriz X¢. and for all r € [T].

(iv) max; S°1_, |Cov(Fyy Fiyi, FiysFiys)| < C for by, ly € [R], where Fyy is the lyth element
of F;.

(v) max; ZST:1 (s, )] < C and max, ZtT=1 [v(s, )| <C for v =7y, Vnr and Yy pp-

(vi) max;<s <7 E|NV2(,|* < C and max,; E|[N"V2® e, ||* < C.

(vii) wyra(r) = O,(1) and max, E||wyra(r,t)||* < C for each r.

(viii) For all v € [T, the eigenvalues of the R x R matriz Z}I,/TQZFZ}I,CQ are distinct.

Assumption 4.2. (i) |le,||lsp = Op(NY2+T'?) and max; . || N~ Zi]\il[ez,iteaz,is_E(eac,item,is)]|:
O,(N~Y2(InT)'?).

(ii) max, |[N71®'®, — Ag, || = o(1), and the eigenvalues of Ag, are bounded below from
0 and above from infinity uniformly in r.
LT K Fieaa|| = Op((The) V2(In(NT))2), max,

(111) max; ,

LSk (FET —

5r)| = T2 ) and o, | L, ki (1] - ENEID| = Oy ) )
(iv) max,, ||[N7'®Te, || = O,(N~V2(InT)?) and max, |[N~'®[e, ,F!|| = O,(N~/2
(InT)!/2).

(v) max, ||wyr1(r)]| = O,((InT)Y?) and max,, ||[wyr2(r,t)]| = O,((InT)/?).

12



L el EY — O,((NThg) /2

. N T
(vi) max, ﬁ Zi:l Zt:l k;,trqsireﬂ»‘,itFtT

(InT)V/2).

= max,

Assumption 4.3. (i) The kernel function K(-) is a symmetric continuously differentiable
probability density function (PDF) with compact support [—1,1]. Let p;; = [v'K'(v)dv for
i j=0,1,2.

(11) As (N,T) — oo, hg — 0, Thl — 0, Nh§ — 0, Thy/N — 0, Nho/T — 0, Th? — oo,
Nh2 — oo and Thy/N'Y? — .

Assumption 4.1 are widely applied in the literature; see, e.g., Bai and Ng (2002), Bai
(2003) and Su and Wang (2017). In particular, Assumption 4.1(i) allows e, ;; to be both un-
conditionally heteroscedastic over (7,t) and conditionally heteroscedastic given F;. Assump-
tion 4.1(ii) corresponds to that in Su and Wang (2017) except we further require Xp = Ig.
The time-invariance of ¥ in Assumption 4.1(ii) is not as restrictive as it appears. For

instance, if E(F,F,") = Y5, we could rewrite the common component as
T
—1/2x1/2 1/2w—1/2 * *
¢iTtFt = <2F / EF/,t it> EF/ ZF,t/ Fy = ¢z‘tTEm

where ¢}, = $,.°2}7¢, and Fy = £,/°S.)/°F, satisfies E(F;F;T) = Xr by construction.
Similarly, if E(FiF,") = Sr, we can redefine the factor as 2;1/ ®F,, which will have second
moment [r. Assumption 4.1(iii) mainly imposes some smoothness conditions on ¢, () ex-
plicitly. Of course, it is possible to relax the third-order continuous differentiability in 4.1
4.1(iii) by allowing for Holder continuity as in Cheung (2024). However, this would require
more complex notation and could slow the convergence rates of both the common factors
and loadings. Assumption 4.1(iv)-(vi) restricts the time and cross-sectional dependence for
the idiosyncratic errors and the weak dependence between the factors and errors, which are
in the same spirit as Assumptions C.2-C.5, D and E in Bai (2003). Assumption 4.1(vii) is a
kernel-weighted version of Assumptions F.1-F.2 in Bai (2003).

Assumption 4.2 parallels Assumption A.4 in Su and Wang (2017) and can be verified

13



under some primitive conditions that are used in the factor literature. For example, Moon
and Weidner (2017) demonstrate that the first part of Assumption 4.2(i) can be satisfied
for various processes and Su and Wang (2017) verify similar conditions to those in 4.2(iii)-
(vi) under some mixing conditions. Assumption 4.2(ii) strengthens 4.1(iii) as we now need
N~1®®, and its limit to be well behaved uniformly in 7. Assumption 4.2(iii)-(vi) imposes
conditions on the uniform probability order of some summation objects. The first part of
Assumption 4.2(iii) corresponds to and extends Assumption D in Bai and Ng (2002), because
we need the condition to hold uniformity in (z,7). The second and third parts of Assumption
4.2(iii) are also imposed in Su and Wang (2017) and can be verified under some weak data
dependence conditions and moment conditions. Similarly, one can also verify the conditions
in Assumption 4.2(iv)-(vi). See the online supplementary appendix of Su and Wang (2017)
for the verification of 4.2(vi) under some primitive conditions. Assumption 4.3 imposes some
regularity conditions on the kernel function and bandwidth, similar to Assumption A.1*(ii)

in Su and Wang (2020a).

4.2 Consistency of Transformed Rotation Matrix

In this section, we study the asymptotic properties of Stage 1 estimators.

Theorem 4.1. Suppose that Assumptions 4.1-4.3 hold. Then, under (IR) in (2.3), we have
max, |H; — Ig| = O,((The/InT)~"/2 4+ h2 + N~'InT).

The above theorem states that the transformed rotation matrix converges to the identity
matrix uniformly in ¢ under some conditions. Then the rotated local PCA estimators are
consistent with the true values without any rotations. Recall that H = H,Q/ and E, = Q/F}.

Noting that

VN(F, — F) = VNQ,(F, — H'F,) + \/N/(Tho)\/Tho(H; — I3)" F, (4.1)

we observe that the second term in the above decomposition reflects the contribution from

H}, which is asymptotically nonnegligible and affects the asymptotic variance of F, under

14



our assumptions. Therefore, to derive the asymptotic distribution of Ft, we also need to
consider that of the transformed rotation matrix H;. The following corollary reports the

uniform convergence rate of Fj.

Corollary 4.2. Suppose that Assumptions 4.1-4.3 hold. Then, under (IR) in (2.3), we have
max, |Fy — Fy|| = O,((N/InT)""2 4+ h2) + 0,((Tho/ In T)~Y/>T'/8 4 p2T/3).

4.3 Asymptotic Normality

Let

H, = (N"'®®,)(T ' FOT Oy (4.2)

where V]@ is an Rx R diagonal matrix containing the first R largest eigenvalues of (NT)~! X ()
xX™T ordered in descending magnitude along its main diagonal. Let V, be a diagonal
matrix consisting of the eigenvalues of chb/r 5 FE<11>/T ®in descending order with Y, being the
corresponding (normalized) eigenvector matrix (Y, Y, = Iy), and P, = & Y 12;3/ ®. Let

Eg) =T'FOTFM. We add the following assumption.

Assumption 4.4. (i) N~'/2®e,, A Gri ~ N(0,T,) for each r, t, where Ty = limpy_o
NI Zj'v—l Gir®jy B (€ it€a jt)-
(ii) Z" = \/ho]T ST kj o Faenis = Ziy ~ N(0,Q,), where

ho 20 = o . .
er - hm {T Zkh er FFT :2czs) + Ts_zltzgl kh,srkh,trE(FsETecv,z‘sez,it) .
T T d
(Z’LZ) (Zl() 77Z§Z) ) — (ZI’I"?"'7Z};,T)'

(iv) N, = \/Tho(flg)—EF) 4 N,.. Here, vech(N,) ~ N(Op(r+1)/2, ¥r) for some positive
definite matrizx
T

h 2h T-1 T
0 T 0 * * T
= A {T Zkh wBEE) + 2D Y Kk nBELD)|,

s=1 t=s+1

where &, = vech(F,F,” — XF).
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Assumption 4.4(i)-(ii) is standard; see, e.g., Su and Wang (2017). Both parts are used
to establish the asymptotic normality of our local PCA estimators and can be verified un-
der some primitive conditions. For example, by the central limit theorem (CLT hereafter)
for strong mixing processes (e.g., Theorem 5.20 in White (2001)), one can readily verify
Assumption 4.4(ii). Assumption 4.4(iii)-(iv) is also made by Cheung (2024). Assumption
4.4(iii) is needed for the derivation of the asymptotic distribution of H; at Stage 1 under
(IR). Assumption 4.4(iv) imposes the condition on an asymptotically non-negligible term
in the asymptotic expansion of the transformed rotation matrix H;. Since we assume that
E(F,F,") = Iy instead of F'F/T = Iy as in Bai and Ng (2013), the sample second moment
of the common factors remains a random variable.

To study the asymptotic distribution of H;", we add some notation. Let Zy.gs = (Zy4, .. .,

Zpy), where Z;; is defined in Assumption 4.4(ii).

Theorem 4.3. Suppose that Assumptions 4.1-4.4 hold. Let Bg(1 : R,t) = [Bo(1,1),...,
Ba(R,t)]", where Bg(i,t) is defined in (??) in the online appendir. Then under (IR) in
(2.3), Tho(H; — Ir — HBg (1 : R, t)(®{.5,) ") % =, where =, = A, — 0.5N; and for any
ki ks € [R),
[Z1:pa(®lpy) ™" + O.5Nt]khk2 if k1 > ko
[At] ks ) 0 if ki =k
—(D0)ka by if ky <k

with [A]}, ,, denoting the (ki, ka)th element of the matriz A.

Theorem 4.3 studies the asymptotic distribution of H;. Compared to the results in
Cheung (2024), there is an asymptotic bias term H;Bg (1 : R, t) that is of order O,(h3), similar
to the order of d; in Theorem 4.1 in Cheung (2024) under his Holder continuity conditions.
This bias is asymptotically vanishing if we impose the additional condition Thy — 0.

Given the result in Theorem 4.3, we study the asymptotic distributions of F, and g}ﬁit in

the following theorem.

Theorem 4.4. Suppose that Assumptions 4.1—4.4 hold and let =; be as defined in Theorem

4.3. Then, under (IR) in (2.3):
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(i) If N(The)™ = ¢y < 0o and Nhi — 0, then VN[F; — F] % S31Go, + o= Fi; If

N(Thg)™" = 00 and ThE — 0, then /Tho(F, — F,) % =] F,.
(ii) If Th] — 0, then v/Tho(dy — ¢3y) ~ Ziy — ety

Theorem 4.4(i) indicates that one can obtain the usual v/ N-rate of consistency for E, only
when N(Thg)™' — ¢y < co. Unfortunately, the latter requirement rules out the case where
N and T diverge to infinity at the same rate. On the other hand, if N(Thg)™" — oo (which
allows N and T to diverge to infinity at the same rate), the estimation error in H;* dominates
the asymptotics so that we now only have /T ho-rate of consistency for F,. Theorem 4.4(ii)
implies that the estimator qAbZ»t enjoys the usual /T hy-rate of consistency when we impose an

undersmoothing condition (T'hj — 0) to eliminate the asymptotic bias of gAbit.

4.4 Theoretical Properties of Shrinkage Estimators

To proceed, we add the following assumptions.

Assumption 4.5. (i) Forl € 0U [Ry|, the second order derivative of coefficient 3,(-) exists
and is continuous. In addition, o,(F) = o(F, z), where o(-,-) is a bounded and continuous
function in REx [0,1]. Further, |o(F,z)—0o(F, z)| < M(F)|z— 24| for some function M(-).

(ii) The process {(ey, Fy) : t > 1} is a strictly stationary and a-mizing process such that
E(eys11|Fy) = 0. There exists some § > 0 such that E|| F;||>*®*? < oo and Ele, ;M (F)[*™° <
00, and the mizing coefficient satisfies a(n) = O(n™") with 7 = (2+9)(1 +0)/J.

(1ii) As (N, T) — oo, for some ¢; € [0,00), Th? — ¢, T(InT)hy/N — 0 and Thihi =
o(T~14).

(iv) As T — 00, VVhiAr — 0, limr_,o infg_o+ P (0)/Ar > 0. In addition, mini<;<g, |67,

> (a+ 1)Ar and miny<i<g, Dy > (a + 1)Ar, where a is defined in the SCAD function.

Assumption 4.5(i) imposes some smoothness conditions on the regression coefficients and
conditional variance in the y-equation, which are commonly used in literature; see Robinson
(1989), Robinson (1991) and Cai (2007). Assumption 4.5(ii) is a common condition with

weakly dependent data and is satisfied for many stationary financial time series such as
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ARMA, ARCH and GARCH processes (c.f., Cai (2002)). Assumption 4.5(iii) imposes some
conditions on (hg, hy), similar to those in Assumption A.2(iii) of Fu et al. (2024), which
guarantee that the estimation error F,—F, at Stage 1 does not contribute to the asymptotic
distribution of 3(-). The first part of Assumption 4.5(iv) specifies the conditions on the
regularization parameter Ap. The second part of Assumption 4.5(iv) is also imposed by
Chen et al. (2025), which ensures that with probability approaching one, the significant
functionals and their derivatives can be detected.

To state the next asymptotic result, we add some notation. Let th = (1, Fu, cee Fth)T €
R+ Similarly, let F2, = (1, Fy, ..., Fr,)T € R In addition, we define 3, ,(2) =
(B)\,O(Z)v B)\,l(z)v . 7B>\,Rf (2))" € R* and Bb,/\(z) = (B)\,Rf+1(z)v e 7BA,R(Z))T € RFE-fr,
Also, let 5,(z) = (By(2), B1(2), ... ,ﬁRf(z))T and 0,(2) = (Bg,41(2), - -- ,Br(2))". Moreover,
let Ry u(2:) = Cov(o(Fy, z)ey i By, 0(Fius 2t)eytrullyir,) and Bao(2:) = S Rau(z).

U=—00

Under Assumption 4.5(ii), we know that X, (z;) exists by Lemma ?7? in the online Appendix.
Finally, denote 3% = E(F;tthT) and X, 5(2) = (%) ' Sa0(2)(2%) 7L
The following theorem establishes the sparsity and asymptotic normality of the penalized

estimator in (3.5).

Theorem 4.5. Suppose that Assumptions 4.1-4.5 hold and Ry, = R— Ry > 0. Then we have

(a) (Sparsity) P(sup.eo, By (2) | = 0) = 1.
(b) (Asymptotic Normality)

. B2
VI (Buae) = (2) — "B 50) + 0,0) ) NOpsas())
where [y, and o, are defined in Assumptions 4.3(i).

Remark 4.6. Denote Fj’; = (ﬁ’;j, ((z — z)/hl)F(ﬁj)T and define the oracle estimator (i.e.,

the unpenalized estimator obtained under the true model) as

~oracle

-1
p (2) = [r;+1, 0 +1)x (R 1) (Tl Zthl F(i*t‘Fz“;TKhl(zt — z))
X (T_l Zthl FﬁytHKhl(Zt - 2))
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By wusing arguments similar to those in Wang and Xia (2009), one can show that under

~oracle

some regularity conditions, Sup,ep 1 ||Bm(z) - B (2)|| = 0,((Thy)™Y/?). This indicates

~ ~oracle
that 3, ,(z) shares the same asymptotic distribution as the oracle estimator j3 (2).

5 Computational Implementations

In this section, we provide the computational algorithm for estimation at Stage 2 and

discuss how to select the tuning parameter Ay in our computing.

5.1 Computational Algorithm for Stage 2

Following Li et al. (2015) and Chen et al. (2021), we introduce an iterative procedure to
compute the penalized local linear estimates of the functional coefficients proposed at Stage
2 in Section 3. This algorithm can be viewed as a nonparametric extension of the coordinate
descent algorithm, which is commonly applied to successively minimize a function along the
coordinate directions.

Define Qpy(¢) = diag{Qp1(0), ..., Qpr(0)} for I € 0U[R] and £ = 0,2, where Qg 4(£) =

%Zthl F2[(2 — 25) /) K, (2 — 25), with Fy; = 1. Now, the procedure goes as follows:
1. Find the initial estimates of 98’1 (+) and 0(1)71 (), which are denoted by

~(0) ~(0)

~(0) ~(0) ~(0) ~(0)
90,1 = (90,1 (21)7---790 T

A (ZT))T and 91,1 = (91,1 (21)5 -+, 91,1 (21))
respectively. These initial estimates can be obtained by using the conventional (non-

penalized) local linear estimation method.

2. Let éé’f) () and 957?) () be the estimates after the mth iteration. We next update the
(I + 1)th functional coefficient starting from [ = 0. Let

~(m) ~(m+1) ~(m+1)

00,71(25) = (90,0 (25)5 -5 00,1 (25),0, éo,z+1 (25),- - veO,R (Zs»T:

A(m) A0m)

0, ()= (91,0 (25),- - 7@1,R<Zs))T7



~(m ~aT ram) ~(m)
9 =y — BTy (2) + 0, (2) (2 — 24)], and

ETZ = (ETl,lv s >E~Tl,T>T7

~ ~(m ~ ~ ~(m+1)
where Eryo = 2 520, Fyiitl) K, (20— 2). I | Bral| < P4 (|o,]]), we update 6, =

O7«1; otherwise, let

~(m+1)

-1
o =(ﬂw«n+PAT<||90,Z||)IT/@> B, (5.1)

Am) L A (m) Am) L A (m)
where ¢; = [0, || if [|6p, || # 0, and ¢; = max |6 4 [| if (|09, || = 0.
3. Update the derivative of the (I + 1)th functional coefficient starting from [ = 0. Let

~(m—+1) ~(m+1) ~(m+1)

0y (2) = (0o (2),--,00r (29)),
~(m) ~(m+1) A (m+1) ~(m) ~(m)
017_1(25) = (91,0 (25),- - =‘91,1—1 (2),0, ‘91,z+1(zs)7 cee 791,R<Zs))Ta

;(m+1)

. (m ra A (m)
yi—kl),—l = Y1 — I T[Oo (zs) + 01’_1(28)(2} — 24)], and

ETI = (ETl,la s 7ETZ,T)T7

where By s = 2 ST Etggfl)ﬁl[(zt—zs)/hl][(hl(zt—zs). If | Eqnll < P)'\T(f)l), we update

~(m+1 .
0577 - O7«1; otherwise, let

(m+1)

~1
né, —(nTz<2>+P;T<Dz>IT/dl) B 52)

Am) e a(m) Am) L A (m)
where d; = [[hn6y, || if [|6y,[| # 0, and dy = maxy [|ha6; . || if 16y, [| = O.

4. Repeat Steps 2 and 3 until certain convergence criterion is achieved.

5.2 Tuning Parameter Selection

Following Chen et al. (2025), we can use the following generalized information criterion
(GIC) to select A at Stage 2. The GIC is introduced by Fan and Tang (2013) in the con-

text of high-dimensional penalized likelihood estimation. Since our model involves unknown
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TV coefficients, the GIC needs to be modified as in Li et al. (2015). Specifically, Cheng
et al. (2009) argues that each unknown functional coefficients would amount to 36/(35h;)
unknown constant parameters when the Epanechnikov kernel is used. Hence, we define the

GIC objective function as

T

2
% Z {Z/tﬂ - FtaTB)\T(Zt)}

t=1

’YT,R . 36Rf(/\T>
T 35h;

GIC(\r) = In + (5.3)

where 77 5 is a function of T" and R, B rp(2) is the TV weighted group LASSO estimate at
Stage 2 using the tuning parameter Ay, and Ry(Ar) is the number of selected TV coefficients
using Ar. We choose v p = vIn(In(T)) In(36 R/35h,) with v € (0,1]. We determine the
tuning parameter by minimizing GIC(Ar) defined in (5.3) with respect to Ap. See Chen

et al. (2025) for more discussions about the GIC(Ar) criterion.

6 Monte Carlo Simulation Studies

In this section, we conduct Monte Carlo simulations to evaluate the finite sample perfor-
mance of our estimators. For each simulation study, we assume that the factor loadings are
generated such that the identification restriction (IR) in (2.3) is satisfied. We compare the
performance of our method with that of Fu et al. (2024). To facilitate the comparison, we
ignore the intercept term in each data generating process (DGP) in our simulations with loss

of generality.

6.1 Data Generating Process

We generate the data with R = Ry + R, = 4 common factors:

T T
Ty = ¢itFt + €zt and Yt+1 = /Bt Fy + €y t+1,
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where for simplicity we do not include a TV intercept term in the y-equation. Here, F; =

(ftT»gtT)T» By = (61,t7ﬁ2,t753,taﬁ4,t)—r and ¢; = (¢1ita¢2itv D3t ¢4z’t>T7 where

G = G(10t/T52,5i /N +2) + 3.5, ¢y = p; + G(10t/T30.1,(2,4,6,8)7), p; ~ IID N(3.5,1),
(

@0+ 0.0by for 0.67 <t <0.8T
Gzt = § ¢y — 0.5by for 0.2T < t < 0.4T , bo =2, ¢;9 ~1ID N(4,1),

40 otherwise

(

Pio fort=1,2,...,7/2

¢4it = , b]_ = 1, ¢’i0 ~ 11D N(4’ 1)’
G+ fort=T/2+1,...,T

(

G(z;k,7) = {14+ exp[—ro [[}_,(z —7,)]} ! denotes the Logistic function with tuning param-
eter ko and location parameter v = (7y,... ,vp)T. For | € [4], we generate fj; independently
as an AR(1) process: fi = 0.5f14—1 + wy, where uy ~ IID N(0,1). We consider the following

setups for 3, and the error terms e, ;s and ey 41:

DGP 1: (R; =1, serial correlation + cross sectional dependence)
fio = fu, 96 = (916, 92,93) ", gu = 0.5g14-1 + vy for [ € [3], where v, = (viy, vay,
vg) " ~TID N(0, Bg3), where Xy3 = diag{2.250%,, 3.250%,,3.750%, } with 07, =Var(f1,),
and uy; and v; are mutually independent. e,; = (ey,...,ent) ~ 1D N(On,3.),
where X, = (¢;5)i e with ¢;; = 0.5l By, = cos(t/T), By, = By, = Bay = 0,
eyt = 0.5e, -1 + uy 4, where u,, ~ IID N(0,472).

DGP 2: (R; = 2, serial correlation + cross sectional dependence)

fi = (flt> f2t)T7 gt = (gltaQQt)Ta git = 0-591,t—1 +uy for [ € [2], where v, = (U1t,112t)T ~
IID N(0, Xg2), where ¥gp = diag{4.250%,, 4.750% }, with 0%, =Var(fi¢), us = (u1s, u) "

and v; are mutually independent. e,; = (ey,...,ent)’ ~ IID N(Oy,X.), where 3, =

(Cij)i,je[N] with ¢;; = O-5|i7j|a 51,1& = cos(t/T), BZ,t = sin(t/T), B:},t = 54,1& =0, eyt =
0.5e, -1 + uy 4, where u,; ~ IID N(0,472).

DGP 3: (R; = 3, serial correlation + cross sectional dependence)
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DGP 4:

DGPs 5-8:

6.2

fo = (fie, far, f31) T, g1 = 0.5g14-1 + vy, where vy ~ IID N(0,%,1), Xy = 8.750301,
and J}l =Var(fi1); us = (uys, us, uz)' and vy, are mutually independent. e,; =
(e1t, ... ent)” ~ 1ID N(On,%.), where S = (cij)ijev with ¢;; = 0.50791 8, =
cos(t/T), Byy = sin(t/T), Bzy = In(1 +t/T), Byy = 0, eys = 0.5ey-1 + Uy, where
Uy ~ IID N(0,472).

(Ry = 4, serial correlation + cross sectional dependence)

fi = (fltantath,fM)Ty €xt = (€1t,---,€Nt)T ~ 1ID N(0N726)7 where Y, = (Cij)i,je[N]
with ¢;; = 0.5, 8, , = cos(t/T), By, = sin(t/T), By, = In(1+t/T), By, = 4(t/T)(1—
t/T), eyr = 0.5ey4-1 + uy s, where u,; ~ IID N(0,47%).

(Serial correlation + cross sectional dependence + heteroskedasticity)

All settings are the same as that in DGPs 1-4, respectively, except that for each setting,

eyt = OyiEys, Where o2

3 .
o= D fﬁt_l and e,; = 0.5e,4-1 + v, with v,; ~ IID

N(0,472).

Performance of Variable Selection

For the experiment of variable selection, we simulate 500 data sets with N, T = 100, 200

or 500. To conduct the local PCA approach, we use the Epanechnikov kernel and Silverman’s

rule of thumb (RoT) to set the bandwidth as hg = (2.35/y/12)T~/>N~/1°. To determine the

number of factors, we consider the information criteria suggested by Su and Wang (2017).

In particular, let F(R) and ¢,,(R) denote the local PCA estimators of the factors and factor

loadings by assuming R factors in the model and using the following normalization rule:

N7'®'®, = Iz and T'F T FM is a diagonal matrix with descending diagonal elements,

where we make the dependence of the R x 1 vectors Fy(R) and ¢;,(R) on R explicit. Let

B

~ ~

= (¢, (R),....0n(R)T and O = (NT)LXOTXMP for r € [T]. Let ¢,,.(R)
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denote the transpose of the ith row of | Define

V(R {®™})=  min_ 1 ii {x — (R)r.

p=(y .. )T NT — =
Then, we use the following BIC-type information criterion to determine R:

IC(R) =1n {V(R, {égm})} +R- N;TZ’O In(C%,), (6.1)

where Cyr = min{y/Thg, VN}. Let R = argming IC(R).! As is commonly done in the
empirical research, each series of {x;}; for implementing the local PCA method is demeaned
and standardized to have unit variance.

To apply our method, we first fit an unpenalized functional coefficient estimate based on
the local linear method, for which the Epanechnikov kernel is used and the optimal bandwidth
is selected via a 4-fold cross-validation criterion proposed in Cai et al. (2000). Then, the
same bandwidth is used as hy for the TV LASSO, where the optimal tuning parameter Ar
is determined by minimizing the GIC criterion in (5.3). Finally, the number of factors R is
also determined by the criterion in (6.1).

We classify the model selection results into three distinct scenarios: an underfitted model
(missing at least one relevant predictor), an overfitted model (containing irrelevant predictors
but omitting none), and a correctly fitted model (identical to the true model). The percent-
ages of experiments resulting in each scenario are presented in Table 1. The results clearly
indicate that the probability of selecting the true model increases steadily with larger N and

T, approaching 100% quickly.

INote that in Su and Wang (2017), they derive the selection consistency of the BIC criterion in (6.1)
and compare the performance of (6.1) to that of criterions for the factor model with constant loadings, the
four criteria of Bai and Ng (2002), the eigenvalue ratio (ER) and growth ratio (GR) of Ahn and Horenstein
(2013), and the sequential testing procedure of Onatski (2010). Since all datasets in our simulation study are
generated from the TV factor models, we prefer to using (6.1) to determine the number of factors.
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Table 1: Proportion of the experiments with correctly, under and over fitted regression models

(T,N) DGP Under fitted Correctly fitted Over fitted DGP Under fitted Correctly fitted Over fitted

(100,100) 1 0.000 0.972 0.028 5 0.000 0.958 0.042
(100,200) 0.000 0.986 0.014 0.000 0.966 0.034
(200,100) 0.000 0.994 0.006 0.000 0.972 0.028
(200,200) 0.000 0.990 0.010 0.000 0.982 0.018
(500,500) 0.000 1.000 0.000 0.000 1.000 0.000
(100,100) 2 0.000 0.996 0.004 6 0.016 0.936 0.048
(100,200) 0.012 0.984 0.004 0.018 0.920 0.062
(200,100) 0.000 1.000 0.000 0.000 0.974 0.026
(200,200) 0.000 1.000 0.000 0.000 0.986 0.014
(500,500) 0.000 1.000 0.000 0.000 1.000 0.000
(100,100) 3 0.012 0.978 0.010 7 0.040 0.934 0.026
(100,200) 0.012 0.988 0.000 0.032 0.940 0.028
(200,100) 0.002 0.998 0.000 0.000 0.988 0.012
(200,200) 0.000 1.000 0.000 0.002 0.982 0.016
(500,500) 0.000 1.000 0.000 0.000 1.000 0.000
(100,100) 4 0.000 1.000 0.000 8 0.002 0.998 0.000
(100,200) 0.000 1.000 0.000 0.004 0.996 0.000
(200,100) 0.000 1.000 0.000 0.000 1.000 0.000
(200,200) 0.000 1.000 0.000 0.000 1.000 0.000
(500,500) 0.000 1.000 0.000 0.000 1.000 0.000
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6.3 Performance of Forecasting

In this subsection, we study the finite sample performance of one-step ahead prediction
for the target variable y;,1. We also compare our forecasting results (namely, LCS) with that
obtained from the approach proposed by Fu et al. (2024), abbreviated with FSW below, with
the local constant method in their second step being replaced by the local linear approach.
For each method, we simulate 500 data sets with N, T" = 100, 200.

Recall that z; = ¢/T, given the observations (y;y1, 2, ;) with ¢ € [T — 1] and (27, z7),

the one-step ahead prediction of g, is as follows:

N

R AT
Yrs1r = Br_1(2r) fr,

where B;_l (+) is the nonparametric estimation of S, (27) using the sample {y11, 2¢, Te }yer_y
and zr = 1. For both the methods of Fu et al. (2024) and ours, we first use the data
{z¢ : t € [T]} to obtain the estimates { fiy.... fr—1, fr}, and then conduct nonparametric
estimation based on the sample (v, 2, ft) with ¢ € [T to obtain §riq7, which is similar to
the procedure in Li et al. (2020).

The forecasting performance is evaluated by dividing the simulated sample into two seg-
ments: an in-sample period containing the first 90% of observations for model estimation,

and an out-of-sample period comprising the remaining 10% for assessing prediction accuracy.

This assessment is based on the following mean squared forecast errors (MSFE):

T

Z @t+1|t - yt+1)2'

t=T—0.1T)+1

We report the median and standard deviation (in parentheses) of 500 MSFE values in Table
2. The results show that our estimator outperforms the benchmark from Fu et al. (2024) in
all scenarios. A key finding is that forecast accuracy improves with the time series length
(T'), as evidenced by the declining median and standard deviation of the MSFE. This aligns
with the theoretical principle that the convergence rate is driven by 7', not the cross-sectional

size (). Therefore, performance metrics understandably show little variation with increases
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in N.

Table 2: Comparision of the median and standard deviation (in parentheses) of 500 MSFE
values of the our approach (LCS) with that of FSW

(T,N) DGP LCS (LASSO) FSW (TV-FAVAR) DGP LCS (LASSO) FSW (TV-FAVAR)

(100,100) 1 0.201 (0.138) 0.274 (0.197) 5 0.428 (0.367) 0.739 (0.625)
(100,200) 0.197 (0.137) 0.243 (0.176) 0.389 (0.367) 0.685 (0.549)
(200,100) 0.157 (0.065) 0.181 (0.088) 0.368 (0.212) 0.512 (0.298)
(200,200) 0.145 (0.063) 0.175 (0.076) 0.376 (0.228) 0.547 (0.327)
(100,100) 2 0.170 (0.146) 0.289 (0.298) 6 0.417 (0.432) 0.757 (0.761)
(100,200) 0.191 (0.138) 0.285 (0.253) 0.426 (0.393) 0.778 (0.678)
(200,100) 0.137 (0.071) 0.189 (0.095) 0.377 (0.203) 0.551 (0.283)
(200,200) 0.138 (0.064) 0.192 (0.085) 0.358 (0.205) 0.501 (0.300)
(100,100) 3 0.278 (0.227) 0.339 (0.340) 7 0.512 (0.435) 0.774 (0.680)
(100,200) 0.276 (0.208) 0.340 (0.278) 0.527 (0.500) 0.755 (0.690)
(200,100) 0.172 (0.079) 0.197 (0.108) 0.423 (0.242) 0.579 (0.297)
(200,200) 0.177 (0.092) 0.205 (0.118) 0.417 (0.248) 0.517 (0.297)
(100,100) 4 0.324 (0.235) 0.337 (0.289) 8  0.612 (0.489) 0.802 (0.609)
(100,200) 0.348 (0.280) 0.366 (0.353) 0.609 (0.506) 0.776 (0.621)
(200,100) 0.195 (0.099) 0.197 (0.109) 0.457 (0.256) 0.560 (0.305)
(200,200) 0.200 (0.095) 0.206 (0.104) 0.475 (0.260) 0.573 (0.303)

7 Revisiting U.S. Macroeconomic Predictions

This section applies our approach to do predictions using the FRED-QD quarterly macroe-
conomic dataset that was originally developed by McCracken and Ng (2016) maintained by
the Federal Reserve Bank of St. Louis. We use data for the period of 1959:03-2025:03,
transforming each series according to its prescribed transformation code (T-code) as detailed
in the appendix of the source publication and summarized in Table 3. The first two quarters
are excluded due to missing values induced by differencing, resulting in a final dataset of
N = 207 series with T' = 262 observations per series. Each series was standardized to have
zero mean and unit variance prior to analysis.

Our main objective is to compare the forecasting performance of our TV-LASSO-based

method with that of the TV-factor augmented forecasting approach proposed in Fu et al.
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(2024). The estimated predictive regression model is

~

srr = Br_r (1) fr, (7.1)

where 3,__(+) is the nonparametric estimation of 8;__(zr) using the sample {y; ., ., Tttier—a]-
Similar to Stock and Watson (2009) and Cheung (2024), let z; be the original series, the trans-
formed series ¥, and the 7-month ahead variable y7, . are defined according to Table 3. The
procedure of estimating ¢7. T 18 similar to that in Section 6. That is, a TV factor model was
estimated with data from 1959:03 through 2022:12-7. Then, the prediction model is used to
forecast y3y99.15- The whole estimation procedure is repeated with data from 1959:03 through
2023:03-7 to forecast yJy93.03, and so on.

We first determine the appropriate number of common factors for the local PCA ap-
proach. The maximum number of common factors is set to be 8 in this empirical study.
Other pre-settings such as the kernel and bandwidth are the same as those in the simulation
section. Then, we use the whole data from 1959:03 through 2025:03 to select the number of
factors, which is R = 5. As is observed in Cheung (2024), the number of factors vary across
different time periods in this dataset. Therefore, our method provides a unified framework
to consistently select the factors that are relevant for predicting at different time spans.

After determining the number of factors, we estimate the common factors by local PCA
with the kernel and bandwidth hy chosen in the same way as those in the simulation study.
In addition, h; is selected using the cross-validation criterion discussed in Section 6 and
the tuning parameter Ap is determined by the GIC criterion in (5.3). The identification
restriction (IR) is discussed in Section 2.2 and the ordering of the data matters in the set
of restriction. Since R = 5, we need to fix the order of the first five series. To this end,
we rearrange the data such that the first six series are (a) PAYEMS (All Employees: Total
nonfarm); (b) INDPRO (IP Index); (¢) GS5 (5-Year Treasury Constant Maturity Rate);
(d) PCEPI (Personal Consumption Expenditures: Chain-type Price Index); (¢) TOTRESNS
(Total Reserves of Depository Institutions). Our target variables of interest include eight

series from four categories; see Table 4 for details.
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To evaluate the forecasting performance, we compute the mean squared forecast errors

(MSFE) as follows:

T
1 AT T
MSFE(T) = Z (yt+r|t - yt+r)2'

2022:12 t=T—T022:12+1

Table 5 reports the MSFEs for 7-step-ahead forecasts, where 7 € [4]. Our penalized TV-FA
model outperforms the TV-FA model of Fu et al. (2024) in 29 of the 32 cases (90.625%), with
superior performance being particularly pronounced at larger forecast horizons (7 = 3,4),
where it achieves uniform dominance. We conjecture that this occurs because the prediction
error in equation (7.1) increases with 7, making the role of regularization more critical. These
results suggest that irrelevant factors become increasingly prevalent in the prediction model

at longer horizons, which can be effectively mitigated by our penalized approach.

Table 3: Transformations of variables.

T-code Transformation (y;) 7-month ahead variable (y7, )
1 Yt = Tt Yirr = Tidr
2 Yr = Ay Yirr = Titr — Ty
3 ye = A2z, Yl =11 Z]T;(} Axpyr_j — Azy
4 ye = In(z4) Yipr = In(@e4r)
5 ye = Aln(zy) Yipr = In(z4r) — In(zy)
6 ye = A% In(z,) Vi =7 Y0 Aln(eg, ) — Aln(x)
7 ye = Az /o1 — 1) Yipr =T X020 Tepri/Tesr—jo1 = Tt/Teoa

8 Conclusion

This paper introduces a time-varying factor-augmented (TV-FA) forecasting model that
accommodates smoothly evolving factor loadings and allows the number of factors relevant
for forecasting to be smaller than the number driving the entire predictor set. We propose
a two-stage procedure that performs nonparametric estimation and variable selection simul-

taneously, establishing the asymptotic properties of the estimators within a large N, large
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Table 4: Variables of interest for forecasting.

Series T-code

(a) Output and income

INDPRO, IP Index

DPIC96: Real Disposable Personal Income
(b) Labor market

HWIx, Help-Wanted Index

UNRATE, Civilian Unemployment Rate 2
(c) Consumption, orders and inventories
PCECC96: Real Personal Consumption Expenditures 5
ISRATIOx: Total Business: Inventories to Sales Ratio
(d) Prices

WPSFD49207: PPI by Commodity for Final Demand: Finished Goods
CUSROO000SAOL2: CPI: All items less shelter

D O

Table 5: The comparison of our forecasting result with that of Fu et al. (2024)

Variables 7 LCS (LASSO) FSW (TV-FAVAR) Variables LCS (LASSO) FSW (TV-FAVAR)
INDPRO 1 0.138 0.292 PCECCY96 0.251 0.684
2 0.176 0.363 0.202 0.855
3 0.202 0.269 0.193 1.201
4 0.237 0.274 0.190 1.230
DPIC96 1 1.755 3.102 ISRATIOx 0.301 0.402
2 3.161 7.031 0.900 1.795
3 3.036 4.929 0.838 1.926
4 2.023 4.488 0.896 1.889
HWIx 1 8.575 7.135 WPSFD49207 3.210 3.465
2 7.448 6.578 2.698 3.593
3 7.352 8.746 3.058 3.971
4 6.259 7.722 3.385 4.133
UNRATE 1 2.469 2.728 CUSRO000SAOL2 0.850 0.924
2 1.158 1.011 1.338 1.569
3 2.202 2.886 1.871 2.034
4 2.277 2.627 2.081 2.355

Note: Bold entries highlight better performance in each case.
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T framework. Monte Carlo simulations demonstrate the strong performance of our estima-
tors and forecasts against competing methods. Finally, an empirical application to a U.S.
macroeconomic dataset shows that our penalized TV-FA model outperforms conventional

TV-FAVAR models as in Fu et al. (2024) in predicting key macroeconomic time series.
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Online Supplement for “Time-varying Factor-augmented

Forecasting Models with Variable Selection”

This online supplement is comprised of two sections. Section A contains the proofs of the main
results in the paper, which call upon some technical lemmas. Section B contains the proofs of

technical lemmas in Section A.

A Proofs of the main results in the paper

Let H,, V]E,TT), V-, T, and P, be as defined in the beginning of Section 4.3 Let <I>$,c) =( gc) (r/T),...,
qbg\c,) (r/T))", where ¢§C)(.) denotes the cth order derivative of ¢;(-) for ¢ € [2]. Recall that kj . =
ho 'K ((t —7)/(The)) and K} is the boundary kernel defined in the main text and used in Su and
Wang (2017). Let

2
r “r[t—T ~(r ) [(t—T r
B = |cf )< >+C§)u21h8+0§)< ) ),

where

¢ = Vi HSp(@8V/N),

ng”) = V]E,TT)_l BH;EF(@?)T@T/N) + C_'Y)EF(‘I’I(I%(})/N)]’ and

G 1. -
oy = SV HTTe(@]2P/N).

Let B® = (B, ..., BY)T. Finally, let AL = dy(t,r)TF" and A = (AL ..., AI)T where
di(t, ) = ¢;(+) — ¢:(F)-
Noting that by T-1FMTF®) = I we make the following decomposition:
qgir _ T-1F(T)Tx§r) _ T—lF(r)TF(r)(bir + T—1F(T)Te:(£z) + T-1F(T)TAZ(¢)

~ T
= H’r‘_1¢i7‘ + T_lHTTF(’/’)Te(T) + T—1 (F(T’) _ F(T)HT o B(r)) 6(’I‘)

T, T,

_p-1pmT ( FO)_ pt) g B(r)) H'¢, + T ( FO) _ p g Bm)T AD

Al



T H FOTAD L p-1OT ) 1t T g -1, o+ 71 BOTAM

)

8
= H '¢y+ Y Dmli,r). (A1)
m=1
Recall that max; = max;¢7) and max;; = max;c|n) 7] - The following four lemmas are needed
in the proofs of Theorem 4.1, Corollary 4.2 and Theorem 4.3.

Lemma A.1. Suppose that Assumptions 4.1—4.3 hold. Then
it — Ht_lfbit’ = Op((Tho/InT)~'/% + h});

(i) max; 4

(ii) max; | F; — H Fy|| = O,((N/InT)~1/2 4+ h2);

(i) max; ; “ngtFt — ¢ Fy|| = 0p((Tho/InT)~1/2T/8 4 p2T1/8).

Lemma A.2. Suppose that Assumptions 4.1—4.3 hold. Then
(i) VThoDp,(i,7) = 0p(1), for m = 2,3,4,6;
(ii) VThoDs(i,r) = VTho "2 P17 62 1 0,(1);
(iii) /ThoDs(i,) = —/Thopiay h [H SpCY + HTSpCS + O 8p Ol H gy + 0p(1);
(iv) VThoDs(i,r) = VThopn B30\ Srall) + 0,(1).

Lemma A.3. Suppose that Assumptions 4.1—4.3 hold. Then
(i) N7'@[ & = PSg, B, + 0p(1);

(i) SN, [¢ - H;l%} nit = 0p(N-12);

.
(i) ﬁ foil o |:¢it - Ht_l@'t] HF, = VNH] F, + 0y(1), where

. B 1 ‘I)T(I)(2)
H,' =hiuy H, 1{5 tNt

X |:C_'§t)EFC_'§t)T + ( _ét) + C’ét)>2FHt:| }HtT

o o) T [

S —1\T
EFHt—i— Nt ZFcl N (Ht 1)

Lemma A.4. Suppose that Assumptions 4.1-4.3 hold. Let Cn7 = min{y/Thg, VN, hgz},

. ~\T 1 — ~\T ~\T ~\T ~\T —
Ba(i,r) = [C§ 'Sroly) + 5P TErel) — (B 2pCy) + B 2pC) + 0sp Y H; ¢>] oy h,
(A.2)

and Bg) = (Bs(1,7),...,Ba(N,7))". Y;hen
= OI,((Th,O)f1 +N1InT) + Op(hé);

(i) max, T||F") — F( H, — B(")

.
(ii) max, | T~! (F(ﬂ —~FH, - B(T)) FOH, | = 0y((The)™ + N~1InT) + o,(h{);

A2



(ii) max,

71T (ﬁm _F0, - B("‘)> H — 0,((Tho)~ + N-'InT) + o, (hd);

.
(iv) max, ’T—l (FO") —FOH, - BO")) el = 0p((Tho) ™ + N~ InT) + 0,(h);

.
(v) max, || T~ (ﬁm ~FOH, — B(T)) AN = 0,((The)™" + N~1InT) + o,(hd);

(vi) max, ||~ H] FOTAM

i

= Op((Tho) ™" + (Tho/ InT)~*/*ho + h{);

(vii) max, ‘T‘IB(’“)TF(’")HT = 0,((Tho/InT)~/2hy);

= 0,((Tho/InT)~2hy);
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(viii) max, HT_IB(’")Teg)

(iz) max, |T*FOTBOH ¢ || = O,((The) ™' + (Tho/ InT)~/2hg + hZ + N~ hoInT);

T-1p)T Rr)

(z) max, = O0,((Tho)™" + (Tho/InT) " /2hg + h3 + N~'hgInT);

(ri) max, T‘lB(’”)TAl(.r)

= Op(h%)’

(wii) max, |[N1®[ &, — P,Xg P | = 0,(1);

2
= Op(Cy7InT);

“1|5 - (r)
(xiti) max, N 1' &, — ¢, (H, )T — By

.

(ziv) max, Nl” (ér — &, (H-HT — Bg>) ®,(H)T|| = 0,(Cy2InT);
T

(zv) max, N~ (@ — &, (H-HT — Bg>) €|l = Op(CH2InT).

~ ~ ~T ~
Lemma A.1 studies the uniform convergence of ¢;;, Fy and ¢;, F}, which is mainly needed in the

derivation of the convergence of H; in Theorem 4.1.

Proof of Theorem 4.1.
First, we observe that
max [T HTFOTEO H, — Ig||
= max |77 HFOT - FOT _ 0Ty 4 pOIT 4 pOT RO, — Ip||

< max||TYHTFOT - FOT _ gOTY RO Bl 4 max HT‘lB(”)TF(”Hr

+max [T FOTEOH, — I

= max|[T YH FOT - FOT _ BOTYEO H || + max

T_lB(r)TF(T)HTH
+max |TPFOT(FOH, — FC) — BTy 4 B0 4 )] — 1|

IN

max |7~ YFOH, — F) — BOYTFOH || + max |77 FOT(FO H, — FT — BO)|

+ max HT_lB(T)TF(T)HTH + max HT_ll*:'(T)TB(T)
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= O0,((Tho) ™' + N"YInT + (Tho/InT)~Y2hg + h3), (A.3)

where the first inequality holds by the triangle inequality, the second inequality holds by the fact
that T71FMTE) = [ and the triangle inequality, and the last equality holds by Lemma A4(i),
(iii), (vii) and (x).

Second, by the error analysis in Riemann sum approximation of a definite integral and Assump-
tions 4.1(ii) and 4.3, we have T~ S0 E(F{VF{") = 72 S°1 | Kr (455 E(FF)) = Sp+0(7-)

uniformly in /7T € (0, 1]. Let ¢y, be an R x 1 vector with one in its mth position and zero elsewhere.

For any m, n € [R], we have by Assumptions 4.1(iv) and 4.3,

T T T
1 ") 1
Var <TZ TF( )F( ) QZZkhtrkhsrCOU thFtnanman)

t=1 t=1 s=1

T
1
—1 * *
<T m;dx kh,tr? Z} kh,sr m‘?X; |OOU(Ft,mFt7n7 FS,mFsyn)|
s= =

=T"'0(hg")O(1)O(1) = O((Tho) ™).

This, in conjunction with (IR) in (2.3), implies that T-'FMTF") — 15 = O, ((Thg)~/?). Also note
that by Assumption 4.2(iii),

maXHT Lp()T p(r) IRH = max

r

T ki (BF = Ir) + T ki Ir— I
t t

= O((Tho/InT)"Y2)+ O((Tho)™') = O((Tho/InT)~/2).(A.4)
Then, by the triangle inequality, (A.3) and (A.4)

max ||H," H, — Iz < max HH:HT — HIT P07
r r

HHTTT_lF(T)TF(T)Hr - IRH

= 0,((The)™Y2 + N~'InT + h2). (A.5)

Thus, H, is an orthogonal matrix up to a term that is of order Op((Tho)~ "2+ N~ InT + h?), and
so is HTQTT since Q, is orthogonal by construction. Pre- and post-multiplying H,H, by Q. and
Q! respectively and using (A.5) yields

waxc | Q, H H,Q — In| = 0,((Tho) ™2 + N~"InT + h3).
Now, by the definition of <i>1T g and Lemma A.1(i), we have that

max ||QTR H 1CI)1 Rr” = max ||‘I>1 ‘R — P, Rr” = ((ThO/lnT)_1/2 + h(Q))a
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where R, is an upper triangular matrix with positive diagonal elements. Since <I>I Ry 18 also an upper
triangular matrix and H,~! is uniformly an orthogonal matrix up to a O,((Thg)™ "2+ N~1InT+h3)

term by (A.5), by the uniqueness of the QR decomposition, we have
max [|Q, — H Y| = Op,((Tho/nT)™Y2 + N~LInT + h2).
T
This, in conjunction with the definition of H after equation (3.3) in Section 3.1, implies that

max | H — Ig|| = max ||H,Q, — I|| = Op((The/InT)"Y2 + N~ InT + 12). ® (A.6)

Proof of Corollary 4.2.

First, by equation (3.3) in the main text, we make the following decomposition:
Fy, — Fy = Qu(F, — H' F) + (Q:H, — Ip)F,. (A7)

Noting that z;; = &IHtTFt + ezt + (Ht_lqﬁit — (Nﬁit)THtTFt, we have
. _ 1 M
F,—H'F, =S, (N > qﬁitﬂcit) —H/F,

i=1

1 o 1 e - 1o -
{Ht‘lﬁ ; dueait + ;wit — H ' Gin)enit — ; Gir(Gie — Hy ' 0i)  H Ft}
= Au(t) + Ax(t) + As (1), (A-8)

where Sg; = N~19] &, = N~! Zfil (,752,5(2); By the definition of Bg) and Lemma A.4(xii)-(xv), we
have max; || A2(t)|| + max; || A3(t)|| = Op(h3 + Cy3InT). Then

+ Op(h§ + Cy7InT).

N
a7 1.1 1
(VU8 G
=1

max |E, — H Fy|| = max

By the fact that Qt(); = I and the result in Theorem 4.1, we have

max [|Qr — Hyl| < max |QH; " — | max || Hyl| = max || He || max [|(Q) )~ H; " — In|

~

< max [[(HQ]) ™ ~ Il = max | H; ™ = Tn| = 0,(1),

where a < b denotes that a/b = O, (1). Then, by Assumption 4.2(iv), Lemma A.3(i), Theorem 4.1
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and (A.3),

N
qxTx 11
(VB 80+ Y e

max |~ Fi| < max]|Ql {m
=1

+ Op(h + C5 lnT)}
+max || (H; — Ir) " F|

1 N
N Z ¢it6x,it

i=1
= Op((N/InT) ™ 4 h3) + Op((Tho/ InT)™/2 + h3)o, (T'/%),

= Op((N/InT)™? 4 hg) + 0y((Tho/ WnT) TS 4 WGTY/®),

< max

: +max | Hy — | max || Fy + Op(h3 + Cy2InT)

where the second last equality follows from the fact that max; | Fy|| = 0,(7"/%) under Assumption
4.1(ii). m

Proof of Theorem 4.3.
Let ig) = T-'FTE®). Then, using the same deduction as in (A.3) and by the fact that Q,

is orthogonal,

max IS 7,0 T (Y2 H,QT) — Ir| = 0,((The) ™" + N InT + (Tho/ In T)"/2hg + h2).
(A.9)
Now, let §,, = f)g;")l/QHTQI — Ir. Then

max ||(8, + Ir) " (6, + Ir) — Ig| = Op((Tho) ™t + N InT + (Tho/In T)~/2hg + h3).
Therefore, max, |6, §, + 6, + 6, | = Op((The)™* + N~*InT + (Tho/ InT)~'/2ho + hZ). Noting that

m?x ||5T‘|| = mrax HHTQ: - IR + (ig)lm - IR) HTQ;I—

< maXHHTQTT—IRH +maxHi§;)1/2—IR‘ = 0,((The/InT) Y2 + N~'InT + h2)

by (A.4) and (A.6), we have

2
max |67 6,]| < max||5r||2:Op{((Tho/lnT)_1/2—|—N_11nT+h3>}
T T

= Op((Tho/InT)™* + N=2(InT)? + hy).
Then by the triangle inequality,

max |6, + 6 || < max ||8) 6, || + max |5, 6, + 6, + 6, || = Op([(Tho) ™" + N~ InT + h2),
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which means that §, is skew-symmetric,’ up to an asymptotically negligible term.

Now, by (A.1) and Lemma A.2, % . D,,(i,7) = Ba(i,7) + 0,((Tho)~"/?), where Bg(i,r) is
defined in Lemma A.4. Therefore, by the proof of Theorem 2.5(i) in Su and Wang (2020), we have
uniformly in (i,7) € [N] x [T],

O = Hy 65 = T HTFOT ]} 4 Ba(i,r) + 0p((Tho) /%) .

Then uniformly in r € [T7],

T
(I)IR,T - H <I)1 R,y — H:T_l Z k;,sTFsel—,(l:R)s + B;(l R, 7") + OP((ThO)_l/z)a (AlO)
s=1

where 6;—,(1:1%)3 = (s 15, ---€x,Rs), and
Ba(1: Bor) =[O0 zea)] + S0, Tl
(HTE )+ HI xpcl) + s C(’")T) 1], RT] fig h2.
Similar to the derivation of (A.3),
H = H (S0 H)SPH) ™ = (S Hy) ™+ 0p([(The) ™ + N~ InT + 1)

Premultiplying H, on both sides of (A.10) yields
H.®p, — g, = =0~ 1Zkher€ (mys T HrBg (12 Ryr) + 0,((Tho)™V/?). (A1)
s=1

oy =T
Now, by the QR decomposition of @, 5,

SOV H,&L = SOV H,QT R, = (VP H.Q — IR)R, + R, = 6, R, + R,.
Subtracting @I R, from both ends of the last equation and solving for 4, yields

— r)1/2 _
5 (q)er R"‘)er ( ()/Hq)er 1Rr)R

Similar to the argument in Bai and Ng (2013), since both <I>I R, and R, are upper triangular, the
below diagonal elements of §,. are determined by those of the second term on the right hand side

of the last equation. Moreover, since §, is skew-symmetric up to an asymptotically negligible term,

'A matrix A is skew-symmetric (also known as anti-symmetric) if A + AT = 0. So the diagonal elements of a
skew-symmetric matrix are zero, and A;; = —Aj;

AT



the elements of §,. above the diagonal are also given, that is,

K SOV H ST, @IR’T) R;l} if k>l
k,l

[0r]), = Op([(Tho)™* + N~ InT + hY) if k=l
— (00115 + Op([(Tho) ™" + N7 InT + hg)  if k<.

(A.12)

Therefore, we only need to consider the first case with & > [. Noting that by (A.11)

( ( )1/2H (I)IRT (1)1 Rr) (q)er)

= SOV (05, — O, ) (@) + (SPYV - Ip)

s=1
+0p((Tho) 7). (A.13)

= =P (lekz,sr&e;(hmg) (@) + SV HBI(1: Ror)(@] )+ (B2 — Ip)

Note that by the Binomial theorem (see, e.g., Fact 10.11.24 in Bernstein (2005)),

., 1/2 -
S0V = (In— (In~ $0))" = In+ S50 — In) + 0(Tho) ™),

—-1/2

r r 1 r -
SR = (I (I =50) 7 = = 55 ~ )+ 0p(Tho) 7). (A14)

In addition, by the uniqueness of QR decomposition, R, - @I R, Consequently, we have that by
Assumption 4.4(iii) and (iv), (A.13), the second equation in (A.14), and the fact that ig) —Ip=
0p(1) under (IR) in (2.3),

VTheSE ™ (S0 B8 g, — L, ) B = VThoH, By (1: Bor) (@] p,) ™!

= P (MO/TZkz,erseI,(LR)s) (@) +0p(D)] + S0V Tho(ERY2 — 1g) + 0,(1)

T
= (In+0y(1)) (mo/Tzkz,s,«Fse;(m)s) (@ g,) " = VTho(S5 ™% — Ig) + 0y(1)

s=1

T
= (who/TZkz,erseLLR)s) C 2 Tho(S) — Ir) + 0,(1)
s=1

_ 1
- ZIIRW(@IR,T) ! + §Nr'

Now, by the definition of §,, H,Q,” = T) 1/2(5,~+IR). Then by (A.14) and Assumption 4.4(iv),
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we have that under IR,

VTho(H; — Ip — H,BE(1: Ryr)(®]5,)7")
Tho |H,Qf = In— HyBg (1: B,r)(@] )|

=V/ThoS) ™5, - \/ThoHquT(l LRy r) (@] 5,) "+ VTho(S50 72 — 1)
() — 1 .
:\/ThoZ%) 1/2 —\/ThoH,B4 (1 : R, r)(q)er) -5 /Tho(E}) — Ig) + 0p(1)

d 1
A, — =N,.
- 2

where A, is defined in the statement of Theorem 4.3. B

Proof of Theorem 4.4.

(i) By equation (3.3) in the main text, we have
Fy — Fy = Qu(F, — H F}) + (Q:H," — Ig)F}.

Note that F; — H, F; = A;(t) + As(t) + A3(t) by (A.8). By Lemma A.3, vV NAy(t) = 0,(1) and
VNA3(t) = (N~'®] ®,)""/NH, F; + 0,(1), where H," is defined in the statement of Lemma A.3.
It follows that

VN(F,— HF)=(N"'®] &) 'H ' — Z bierit — (N1 &)W NH, F, 4 0,(1).

Now, by the fact that Q; is an orthogonal matrix and Theorem 4.1, we have that
Qi=QH; "H, = (Q)) 'H,'H, = (H,Q] ) "H, = H}"'H, = H; + 0,(1). (A.15)
It follows by Lemma A.6 (ii) in Su and Wang (2020) and Lemma A.3(i) that

VN(E, — F))
= QWN(F,— H'F,)+VN(QH, —Ip)F,

N
— Qt(N_litT@t)_lHt_lﬁZqﬁitex,it—Qt( 10/ o) 'WNH F, + VN(Q:H, — Ig)F; + 0,(1)
=1

N
I | o §
= H; (N7 '®/®,)1H, I—WE bierit {1+ 0p(1)} — Hi(N72®] @) 'WNH]F, {1+ 0,(1)}

+v/N/(Tho)\/Tho(H} — Ir)" F; + 0,(1)

N
_ _ 1 1A T & \— .
= BREn P P Y byt {1+ 0p(1)) — BN BT 80TV AT F{L 4 0(1))
i=1
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+V/N/(Tho)v/Tho(H; — Ir)" Fy + 0p(1)

N
11 L Sl A —1ET & \— -
= (B'P) lzcbtl\/_ﬁzcbitel,it{l'i'op(l)}_Pt NN/ )T VNH F {1+ 0p(1)}
i=1

+V/N/(Tho)\/Tho(H; — Ir)" Fy + 0p(1).

Again, by (A.5), H; is an orthogonal matrix up to a term that is of order O,((The)~'/? +

N~='InT + h3). Then, by Lemma A.6(ii) in Su and Wang (2020), it is easy to show that P; is also
an orthogonal matrix up to a term that is of order O,((Tho)~"/2 + N~'InT + h). Thus,

VN(F,—F) = {Ig+0,(1)} 5! — qunem YN ®)'VNH]F,

++/N/(Tho)\/Tho( H* —Ig — HBg(1: R, t)(®{5,) ") F,
+VNHBg (1: R, t)(®{.5,) " + 0p(1).

In addition, under the condition that N hé — 0 and by the definition of Hy, the bias term v N I:I,;r Fy
is asymptotically vanishing and VNH;B{ (1 : R,t)(@IRJ)_l = O(VNh%) = o(1). Then, the
first part of Theorem 4.4 follows from Assumption 4.4 and Theorem 4.3. On the other hand, if
N(Thg)~! — co and Th§ — 0, then, by Lemma A.1(ii), we have

VTho(E, — F)) = Qu\/Tho(F; — H] F}) + \/Tho(Q:H, — Ir)F,
= /Tho(H; — IR Hth,(l R, t)(<I>1 ) DF

Therefore, the second part of Theorem 4.4 follows from Theorem 4.3 and the fact that /7T hOHthT, (1
R, t)(®].p,)~" = O(VThohg) = O(Thg) = o(1).

(ii) By using arguments as used in the proof of Theorem 2.2 in Su and Wang (2020), we can
show that

T
Gip — Hi "oy = HIT™'Y "k Foewis + Ba(i, t) + 0p((Tho) ™).
s=1

Then, by the condition Th] — 0, the definition of Bg(i,t) and (A.15), we have
\% Tho(c?m —¢y) = (QtT)_l \Y% Tho((}it - Ht_1¢it) + VTho [(HtQtT)_l - IR] Dit

T
= (@) 'H/ vy hO/TZ kp st Fsezis + v/ Tho(H; ™" = Ir) ¢y + 0p(1)
s=1

T
= (Htét_l)—r V hO/TZ k:;;’sthez,is -V ThO( - IR)(H* ! IR + IR)¢it + Op(l)

s=1
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T
= {In+0p()}Vho/T D kfs i Feewis — /Tho(Hf — Ir) {Ir + 0p(1)} ¢y + 0p(1)
s=1

T
= Vho/TY ki wFsenis — VTho(Hf — Ir — HiBg (1: R,t)(®15,) ")y
s=1

—\/ThoH;Bg (1 : R, t)(@IR,t)_1¢it +0p(1)
d

= Lip — EPy-
This completes the proof of (ii). B

Lemma A.5. Suppose that Assumptions 4.1-4.3 and 4.5 hold. Let {(ey+, Fy) : t > 1} be a strictly

stationary and a-mizing process with mizing coefficient as in Assumption 4.5(ii). Then

-0, ((;—hT)/> |

Lemma A.6. Let 7,(2s) () denote the (k,1)th element of R, (2s), where

sup
z€[0,1]

T

1

=3 [FtFtT — BFEN)| Kn, (2 — 2)
t=1

R, (z5) = Cov(0(Fy, z5)ey 1 Y, 0(Frgu, 25 )€y t+uliiy)-

Suppose that Assumptions 4.1-4.3 and 4.5 hold, then, > > 70 (2s) (k)| < 00

uU=—00

Lemma A.7. Suppose that Assumptions 4.1-4.3 and 4.5 hold. Denote

T
éo(zs) = T1/2hi/22ﬁ'ﬂ{ﬁtﬂw<zo—08<zs>—0?<zs><zt—zs)1+ey,t+1}f<h1<zt—zs>, and
t=1

Zt — Zs

T
er(z) = T*”hiﬂzﬁf{ﬁfﬁﬂ(za—98<z5>—09<z8><zt—zs>]+ey,t+l}( . )Km(zt—zs),
t=1

where FE, 09(-) and 69(-) are defined in Section 3.2 in the main text. Let é(zs) = (o(zs) ", é1(zs) )T

and é = (é(z1),...,é(z7)) T € RT*2EXD . Then, T-1|¢|? = 0,(1).

Lemma A.8. Suppose that Assumptions 4.1—4.3 and 4.5 hold. Then,
T ~
TN 11Br(z) = B> = Op((Tha)™") and
t=1
T A
T N101(z) = 09GP = Op((Thy)~'hi?),
t=1
where 01(z) is defined in Section 3.2 in the main text.

All



Lemma A.9. Suppose that Assumptions 4.1-4.3 and 4.5 hold. Then, P (“éOZH = O) — 1 and
P <||h1@1’l|| = 0) — 1 for any Ry <1 < R.

Denote Fg* = (F(ftT,((zt - zs)/hl)ng)T, where th is defined in Section 4.4 in the main

text and define 0, (2) = (fa,0(2) ", h1a,1(2) )T, where Oo0(2) = (80,0(2),00,1(2), ..., 00,r,(2))" and
fan1(z) = (91,0(z),91,1(z),...,él,Rf(z))T. Similarly, define 0,(z) = (@bvo(z)T,hléb,l(z)T)T, where
0b0(2) = (B0, (r;+1)(2) - -, 00,r(2)) " and By,1(2) = (01, (r,+1)(2),- .., 01,r(2))". Finally, recall that
08,1 = (Qg’l(zl), ce 0rl(zT)) € R is the vector of the true values for r = 0, 1.

Proof of Theorem 4.5.

(a) Recall that Fyy = 1, let F,y; be the (I 4 1)th element of F¢ for [ € 0U [Ry] and Fyy; be the
(I 4 1)th element of F¢ for [ > R;. By Lemma A.9 and Hunter and Li (2005), we know that as
m — 0o, H@éﬂz)H 21604 for every 0 <1 < R, where 9(()7) is defined in Section 5.1 and 6 is defined
in (3.4) in the main text. Then, we must have ||9(()n;)|\ converge to a positive value in probability
for every | < Ry, while ||9(()77)|| 20 for every I > Ry. To this end, let Bl(m) = P/’\T(]]9071|\)/cl. If
0 <1< Ry, we define Bl(m) = B((IT); otherwise, let Bl(m) = Béfln). By the definition of Bl(m), Bc(:?)
must converge to a finite value in probability, whereas B,ET) must diverge to infinity in probability,
as m — o0o.

~(m+1
Now, we begin to study the convergence of 0(()7:';+ )(zs) in Section 5.1 of the main text. By (5.1)

-1
in the paper, we have 0((” )(zs) = {QTI’S(O) + Bl(m)} ETZ’S, and recall that

2K, (2 — 25) and

Nl
M=

QTZ,S(O) =

~~
Il

1

Flt?ﬁfinl)y_lKhl(Zt — 2),

Nl
WE

ETl,s =

&~
Il

1

5(m=+1)

1
where g)(m) is defined in Section 5.1. Let 93’811)(23) = {Qa,Tl,s(O)'l‘B,(:;)} E, 11, and Gb o1 (2s)

t+1,—1

-1
= {Qb,Tl,s(O) + BIET)} Ey 115 where

Qa,Tl,s(O) =

Nl

M'ﬂ IIMH

T
alt 2s)s Earis = — ZF tyt+1_lKh1( — 2,), for 1 € 0U [Ry]

N 2
FY 1K, (2 — 25), and By = T ZFb,ltyg_H),_lKhl(zt —2s), for 1> Ry.
1 =1

Nl

Qb,Tl,s(O) =
t

By Corollary 4.2, Qg,Tl,s(O) = My (zs)+0p(1) and E&TLS = Nyi(zs) +0p(1) for £ € {a,b}, uniformly
on [0,1], where My;(zs) = 22?:1 Fzg,thhl(zt — z5)/T and Nyy(zs) = 22?:1 Fg,ltgjg_nl),_lKhl(zt -
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1
25)/T. Then, we only need to consider the convergence of {Ma,l(zs) + B((;?)} Nai(zs) and

-1
My(zs) + BéT)} Np(zs) and the rest of the proof is the same as that of Theorem 1 in Wang
and Xia (2009).

(b) By Lemma A.9, we know immediately that 6(z) = 0 with probability approaching one

(w.p.a.1). Consequently, we know that 6, (z) must be the solution to the following normal equation:
a T2 P4, (1160.1)80.1/1160,
z yorr = EiyT0a(2) ) K (25 — 2) + Z :
P P (Di)h101,/ (|70,

By the standard result of local linear smoothing, we can show that maxi<;<r, ||é0,l — 08,1” =

Op(hl_l/z). Then, by Assumption 4.5(iv), it can be shown that

min ||

0 5 0
— m — > w.p.a.l
1<I<R; = 1<I<R; 160, 1glg}}(zf 1604 = 0ol = aAr w.p-a.1,

with probability approaching one, which together with the SCAD structure, indicates that the
penalty term P,/\T(“éO,lH) is asymptotically negligible. Similarly, Py (D;) = 0 when D; # 0 and

when T is large. Thus, we have

T
1 & -
7 308 (o = BT ) K = 2) =0,

t=1

which implies that

N

T -1

* Frax 1 *
Z a F(l TKh1 Zt_Z)} TZF(Ztyt+1Khl(zt_Z)'
t=1 t=1

e

Bar(z) = [IRf+170(Rf+1)x(Rf+1)]é (2)

—1
[IRf+1,0(Rf+1)x(Rf+1)]( ZFG*FG*TKM 2t —Z)> ( Z ot Y1 K, (21 —Z)>~

’ﬂ |

Therefore, by Lemma A.6 and Assumptions 4.5, the rest of the proof follows directly from that of
Theorem 2 in Cai (2007). W
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B Proofs of the technical lemmas in Section A

Proof of Lemma A.1-A.3. The proofs are completely analogous to that of Theorem 2.5, Lemma
A.4 and Lemma A.5 in Su and Wang (2020), respectively, and thus omitted. B

Proof of Lemma A.4. We only prove (vii) and (x), because the proof of the rest of the lemma is
analogous to that of Lemma A.6 in Su and Wang (2020)

(vii) Note that T-'BOT P g = p=1 5~ g pOT o) < p=1 5T (60 (42) 1.5 1y h3+
S () O FNITH® = 533 C,. For Gy = T 1 Zt 1[ clr )(tT)]khmtrFtFt H,. Then, by the

structure of the boundary kernel, we have

T
max |C1, || < maxHC HmaXHH | max || T Z( )khotrFtFt ’
< max lz( S
t—r T
< max T—12<T>k207tr§lp + max || T Z( >k:h0 (B F —%p)
t=1 —1

= Op((Tho)™") + Op((Tho/ InT)~"/?ho)

by the triangle inequality and the uniform approximation of Riemann summation to a definite
integral. Similarly, one can show that max, ||Cy..|| = Op((Tho/InT)~'/2h) for ¢ = 2,3. If follows
that max, |[T-'BMTFOH|| = O,((Tho/InT)~/2hy).

(x) Notice that

< HT—1<F<r> _ RO g6 _ gy po)

3
= E D.,.
c=1

HT—l AT g

N HT—l HOT )T g

+HT—1B<7~>TB<7«>

First, following the proof of Lemma A.6(ix) in Su and Wang (2020), we can show that max, D; , =
T=HF") OO - BOYTBO = O,([(The) ™+ N~ 1InTlho) +0,(hd). Second, similar to

max,

T-1g@T p@)T Br)

the proof of Lemma A.6(vii) in Suand Wang (2020), we have max, Dy, = max,

= O,((Tho)™' + (Tho/ InT)~*2hg + hE) and max, D3, = max, |T-*BMTBM| = 0,(h3). Thus,

T FOTBO| = 0,((The)™" + (Tho/InT)"2hg + h + N"'hoInT). R

max,

Proof of Lemma A.5. The proof is analogous to that of Theorem 2 in Hansen (2008) and thus
omitted. W
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Proof of Lemma A.6. The proof follows from that of Lemma 1 in Cai (2007) and thus omitted.

|
Proof of Lemma A.7. Let éy = (é9(21),...,¢é0(27))" and é; = (é1(21),...,é1(27))". Noting that
T T
THel? =T~ llez) 1> = T71 ) (lleo(zs)I* + lléx(zs) %),
s=1 s=1

it suffices to prove that T1(|é/||?> = O,(1) for £ = 0 and 1. Below we focus on the proof for the case
of £ = 0 as the proof is analogous for ¢ = 1.

Noting that FAFeT = FAFAT + FA(ES — FO)T + (Ff — FO)TERT + (Fo — FA)(F — FY)T and
Ff = Ff + (Ef — F?), we have

T
T eol* = T7° lléo(zs)l
s=1

T | T 2 T | T 2
S TPh ) | D F R Kns|| +Th ) |1 FieyKn s
s=1 || t=1 s=1 || t=1
T || T 2 T || T 2
S T2 Y Y FF TG K s T 720> (1D Fey i1 K s
s=1|[t=1 s=1 [|t=1
T | T 2 T | T 2
+T7%y Z Z(Fta — F)ey 1 Knus|| + T %h z z Fy(Ff — Fta)TgtSKhl,tS
s=1 || t=1 s=1 || t=1
T || T 2 T\ T
+T_2h1 Z Z(Fta - Fta)FtaTgtsKhhts + T_2h1 Z Z(Fta — ) (F — Fta)T%sKhl,ts
s=1||t=1 s=1||t=1

A+ B+ D1+ Dy + D3 + Dy,

where ¢;s = B(2¢) — Hg(zs) — 0(1)(28)(zt — z) and K, 15 = Kp, (2t — 2s)-

First, we consider A. Notice that

T T
A = T2 Y > G FAF T FEFS cuakn, 4sKnyus + T 201 > > shFPFT AR 6K 4

s=1 t#u s=1 t
T
-2 T T T -2 T T T 2
= Tl Z Z Ses Y FY FUFY SusKhy asKnyus + T " Z Ses Y FY FUFY s Ky g
s=1 t#u 1<t#s<T

T

+T7%m Z C;EFtaFtaTFtaFtaTCttK}%I,tt
t=1

Aq + A + As.

Since A > 0, it suffices to prove A = O, (1) by showing that E (A4;) = O (1) for I € [3]. For A, note
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that z; is non-random. Let zy, = (2¢ — 2z5)/h1. By Taylor expansion of 3(z;) at zs, we have
1
Sts = B(2t) — 98(Z5) - (9(1)(25)(zt —z5) = 5/8(2)(% + Ctshmh)thh%

for some ¢, € (0,1), where 3®) (-) denotes the second order derivative of 3 (-). Then

T
B = (T2 Y S LB [FRTFEFT | cusKns 16K s
s=1 t#£u

T
L U a a a a
- ZT 2h§)zz [/6(2)(Z5 +Ctshlzth):| E(Ft Ft TEL‘FuT)
s=1 t#u

X/B(2) (25 + Cushlzuh)thzith,tsKhl,us

T 2
1
< T (T szhKhl,ts> = O(Th}) = 0(1).

s=1

where the last equality holds by Assumptions 4.5(iii). As for As, notice that by the Riemann sum

approximation of an integral,

B(A2)| = (T Y. LB [FrFTFEFET | ok,
1<t#£s<T

1 — T a a a a
=57 DY [5(2)(% + Ctsh'lzth):| B(FFTFFT)BP (25 + Croha2in) 20, K s
1<t£s<T

1 1
Shizs > ek Shi [ etk u)du=O(h) = o(1),
1<t#£s<T 0

In addition, it is trivial to show that F(A3) = O(T~'h3) = o(1). Therefore, E(A) = O(1), implying
that A = Op(1) by the Markov inequality.

Now, we consider B. Note that

T
—2 T
B=T"h E E FY Fleyirieyu+1Kny tsKnyus

s=1 t,u

T T T
=2 al a —2 al ra 2 2
=T "M g § Ft Fuey,t+ley,U+lKh1,tsKh1,us +T " § : § :Ft Fu ey,t—i—lKhl,ts
s=1 t#u s=1t=1

-2 aT a
=T""h Z Ft Fu ey,t+1ey,u+1Kh1,tsKh1,us
s#t,s#u,uFt
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T

T
—2 T —2 T pa 2 2
+2T"hy Z Fy Ffeyit1eyur1Kny 1Knyur + T “hy Z Z F o Fey 1K, ts
t#u s=1 t=1

= B1 + By + Bs.

As in the analysis of A, we prove that B = Op(1) by showing that E (B;) = O (1) for I € [3].
We first study F(Bj). By the Davydov inequality (see, e.g., Corollary A.2 of Hall and Heyde
(2014)), one has

|Cov(Fyiey,2: Fifyi1)ey (utr2)| < Cal/(0+2) (u)(E|Fl‘iey72|5+2)1/(2+5) < a¥0t2)(y) for all [,u. (B.1)

Noting that Ky, 1sKn, us < %(Kﬁhts + K}%hus) by the Cauchy-Schwarz inequality, we have

EB)| = [T7°nm > E [FtaTFﬁey,tHey,uH] Ky ts Ky us
s#t,sFEUuFEL
[ee]
< T2 Y |E [FtaTFgey,mey,uH] } K S| T2 K7 0| S o/ (r)
s#t,s#u,uFt s#t =1
= 0(1)0(1) = O(1).
For By and Bs, we have
|E(By)| = [2T°m Y E (FSTFtaey,m@y,uH) Ky 1tKpyut| ST Kpyr = O (1),
t#u t#u
T T T T
E(B3)| = |T7%h E (FrTEfe? K? | <T7%h K? ,.=0(1
|E(Bs)| = 122 t Lt Cytt+1) Bhyts| S 122 s = O(1).
s=1t=1 s=1 t=1

In sum, we have shown that E(B) = O(1).
Using the result in Corollary 4.2, we can show that Dy = 0,(B) = 0p, (1) and D; = 0,(A) = 0, (1)
for £ = 2,3,4. Then the proof of the lemma is completed. B

Proof of Lemma A.8
For an arbitrary matrix A = (ag), let || Al = {> 4, a2 }2 Let U = (v] ,w] ,vg ,wg ..., 05, wp) T,

where v; = (vor, V1g, ..., vRe) | and wy = (wos, w1y, . . ., wge) . Define
T
B(0) = {0 T Sl + ) =T VI + T = €,
t=1

where C' is a positive constant which can be sufficiently large, V = (1)1T ,...,vr})T, and W =

Al7



(w,...,w})". Let
©f = (07,01, .,00 g) where 63, = (604(21),...,07 p(zr))" for £=0,1.

Thus, it suffices to show that for any small probability € > 0, we can always find a large constant

C > 0, such that
limian< inf  Qx (@8+ (Thl)1/2V,6?+(Th1)1/2W/h1> > Q) (@8,@9)) =1—¢ (B.2)
T UeB*(0)
where Qx(+, ) is defined in (3.4) in the main text. Observe that
hl{QA (@8 +(Th) ™2V, 60 + <Th1)—1/2W/h1) ~ Qi (@8, @?) } =L + T+, (B3)
where

T 24 2
I - Z{ym BT [ + (o) 20 (o) + o) 22|

s=1

~~
Il
N

ﬂI? 5|
MH

[M]=

T 2
— ZS
Z {yt+1 ‘90(25) + hleo(zs)Tl]} Khl,tm

sS=

~
—

=Vl
—

1ty =t 3 P (1) (168 + (7)™ 2ou] = 161 ). ana

=0

=

thy =t 3 P, (00 (I8 + (7)) a6 ).
1=0

Here, 0%(z) = (9270(2),0971(2’),...,QB’R(Z))T € REF for r = 0,1, v; = (vp,...,ur) and w; =

(w1, ...,wr)". By simple algebraic calculation, we have

DS Gzl whHT, (B.4)

S S

MH

:—2T1 o] wl)é(zs) + hi(Thy)™

s Y
s:l

where $*(z5) = T-'Y,_ FEP T Ky, 4o with Ef* = (F2T,((z — 2)/h)FeT)T. Similar to the
derivation as in the proof of Theorem 4.1 and by Corollary 4.2, we can show that f)*(zs) =
Ty, Fta*ﬁta*TKhhts = 37%(25) + Op((N/1In T)"1/2 + h?) + 0,((Tho/ In T)~1/27/8) uniformly

A18



in s, where

1 0
( ) ® Z} if z; € (0,1),
0 oy

r(2s) =
<M01,c /‘11,C> ® Xy if zg = chy,

Hi11ec H21,c

for some constant ¢ € (0,1). A similar result holds for the right boundary point z; = 1 — ch;. Here,
pij is defined in Assumption 4.3(i), p;; . = f_lc VK7 (v)dv and ¥ = BE(FAFAT) isa (R+1) x (R+1)
positive definite matrix by Assumption 4.5(ii), which implies that ¥7,(2s) isa 2(R+1) x2(R+1)

positive definite matrix uniformly in s. Then, by Assumption 4.1(ii) and 4.5(ii),

a7 (2)) = i {2 ) 427 (57() — B0 o} 2 i (B )~ 1£°(22) = DG

= ain(Z5 ) — (Op(N/T) ™2 1) + 0y((Tho/ W T) 2T
2 :U’mm(z;(zs))/Q w.a.p.1, (B5)

where f,,;,(A) denotes the minimal eigenvalue of a positive definite matrix A. Meanwhile, by the
definition of B*(C), Lemma A.7 and the Cauchy-Schwartz inequality, we can prove that for some
large positive constant Cf,
T
T (v, wi)é(zs) < (THUIHYATHe*)? < CCr wap.l. (B.6)

s=1

Combining (B.4)-(B.6) and by choosing sufficiently large C, we have w.a.p.1,

T T
2 ~
M= 770 |l wd) | min g, (3(20)) = 2070 3 0] w])e(z)
s=1 s=1

C? ming Umin(z} (Zs))
4

1
> 502 Min iy (S (25)) T U? = 20C1 > Ut B.7)

On the other hand, by applying triangle inequality,
Ry Ry
. 1/2 - —1/2,1/2 ~
I + I3 > ~T/2py/ > B (60D lwdll = T Y2y > PL(Dy)|wi].
=0 1=0

Similar to the proof of Theorem 4.5(b), we have that P(minlglng Héo,lH > aAr) — 1 and
P(minlglng D; > a\r) — 1, which implies that IIo+1I3 = 0 w.a.p.1. Therefore, (B.3) is dominated
by II; and the proof is completed. B

Proof of Lemma A.9
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We only show that P(||fg,|| = 0) — 1 for any Ry <1 < R, as the proof of that P(||h191,l|| =
0) — 1 is analogous. Tt suffices to prove that P(]|f || = 0) — 1 with [ = R. The proofs for the
case of Ry <l < R are similar. If the claim is not true (i.e., ||90,R” #0), then (69, ©1) must be the

solution of the following normal equation

- 9Qx(©0,01)

0=T
00o.r (©0,01)=(60,61)

=J1+ Jo+ J3, (BS)

P{,. (l160,r1)00,r Py, (D)h161r

where (09, 0Y) is the true value of (0¢,01), Jo =T - oz and J3 =T - —Ig—5—m—, J1 is
a T-dimensional vector with its sth component given by Ji; = —2 ZtT:l Fridyipr — FOT[By(26) +
01(2s) (2 — zs)]}Khl(zt — z5). Notice that
T ~
Jis = -2 Z FRt{yt+1 — FPT[By(2s) + 0(zs) (20 — Zs)]}Khl(zt = Zs)

t=1

T
+2) FRt{(Fta — F{)T[Ba(zs) + 0(25) (21 — zs)]}Khl(Zt = Zs)

t=1

T
2 Y (B = Pl = F (320 + 00e2) G = )] i o~ 22
t=1

T
+2 (Fre — FRt){(Fta — F) T [Bx(zs) + 0(2s) (20 — Zs)]}Khl(Zt — Zs)
=1

= Jus + Ji2s + Ji3s + J14s.

By Corollary 4.2 and similar to the proof of Lemma A.7, Jyys = 0p(J11s) for £ = 2,3,4. Therefore,

we only need to bound Ji15. Indeed,

T T
J11s = — Z FRtey,t—l—lKhl(Zt - Zs) - Z FRtFtaT{/B(Zt) - 98(23) - 0(1)(25)(21% - Zs)}Km (Zt - Zs)
t=1 t=1

T

- Z FRtFtaT{eg(ZS) - B)\(ZS)}Khl(Zt — 2s)
t=1
T

— " FreFT{169(20) — 01(20)] (21 — 26) YK (21 — 24)
t=1

=J11s,1 + J1152 + J115,3 + J115,4-

From the proof of Lemma A.7, we have {37, Jfls,l}l/z = Op(Thl_l/2) and {37, J121572}1/2 =
O,(Th;

XKp, (2t — z5) = Op(1), uniformly for all s. Finally, by Lemma A.8 and the boundedness of

). Following from Lemma A.5 and the proof of Theorem 4.1, we have %Zthl FpiF,’
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(zt — z5)/h1, we have

T 1/2 T
< Z ‘]1215,?)) < ( Z
s=1 s=1

1/2
(Toymour)) = oTn ).

2 T
+
max Z FriF, Kp, (2t — 25)
t=1

‘98(28) - B)\(ZS)

2) 1/2

and
T 1/2 T 2 T 2 1/2
(Z J1213,4> < (Z [‘9(1](25) — 01(25)) (2t — 25) max ZFRtFtTKm (2t — 2s) >
s=1 s=1 t=1
_ -1 2 1/2_ —1/2
=\ TOp((Th1)"")Op(T7) ) = Op(Thy 7).
Then,
d 1/2
[0l = | D 2 = Op(Thy 7).
s=1
~ P (6 _ P} (D
On the other hand, ||| = TP, (|Bo.al) = 220 Rl 20h; 12 and || = D5t pl2ng
Py (|l Pj_(D
-Thl_l/Q. Since M > 0, Xﬁ; ) > 0 and h}/2)\T — 0 by Assumption 4.5(iv), we have

P(|| 12| + || J3]] < [|J1]]) = 1, which is contradict with (B.8). This implies that 6y; must be located
at the place where the objective function @) (0g, ©1) is not differentiable. Since the only place where
Qx(O0,01) is not differentiable for 6 g is the origin, we know immediately that P(||f,]| = 0) — 1
when [ = R. This completes the proof. B
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